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What is a generative model?

60 real handwritten digits from the MNIST test set

A discriminative model predicts a label y from an
input x, learning p(y|x).

A generative model learns the distribution of the
data itself, p(x).

With it we can

1. sample new data x ~ p(x)
2. evaluate how likely aninput is
3. learn useful representations without labels.

We never see p(x). we only see a training set

D = {x%, ..., x™} drawn from it.
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What is a generative model?

60 real handwritten digits from the MNIST test set

* The same digit varies in slant,
stroke width, size and style (open

or closed 4s, crossed or plain 7s).

* A generative model must capture
all of this variation and produce
new variations, not copies.
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Images are points in a huge space

e A28%28imageis M = 784 numbers.
Writing them in a row turns the image into a
vector x'! € [0,1]™, one point inan M-
dimensional data space (or pixel space), with
pixels x;V,j = 1,..,M

The same image as a data vector x € [0, 1172

. . ; 1.0 1
The same image as a grid of 784 pixels o .
0] Zoom on the red box: each pixel is a number in [0, 1]
A 28 x 28 MNIST image of a 3
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Images are points in a huge space

e A28%28imageis M = 784 numbers.
Writing them in a row turns the image into a
vector x'! € [0,1]™, one point inan M-
dimensional data space (or pixel space), with
pixels x;V,j = 1,..,M

Each cluster of tall
bars is the ink in one
row of the grid

The same image as a data vector x € [0, 1172

. . ; 1.0 1
The same image as a grid of 784 pixels o .
0] Zoom on the red box: each pixel is a number in [0, 1]
A 28 x 28 MNIST image of a 3

All 784 numbers
in one row, top
row of pixels
first (positions
0-27), then the
second row
(28-55), and so
on.
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Images are points in a huge space

e A28x28imageis M = 784 numbers. If you pick a point of this 784- Each cluster of tall
° ertlng them |n a row turns the |mage |nt0 a dlmenSIonal Space at random, bars is the ink in one
vector x? € [0,1]™, one point inan M- what does it look like?

row of the grid
dimensional data space (or pixel space), with

pixels x;V,j = 1,..,M

The same image as a data vector x € [0, 1172

. . ; 1.0 1
The same image as a grid of 784 pixels o .
0] Zoom on the red box: each pixel is a number in [0, 1]
A 28 x 28 MNIST image of a 3

All 784 numbers
in one row, top
row of pixels
first (positions
0-27), then the
second row
(28-55), and so
on.

row (0-27)

18 1

27 1, , : :
0 9 18 27
column (0-27)
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The Manifold hypothesis

Random points are static; real
digits fill a very small part of pixel
space.




The Manifold hypothesis

Random points are static; real
digits fill a very small part of pixel
space.
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The Manifold hypothesis

Random points are static; real
digits fill a very small part of pixel
space.

Real digits lie on a thin, curved
band, the manifold

The manifold hypothesis: natural
data lie near a low-dimensional
curved surface inside the huge
data space

A path that follows the band (blue)
passes only through digit-like
images. Those images come from
the VAE, which learns coordinates
on the manifold.
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The Manifold hypothesis

Random points are static; real
digits fill a very small part of pixel
space.

If the digits live near a
K-dimensional surface with K «
M, then K coordinates should
describe each one.

Finding its coordinates is
dimensionality reduction.
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PCA: the best straight-line compression

PCA finds the K directions
along which the data vary
most and describes each
image by its position along
them

Iti is already an
encoder-decoder pair
trained with squared
error.

