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1 [8 pts] Variational Autoencoders

1.1 [S pts] Close to standard normal

Derive the KL divergence between a univariate Gaussian distribution with mean z and variance o and a
standard normal Gaussian (mean 0 and variance 1). That is, show the following:

Drr(N (1, 0?) [| N(0,1)) = 5 (0% + p? — 1 —log(0?))

N

Hints: The following will be useful: the definition of variance; and the fact that E[X?] = p? + o2

Your Answer
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1.2 [3 pts] KL divergence is non-negative

Prove that KL divergence is always non-negative, i.e. show that:

Dir(p(z) | ¢(x)) =0

In order to prove this, use the fact that the negative of the log function is a convex function and apply Jensen’s
inequality for convex functions.

Your Answer
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2[5 pts] Diffusion
2.1 [5 pts] Jumping straight to step ¢
The forward (noising) process is q(x; | x¢—1) = N (y/arx¢—1, (1 — a)I) fort =1,...,T.

)
1. [3 pts] Show by induction that q(x; | x¢) = N (/& %0, (1 — ap)I), where oy = HZ:1 Q.
Hint: the sum of independent Gaussians N (0, aI) and N (0, bI) is (0, (a + b)I).

Your Answer

2. [2 pts] With T = 1000 and oy = 1 — 3¢, where (3; increases linearly from 10~ t0 0.02, the product
works out to &7 ~ 4 x 107° (you can check this with log(1 — 3) ~ —f3: log ar ~ — > B = —10).
What does this value say about x7, and why does that let us start sampling from pure noise?

Your Answer
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3 [7 pts] REINFORCE with Baseline

The following algorithm describes REINFORCE with a baseline, where we introduce a baseline function
b(s¢) by replacing R; in REINFORCE with R; — b(s;).

A common choice for b(s;) is the value function b(s;) = V;(s;) (this is the baseline used in the pseudocode
shown in lecture, and displayed here).

procedure REINFORCEWITHBASELINE(7)9, 74, )

1:

2 Initialize policy parameters 6 and baseline parameters ¢ randomly

3 while not converged do

4: Sample a trajectory 7 = [(so, ag,70), - - ., (S7, ap, r7)] from 7y

5: go < Z,:T:o(Rt — Vis(st)) Vg log mp(ay | si) where Ry = Z,‘tr,:t Aty
6 96 < im0 Vo (Vo(st) — Rt)2

7 0 < 0+ npge

8 b O —1p9e

9 end while
10: return 7y, V,

11: end procedure

We already know that REINFORCE is unbiased but suffers from high variance. Now, we will explore
REINFORCE with a baseline.

Walkthrough: the baseline does not introduce bias (nothing to submit)

The estimate gg above differs from REINFORCE’s by the baseline term — ), b(s;) Vg log mg(as | s¢). The
estimator therefore stays unbiased exactly when this term has expectation zero over trajectories 7 ~ FPy(T).
The trajectory distribution factorizes as

P9(7'> = P(SO) HT"G(U«t ’ St)p(3t+1 ’ 3t7at)7

so the state and the action at step ¢ of a sampled trajectory have the joint distribution Py(s;) mg(ay | s¢): the
state is reached first, with a marginal distribution Py(s;) that depends on 6 through all of the earlier actions,
and then the action is drawn from the policy at that state. We can therefore take the expectation in two stages
(iterated expectations), first over s; and then over a; given s;:

E;py(r)[b(st) Vglog mg(ar | st)]
= By, oy (s0) | Bagrro(1s)[0(5) Vo log ma(ay | s¢) | s¢]]

=By, py(s:) !b(St) > “mg(a | s) Vologmo(a | St)]

a

= Eq, Py (sr) !b(St) > Vomg(a | st)

= ]Esthg(St)[b(St) VQ].] =0.

= Eq,wPy(s1) [b(St) Vo Y molals)

The second line is the inner expectation over the action given the state; the third uses that b(s;) does not
depend on a; and that w9V log my = Vgmy; the last two use that the policy’s probabilities sum to one for
every state and every 6. The inner expectation is zero for every state s;, so the outer expectation is an average
of zeros, whatever the (/-dependent) distribution of s; is. Summing over ¢, the baseline term has expectation
zero, so [E[gy] is the same with or without the baseline: REINFORCE with a baseline is still unbiased.
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1. [2 pts] The walkthrough above shows that subtracting the baseline leaves the expected gradient un-
changed. Why do we use the baseline, then? Why does the baseline reduce variance?

Your Answer

2. [3 pts] For each of the following baselines, give one pro and one con.
(@) b(s) = Vi(s)

Pro Con

.

(b) b(s) = ¢, a constant

J
Pro Con

7

3. [2 pts] What if b(s,a) = f(s,a) (the baseline also depends on the action)? Should we use this

baseline?
Hint: Refer to the walkthrough derivation above.

O Yes O No

Why/why not?

