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1 Unsupervised Learning: Clustering

Supervised learning is the process of learning a function that maps an input to an output based
on example input-output pairs. In contrast, unsupervised learning is the process of learning a
function that maps an input to an output based on input data without example output pairs.

Clustering is a type of unsupervised learning that groups similar data points together. It is
essentially classification when we don’t have labeled data.

Even though we don’t have labeled classes for our data points, clustering can be incredibly valuable.
For example, clustering can be used to segment customers based on their purchasing behavior, to
group similar documents together, or to identify patterns in data.

Clustering can also be used to analyze the underlying structure of the data or as a preprocessing
step for a later task. For example, Google Photos can cluster photos without any labels, and then
prompt the user to label the cluster with the name of the person that appears in the cluster photos.



1.1 Examples

Example: Google News Google News uses clustering to group similar news articles together.
When a new article is published, Google News uses clustering to determine which cluster the article
belongs to. This allows Google News to group similar articles together and present them to the user.

Google News

Nor‘easter dumps heavy snow and cuts off power to
hundreds of thousands across Northeast as many
roads remain impassable

4 hours ago « Gene Norman, Artemis Moshtaghian & ...

[ { WEATHES

The Daily Weather Update from FOX Weather:
Nor‘easter continues dumping snow on New England

Thye New dork Times

400000 In Maine, New Hampshire and Vermont
Without Power After Snowstorm

o + Remy Tumin

& WMUR Manchester

NH forecast video: A few showers as spring nor'easter
moves away

2 hours ago - Kevin Skarupa

& NASA Blogs
Engineers Pinpoint Cause of Voyager 1Issue, Are Working on Solution -
Voyager

sPaceDagr

Voyager 1's Data Transmission Issue Traced to Memory
Corruption, Fix in Progress

B SpaceNews

NASA optimistic about resolving Voyager 1computer
problem

Mar 27 - Jeff Foust

B vahoo New Zealand News

Voyager 1stops communicating with Earth

4 days ago - Ashley Strickland

Example: Google Photos Google Photos uses clustering to group similar photos together

. Despite

going out of your way not to identify your college roommates, Google Photos can still group photos

containing them together.

Go gle Photos Q, Search your photos

[&] Photes Explore

Q Explore

2. Sharing

Print store

LIBRARY

1} Favorites

People and psts View all




1.2 K-means clustering

K-means clustering is a popular clustering algorithm that groups data points into K clusters.

Given a dataset of N unlabeled M-dimensional data points, {x(V}¥ | with x(¥ € R™ the goal is
to assign each point to a cluster such that we minimize the sum of the squared distances between
each point and the center of its assigned cluster. The center of each cluster is the mean of all data

points assigned to that cluster.

1.2.1 Algorithm

The K-means clustering algorithm is as follows:
Plain English version:
1. Randomly initialize K cluster centers
2. Assign each point in the training data to the cluster with the closest center
3. Update the cluster centers by computing the mean of all data points assigned to each cluster
4. Repeat steps 2 and 3 until the cluster centers no longer change
Repeated with a few more details:

1. Randomly initialize K M-dimensional points to represent the initial cluster means, p,, p,,

..,HK.

2. Assign each data point a cluster index, 2 € {1,2,..., K}, by finding the cluster centroid
that is closest to the data point:

29 = argmin |x — w3

3. Update the cluster means by computing the mean of all data points assigned to each cluster,

Hy = Nik Zfil xW{z(" =k}, where N} is the number of data points assigned to cluster k.

4. Repeat steps 2 and 3 until the cluster means no longer change (i.e., cluster centers converge)

Example: Let’s run the algorithm with K = 2 on the following five data points in R2:
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Step 1: Random Initialization We randomly initialize the cluster centers. For example, we
might initialize the cluster centers as follows:
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Where the two cluster centers are p; = [3,1]T and p, = [2,3.5]7.

Step 2: Assign Data Points to Clusters We assign each data point to the cluster with the
closest center. For example, we would assign the data points as follows:

€2

A

<5

Ko

X(l) X(3) l‘l’l

> T1

Where the data points are assigned to clusters as follows: {z(l) =1,20 =220 =11 =1 206) =

2}.



Step 3: Update Cluster Centers We update the cluster centers by computing the mean of all
data points assigned to each cluster. Cluster 1 contains x™"), x® and x®*), so p; = [5/3,4/3]" ~
[1.67,1.33] 7, and cluster 2 contains x? and x(®), so p, = [2.5,3]" (below, left).

Repeat Step 2: With the updated centers, x(?) is now closer to p; than to g, so the assignments
become {z(V) =1,2) =1,20) =124 =1,20) = 21 (below, right).
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Repeat Step 3: Cluster 1 now contains x(*) through x| so iy, = [1.5,1.5]7, and cluster 2 contains
only x®), so p, = [4,4]7 (below, left). Repeat Step 2: With these centers, every point stays in

its current cluster (below, right).
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Converged: The cluster assignments didn’t change, so repeating step 3 would leave the cluster

means unchanged as well. The algorithm has converged and we stop.



1.2.2 Optimization Formulation

Our goal is to minimize the sum of the squared distances between each point and the center of its
assigned cluster. We can formulate this as an optimization problem:

e Input: {x1Y  with x(* ¢ RM
e Output: z(9) ¢ {1,2,..., K}, the cluster assignment for each data point ¢

e Output: g, € RM the center of cluster k

min Z %@ = p.oll3

(20} (e} 2

1.2.3 Alternating Minimization

The objective is actually quite difficult to optimize directly. Instead, we can use an alternating
minimization approach. We alternate between two steps: (1) fixing the cluster assignments and
updating the cluster centers, and (2) fixing the cluster centers and updating the cluster assignments.

1. Fix cluster assignments, update cluster centers: Given the cluster assignments, we can
update the cluster centers by computing the mean of all data points assigned to each cluster.

N
1 . ,
_ § ' (4) (1) —
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2. Fix cluster centers, update cluster assignments: Given the cluster centers, we can
update the cluster assignments by assigning each data point to the cluster with the closest
center.

20 = argmin [ESRETA[E:
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