M Xx K matrix of principal
components, the top eigenvectors
of the data's covariance matrix

average
all N
images
9

The mean image m is the average
of all N training images, computed

pixel by pixel

encode: z(V = UT (2D —m),

U:MxK=784x2
one column per principal component

pixel 1

mean image
= 15,0
m= NZX

i
(pixel by pixel)

pixel 784

decode: #(1) = Uz(®) 1+ m

|HH‘HH| M\ !

column u;
reshaped to 28 x 28

()

column u;
reshaped to 28 x 28

Fa d|l

Shapes

x? m: 784 x 1
U: 784 x 2

UT: 2x784

20 =uT(x" - m)

(2x784)(784 x1) =2 x1

2= Uz +m

(784 x 2)(2 x 1) =784 x 1

U TU =1 (orthonormal columns)



PCA: the best straight-line compression

Its weakness is that both

maps are straight lines

1.0 1

o

0.0 1

-0.5 1

Data near a curved 1-D manifold,
with its two principal directions

a

C1, variance 0.54

-

-1.5

-1.0

-0.5

0.0 0.5
X1

1.0

1.5

PCA (middle) can only place
reconstructions on a straight

line, so points at the ends of the

arc are reconstructed badly:

mean squared error 0.130

1.0 1

0.0 7

PCA with d = 1: reconstructions lie on a line
mean squared error 0.130

-0.5 1
-1.5

-1.0

1.5

An autoencoder with small
networks in place of the two
matrices (right) learns a curve
that follows the arc, with error
0.004, 35 times smaller.

Nonlinear autoencoder with d = 1: reconstructions
lie on a learned curve; mean squared error 0.004

1.0 1

0.0 1

-0.51 , ,
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
Xq



From PCA to the autoencoder

Train a linear autoencoder, an encoder matrix and a decoder
matrix with no activation functions, by gradient descent on the
squared error.
Replace the two matrices

It spans the same directions as PCA, with its own rotated and by neural networks and you
stretched axes. have an autoencoder.
PCA, d = 2 (orthogonal projection) Linear autoencoder, d = 2 (trained by gradient descent) Nonlinear autoencoder, d = 2 (Section 2.5)

=7.5 =50 =25 0.0 2.5 -8 =) -4 -2 0 2 4 -20 0 20 40

digit class



The AutoEncoder

An autoencoder has an

« encoder f;(:; @) that
compresses an image x® €
RMinto a latent code z® =

fE(x(i); (p) € RK

« decoder f(+; 0) that expands it
back into a reconstruction

¥ — fD (Z(i); 9)

The small code layeris a
bottleneck: the network cannot
copy its input, so it must learn what
matters.

the bottleneck

code z ¥
K =2

Encoder Decoder

folzp) > 2= fe@e) fo(z8) %

K
784 — 512 — 256 — 2 zeR 2 — 256 = 512 — 784

: one point per image: Reconstruction
@ e R ' no noise, no prior % = fp(z0)

------------- { Loss:  ||z®—£®(|2 J----------~’

¢ and 0 are trained jointly by backpropagation and gradient descent

The objective is the squared error between x'" and %', averaged over the N
training images

J(0,6) = £ 50 [|o9 = o (f=D;6):0)|;

@ and 6 are trained jointly by backpropagation and gradient descent



Why an AutoEncoder cannot generate?

. ; ; it () — (i). ) . : )
Autoencoder: each test image is one point z fe(x"; @) Each dot is the code z® = fE(x(l); QO) of one test image.

207 The autoencoder never saw the labels, yet each digit forms its
| digit own arm.
15 ® 0
1
10 - Issues:
° 2 .
e 3
5 -
N o 4
® 5
O -
6
-5 A o 7
8
-10 - 9
15 1

=20 -10 0 10 20 30
Z1



Why an AutoEncoder cannot generate?

Autoencoder: each test image is one point z) = f=(x"; ¢)

20 1

15 1

10 1

=10 1

=15 1

=20 -10 0 10
P4

30

digit

© 00 N O g A~ WMo = 0O

Each dot is the code z® = fz(x®; @) of one test image.

The autoencoder never saw the labels, yet each digit forms its
own arm.

Issues:

 the codes have no fixed scale (from about -19 to +31)
* their density is uneven

e there are empty regions between arms.



Why an AutoEncoder cannot generate?

Z2

20 1

15 1

10 1

=10 1

=15 1

Autoencoder: each test image is one point z) = f=(x"; ¢)

-20

-10

Z1

10

20

30

digit

e © & O

© 00 N O g A~ WMo = 0O

Each dot is the code z® = fz(x®; @) of one test image.