Your Answer
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4 [18 pts] Programming: Latent Variable Models and Diffusion

The programming portion of this assignment is the notebook hw5 . ipynb (Google Colab preferred, or a
local Jupyter notebook), in which you implement PCA, an autoencoder and a VAE, then a denoising diffu-
sion probabilistic model (DDPM) on the pixels and in the latent space of your autoencoder. The notebook is
graded by the Gradescope autograder; the questions below ask for figures and observations from the sections
of the notebook marked WRITTEN (their training cells are guarded by RUN_LONG_EXPERIMENTS and
the autograder does not run them). Section 4.1 collects the generated samples of every model, Section 4.2
the 2-D embeddings and the latent interpolations, and Section 4.3 the diffusion processes and the training
curves. The training runs take a few minutes each on a Colab T4 GPU (Runtime — Change runtime type),
but the pixel DDPM takes close to an hour on a CPU, so plan ahead. Set the flag back to False before you
submit the notebook.

Include your figures with \includegraphics inside the answer boxes (save them from the notebook,
e.g. right-click a plot in Colab) and keep each box at its original size.

4.1 [8 pts] Generated samples

1. [2 pts] Train PCA, the autoencoder and the VAE with a latent dimension of 2 using the provided train-
ing code and hyperparameters, and include the row of 10 samples from each model (the WRITTEN
rows at the end of the Q1, Q2 and Q3 training sections).

PCA samples with latent dimension 2

Autoencoder samples with latent dimension 2

VAE samples with latent dimension 2




Homework 5 07-380 Artificial Intelligence & Machine Learning II (Fall 2026)

2. [3 pts] Train PCA, the autoencoder and the VAE with a latent dimension of 16 (the WRITTEN latent
variable model experiments), the DDPM (the WRITTEN DDPM experiments) and the latent diffuser
(the WRITTEN latent diffusion experiments) with the provided hyperparameters, and include the row
of 10 samples from each of the five models.

PCA samples with latent dimension 16

Autoencoder samples with latent dimension 16

VAE samples with latent dimension 16

DDPM samples

Latent diffusion samples

\
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3. [1 pts] Compare the quality of the samples generated from the 2-D and 16-D latent spaces. Which
latent dimension seems to give better results? Why do you think that is?

Your Answer

4. [2 pts] Compare the samples of the four latent dimension 16 and diffusion models (autoencoder,
VAE, DDPM and latent diffusion) and explain the differences you see in terms of how each technique

generates an image.

Your Answer
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4.2 [6 pts] The latent space: 2-D embeddings and interpolation

1. [1 pts] Using the latent dimension 2 models for PCA, the autoencoder and the VAE, encode all training
data and plot the 2-D latent encodings for each method (the code for this is provided in the WRITTEN
latent variable model experiments). Include your three plots below.

PCA latent embeddings (2D)

Autoencoder latent embeddings (2D)

10
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VAE latent embeddings (2D)

2. [2 pts] What do you observe about the 2-D latent embeddings for each model? How do they differ,
and what might explain the differences in structure?

Your Answer

11
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3. [1 pts] For each of PCA, the autoencoder and the VAE with latent dimension 16, include your row
of 10 images decoded from the linearly interpolated latent vectors between a left-facing and a right-
facing training sprite (see the WRITTEN latent variable model experiments for detailed instructions).

PCA latent interpolation

Autoencoder latent interpolation

VAE latent interpolation

\ | | |

12
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4. [2 pts] Compare the interpolation results above for the different techniques. Why do you think the
different techniques worked well or poorly?

Your Answer

13
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4.3 [4 pts] Diffusion: the reverse and forward processes and training

1. [1 pts] Include the row of reverse-process snapshots (x; after the step at ¢ = 999,900, ...,100,0)
produced by the last cell of the WRITTEN DDPM experiments.

Reverse process

2. [2 pts] Include the row of noisy versions of one training sprite produced by the forward-process cell
(t = 0,25,50, 100,200,400, 700,999). At which of these timesteps can you no longer tell what the
sprite looked like? Give that ¢ and the value of \/&; there, to two decimal places (your DDPM object
stores the schedule).

Forward process
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3. [1 pts] Include the training / validation loss curves of the DDPM (20 epochs) and of the latent diffuser
(50 epochs).

DDPM loss curve

Latent diffuser loss curve
15
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5 Collaboration Policy

After you have completed all other components of this assignment, report your answers to the following
collaboration questions.

1. Did you receive any help whatsoever from anyone in solving this assignment? If so, include full
details including names of people who helped you and the exact nature of help you received.

Your Answer

2. Did you give any help whatsoever to anyone in solving this assignment? If so, include full details
including names of people you helped and the exact nature of help you offered.

Your Answer

3. Did you find or come across code that implements any part of this assignment? If so, include full
details including the source of the code and how you used it in the assignment.

Your Answer

16
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