The autoencoder never saw the labels, yet each digit forms its
own arm.

Issues:

 the codes have no fixed scale (from about -19 to +31)
* their density is uneven

e there are empty regions between arms.

We want a new digit.
Which point of this plane do you decode?
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Why an AutoEncoder cannot generate?

20 1

15 1

10

=10 1

_15 -

fp on the grid (23 of 225 points far from every code, red)
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We decode a 15 x 15 grid.

23 of the 225 points (red) are far from
every code.

No distribution over codes. Nothing
says which codes are likely, so there is
no principled way to pick one to
decode.

No training between the training
points. The decoder only ever sees N
isolated codes. Nothing forces the
latent space to be continuous (nearby
codes give similar images) or complete
(every region gives a plausible image).



Variational autoencoder (VAE)

A variational autoencoder (VAE) is similar to

the autoencoder

* |t hasthe same two networks: an encoder
that reads images and a decoder that makes
them.

The difference is that the encoder now outputs
a small cloud of codes for each image instead of
a single point

Every cloud is pulled toward one known
distribution, N(0, I), so that we know where to
pick new codes.



Training

Encoder reads the 7 and outputs two
numbers per code dimension: a centre u
= (—1.70,0.55) and a width o

= (0.09,0.06)

Together they describe a small Gaussian
cloud in latent space (tiny here because o
~ 0.1).

We draw one code z from that cloud,
decode it into X, and pay two costs: the
squared error between the 7 and X, and
the KL term, which measures how far the
blue cloud is from the grey prior N(0,I).

Generation:

No image and no encoder

we pick z at random from N(0, ) and
decode it.

This code gives a9 that is not in the data.

Training: an image goes through the whole VAE

; )
image x" Encoder p = (-1.70, 0.55)
0=

fe(x; @) (0.09, 0.06)

784 numbers

Generating: only the prior and the decoder (the encoder is not used)

pick z at random from N(0, I)

no image
needed

VAE: Training vs Generation

a cloud for this image;
drawz=Uu+00¢&p

prior N(O, 1)
? . Decoder
fo(z; 8)
] this image's cloud
(small: o = 0.1)
T T T T T T T
-3 -2 -1 0 1 2 3
z
arandom code
prior N(O, 1)
L
z Decoder
fo(z; 6)

cost for this image
[
=137 + 5.8

output X

error: is X close to x?
KL: is the cloud close
to the prior?

784 numbers

anew image

784 numbers



Encoder

fe(z;9)

Decoder

fD(z 9

-©

fD(z 0

Reconstruction: ||a;("—j

]
1
;
(i)||2 }--_.’

Training: one step per image

1 Encode: (u,0) = fz(x; @)
u+oQ® g
3 Decode: X = f,(z; 0)

4 Loss: ||x — 2||* + KL

5 Backprop to both 8 and ¢

2 Sample: z =

Generation

1 Draw z ~ N(0,1)
2 Decode: X = f,(z)
The encoder is not used.



KL(N(u,0o?)||N(0, I o~ N(0,1)
Encoder (z=p+00 50\‘ Decoder
— _ —» —>
fe(z;9) e RE /} fp(z0) ‘; }
(')G Rvu = "(I) fD(z 0
------------------- * Reconstruction: ||z —z®||* k S
Training: one step per image Generation

1 Encode: (u,0) = fz(x; @)
2 Sample:z=u+0Q g
3 Decode: X = f,(z; 0)

4 Loss: ||x — 2||* + KL

5 Backprop to both 8 and ¢

1 Draw z ~ N(0,1)
2 Decode: X = f,(z)
The encoder is not used.

Generative model
z ~N(0,1), po(x | 2)

Marginal likelihood

pe(z) = fpg(m | z) p(z)dz (intractable)

= N (z; fp(z;0), 7°I)

Encoder: amortized variational inference
gs(z | 21) =
ELBO: a lower bound on log p(x)
log po(z")

Objective we minimize (1 = %)
N

J0,0) = [ [+ -

i=1

foD50)|2 + D (N (1D, o

KL term in closed form

K
Dgr(N(u,0®) [N(0,1)) = > (ui + o — 1 —log oy,
k=1
Reparameterization trick
Z(i) =,U,(i)+0'(i)®€o, &0 NN(O,I)

N(,u,m, diag(g(iﬁ)), (M(i)’g(i)) — fE(SL‘(

;)

)

= ELBO(z") + Dgr(gs(2 | 29) | p(2 | 7)) > ELBO(x

02) | § (0, 1))]

(i))



The Generative Process
The Decoder

How does a VAE make an image? (Prior, decoder,
ancestral sampling, Gaussian pixels give squared
error)



How images are made (the decoder)?

Write a program that invents new
handwritten digits. Where would you begin?




How images are made (the decoder)?

Write a program that invents new
handwritten digits. Where would you begin?

The VAE tells this story in two steps:

Pick a code.

Draw z from the prior N(0,I). That means K random
numbers, each drawn on its own from a bell curve
centred at O with spread 1. Inour model K=2, soa
code is just a point on a sheet of paper, and it will
usually land within 2 of the center

Turn itinto an image.

Hand that point to the decoder.

It computes X = f(z; 0):

784 numbers between 0 and 1, one per pixel.
Think of X as the decoder's best guess atthe image.

The story then says the realimage x is that guess plus a little
random noise, drawn separately for every pixel:

Xj = Xj +notse;,

noise; ~ N(0,7%).



How images are made?

« We call z a latent (hidden) variable.

e 60,000 images x, but nobody wrote down the code
behind any of them.

e A model built around a hidden cause like this is a latent
variable model.

e zisaveryshort note describing the image (which digit,
how slanted, how thick), and the decoder is the hand that
reads the note and draws.

* Insymbols, the two steps are
e z~N(0,I) and
« x|z~ N(fp(z;0),7%D).

60 real handwritten digits from the MNIST test set
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Ancestral Sampling

Stepl:

Every grey dot is one roll of the dice, one
draw from N (0, )

Draw a code from the prior, for example z
= (0.03,1.36)

Why start from a normal distribution?

Any simple distribution would do, as long as
itis easy to sample from

We pick N(O, I) because it has nothing to
learn, it looks the same in every direction,
and its KL divergence to another Gaussian
has a closed form,

.Sample the prior
z~N(0, 1) inRK

Step 1: draw codes from the prior N(O, 1)
(grey: 1,500 draws; red: the five we use)

2.Decode
x=f D(z;8)

code z

decoder output
x=1p(z;0)

X = X + noise

X = X + noise
=05

1
z = (0.03,1.36)

3. Sample x
x ~ N(X, t2l)

generated image

(usually shown as )

Step 2: decode each code, then add pixel noise

2 3 4 5
z = (-0.38, 0.46)

z=(1.22,-0.51) z=(0.75,-1.85) z=(1.57 -0.10)




Ancestral Sampling

Step2:

Hand it to the Decoder and output comes a
1

Decoder’s output: £ = f(z; 6) is 784
numbers in [0,1],0ne per pixel

The sigmoid keeps them in range.
Reshaped, that is a 28 x 28 grey image

The noise is not there to make better
pictures; in practice we show X, never the
noisy X. It is there so the model gives a
probability to real images. Without noise
the decoder could only produce exact X
images, and every real MNIST digit would
get probability 0, leaving nothing to train
on. With noise N (0, t%) per pixel, an image
close to X is likely and one far away is
unlikely.

~log of that probability is ||x — %£||*/272, the
squared-error loss

1. Sample the prior
z~N(0, 1) inRK

2.Decode
x=f D(z;8)

code z

Step 1: draw codes from the prior N(O, )
(grey: 1,500 draws; red: the five we use)

\ decoder output
1) x=fo(z;0)

X = X + noise
2=0.01

Z1 X = X + noise
=05

3. Sample x
x ~ N(X, t2l)

generated image

(usually shown as X)

Step 2: decode each code, then add pixel noise

1 2 3 4 5
z = (0.03,1.36)

z=(1.22,-0.51) z=(0.75,-1.85) z= (157 -010) z =(-0.38, 0.46)

Our model uses 7> = 0.5, so a true sample from the story looks like the random noise in the
bottom row, and nobody wants to look at that. The noise is there to tell the model how far a
real image is allowed to be from X.



4,000 codes from N(O, 1), coloured by
the digit the decoder turns each one into

decodes to

009000000

© 0 N O g b~ 0N =

0

Let us draw 4,000 codes from N(O, 1), decode each one, and color
the dot by the digit that came out.

The decoder cuts the round cloud into slices, one per digit.

The 1s come out most often (14.5%) and the 4s least often (7.8%),
because the decoder gave them slices of different sizes.

Who decides those sizes? The encoder and the KLterm

How often each digit comes out
when we run the story

% of random codes

0 1 2 3 4 5 6 7 8 9
digit the decoder produces



The whole story in one line

The VAE is a latent variable model (LVM).
It specifies how data are generated:

p(z,z) = p(2) X p(z | 2)
N ——
step 1: N(z;0,1) step 2: N(x; fp(2;0), 721)

The chance of picking a code how likely is this code how likely is this code to draw this image
z and then getting the

image x from it is the
chance of step 1 times the
chance of step

This product is the joint
distribution



The whole story in one line

As a probabilistic graphical model, this
is a single latent node z with an edge to
an observed node x, inside a plate
repeated N times.

Generating new data by following this
process forward is called ancestral
sampling. It uses only the prior and the
decoder

(a) Generative model

0 &—




The decoder predicts the center of a Gaussian for each pixel

Starting point: the reconstruction objective. (%) (i) 0 (7)

. Z\M = x\Y; '\ = Z\"): 0
For an input x? € RM the autoencoder computes a code fE( ’ gb)’ /o ( ’ )
and a reconstruction, and is trained on the mean 1 N ] 9 The question is whether this objective
squared reconstruction error over the N training J(Q, qb) = N Zi:l Hx(%) — ac(z) H2 follows from a probabilistic model.
images:

Model for one pixel. . 52 .

Given a code z, the decoder outputs X = f,(z;0) € pQ(xj | Z) - N(gjj; Ljs Tz) = . 2 eXp( - %)a Lj = [fD (Z5 9)]3'
[0,1]™. The model assumes that the observed value of

pixel j is Gaussian around the decoder's output, with a

fixed variance ©

The negative log-likelihood of

the observation as a function of
Step 1: the decoder gives a bell curve for each pixel Step 2: the cost of a guess is its squared error,

(centre x;, width set by T2) divided by 272 the prediction x;

i 101

decoder says i true pixel 1 .

x;:0.7' xj =10 2 8- X; = 0.7 costs o ngg(wﬂ ‘ Z) _
i S (1-0.7)%/(2:0.05) = 0.9
1
1 + i ~ 2
I Q J J 1 ( )
i 5 5o + 5 log(27T
i likely values: I 47 perfect guess
: within about T [ costs 0
1 of the centre "
| § 2
1
1
1
-0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50 0.0 0.2 0.4 0.6 0.8 1.0

value of pixel decoder output X; (true x; = 1)



L2 Loss example

The model treats every pixel's noise as
independent, so to get the cost of a
whole image we simply add up the
costs of all M pixels

cost of image x = —logp(x | 2)
_ - 0)112
_ =IO
272

The squared error per-pixelis (xj — 32]-)2

The number under each column is the

sum ||x — X||?.

With 2 = 0.5 this sum is exactly —logp8(x|z)
up tothe constant (M /2)logm ~ 448.7 nats.

input x"

0

)'E(J) - fD(.Umi 6)

squared error per pixel

o
2

The reconstruction term is the sum of 784 squared pixel errors

5% 7

57 7

.T | | | - |

q - ||
i - L o

& ="
: - 1 L
u |
| ] » b ]

Ix — x|? = 20.3 [ — x| = 38.6 Ix - X|? = 28.5 Ix = x| = 27.1 Ix - x|2 =17.8



Maximum likelihood to L2 Loss

—logpg(z; | z) = (25 =85)° 2:233) + 1 log(2n7?) i°n’e°i':a'::el in

The likelihood of the training set —logp(D | 60,¢)=—-31", Zj-‘il logp(xg-i) | 2(0)  pa® | @) = A (2, 2)
(i) ~())? MONPNOMS
Substitute the Gaussian density. — log (\/# exp ( _ (“33 2;3 ) )) — ( J 2723 ) + log V2772

Each term is the one-pixel cost

. . ; ~ ()12
Sum over pixels and images. — logp(D ‘ 0, ¢) — # Zi\rzl Hg;(@) — 4) H2 + NM log 2772
The squared terms over the M pixels of one image
add up to a squared Euclidean norm, and the L2 Loss constant

constants add up to NMlog\/(anz)

: (1) ~(i)\2
Drop what does not depend on the parameters. arg Igﬂd)n — log p(D ’ 0, Cb) — arg mln Z Z 55 )
’ =1 j=1
Maximum likelihood under Gaussian pixels is least squares,
equivalent to minimizing the L2 reconstruction error = arg minz Hm(z’) — fp (fE (x(i); }); 9) Hg

The Gaussian model's cost is the autoencoder's squared error,
scaled by 1/(27%)



Why can’t we just train it by
maximum likelihood? (p(x) is

The marginal likelihood p(x)
How likely is an image?

intractable)
We have been dealing with “how likely an image is if we know We don't know which code produced the image, so we
its code: pg(x|z)". average over all the codes the prior could pick. This
But a training set contains images and no codes. average is called the marginal likelihood, or evidence.
To train by maximum likelihood, we need the probability of
each image on its own, pg(x). po(x pr x| z)p(z)dz = Ezn,n) [pg(&l? | Z)]

p(x) = average score over random codes z ~ N(0, I). Each code is decoded, compared with x, and scored e~ 1¥~ 0@’
1. draw S random codes
from the priors
2. decode them

3. score how well the results
matches x } q

4. average the scores

the image x random z = (1.8, 1.1) random z = (-0.4, -2.4) random z = (1.0, -0.3) random z = (-0.3, -0.8)random z = (0.3, -0.6) random z = (-0.3, 0.8) a lucky code

error 87 error 77 error 74 error 74 error 72 error 61 error 14
score e~ 87 score e”77 score e 74 score e~ 74 score e 2 score e~ 61 score e™1#

N S
ps(il?): %Zszlpg(xlzs)a ZSNN(()?I)
log ps (v) = log 3o, exp( — & — fp(2,)[3) —log S — ¥ log 7



The marginal likelihood p(x)
How likely is an image?

We have been dealing with “how likely an image is if we know
its code: pg(x|z)".

But a training set contains images and no codes.

To train by maximum likelihood, we need the probability of
each image on its own, pg(x).

Why can’t we just train it by
maximum likelihood? (p(x) is
Intractable)

We don't know which code produced the image, so we
average over all the codes the prior could pick. This
average is called the marginal likelihood, or evidence.

po(x) = [po(z | 2) p(2) dz = Euono,n) [ po(x | 2) |

p(x) = average score over random codes z ~ N(0, I). Each code is decoded, compared with x, and scored e~ 1¥~ 0@’

1. draw S random codes
from the priors

2. decode them

3. score how well the results
matches x

4. average the scores

7

error 87 error 77

score e~ 87 scoree”’’

® ® ® ' '
eim X 10 1.8, 1.W—1—2 ra mz=( -Oanl(— -0 rand@®m z = (0.3, -0.6) random z = (-0.3, 0.8) a lucky code
0
E U I 3

¢ 7

error 74 error 74 error 72 error 61

score e 74 score e~ 74 score e 2 score e~ 61

error 14
-14
score e

ps(x) = L35 po(x | 2), 24 ~N(0,)

log ps (v) = log 3o, exp( — & — fp(2,)[3) —log S — ¥ log 7



How likely is an image?

Why this fails. p(x) is intractable: it 1. Noclosed form. The integrand p(x|z)p(z) contains
cannot be computed exactly, and exp(—||x — fp(2)||?/27%),and fp is a neural network.
sampling from the prior is too inefficient to Integrating this over all of R®has no analytic solution.
estimate it. These are two distinct Numerical integration on a grid needs a number of points
problems: that grows exponentially with K.
4,000 codes from the prior; red: where the good codes are only 0.4% of prior codes come close 2. High -variance Monte
31 Coenen -20 .40 " zfromthe prier N(O, Carlo. The likelihood p(x|z)
L ST I z from the encoder's region . .
the test image x )l 0.35 1 ’ is sharply peaked. Itis non-
N 0 030 negligible only for codes in
8 025 a small region around the
¢ 0 T posterior p(z|x), and that
M = - region holds a tiny fraction
-80 ° . .
21 3 - of the prior's mass
-3 Lo * .o - 100 o5+
-4 - — - 0.00 - - - - . .
-4 -2 0 2 -100 -80 -60 -40 -20 0

n logp(x | z) + const = —||x — fp(2)||?



Inference:
the Posterior
and
the Encoder

Given an image, which codes explain it? (Posterior,
variational inference, amortized encoder, the gaps)



The inference problem:
the pOSterior The numerator is easy to

evaluate at any z

Given an image x°, which codes z could have
produced it? This is called Inference

i N (25 fp(2:0), 721 ) N (2;0,1)

The answer is a distribution, the posterior py(z|x®).

The exact posterior cannot be computed;
it is intractable. intractable marginal likelihood,

so the posterior is intractable too

So we follow the standard route of
variational inference: approximate it

. . prior p(z) = N(0, 1) likelihood p(x, | z), as a function of z prior x likelihood posterior p(z | xo) = N(1.0, 1/3)
W|th the Closest mem ber Of a S|mp|e "before seeing x" "which z explain x = 1.5 well?" (the right shape, wrong total area) "after seeing x" (rescaled to area 1)
family, measuring closeness with the KL
divergence.
. X = - p(xo) =
The VAE adds one more idea:
amortized inference:
A single network, the encoder,

produces the approximation for every
image z z z 2



Approximating the posterior with a Gaussian

* Variational inference turns the problem around:

Pick a family of simple distributions and find the
member closest to the posterior.
« The VAE uses diagonal Gaussians.
* Addnoise

Keep the encoder's code, now called
Zoriginal = fE(xmi ®),
but decode a noisy copy of it,
Znoisy = Zoriginal T -
The decoder must now work for a whole
neighborhood of codes.

e Learn how much noise
Letthe encoder also output the covariance
of the noise, € ~ N(0,2%), so eachimage
gets the noise that suits it.

both are

Znoisy

Amortized inference (VAE)

 —
3 'd Y
xM — S u®, g
| N — (. _/
— encoder
x(2 — fExe > u(z), o
— one @ \. J
) e 3
X(S) S L » IJ(3), 0-(3)
N— J
—

(L™, o) = f_E(x'™; ) for every image; a new
image needs one forward pass

draw a code from the encoder's distribution
2~ qp(z | 2W) =N (p®,20)  «—
take the encoder's code Zyyiging1 = U and add noise &

z = &(::_)/—F S e~ N(0,50)

P added noise
original



Amortized inference:

one encoder for allimages

What does q,(z|x")look like
forrealimages?

Three test images through the
trained encoder and decoder
For each one we see u, @,
the cloud N (u®, 2®), eight
noisy codes drawn from it,
and what each of them
decodesto.

i)

Y

8

The encoder outputs " and £; noisy codes drawn from A(u'?, £7) decode to nearly the same image

p=1(0.01,1.42), o=(0.074, 0.109)

1.8 1

16 1

1.4 7

1.2 1

1.0

T T T T T
-0.50 -0.25 0.00 0.25 0.50

0.2 1

0.1

0.0 1

~011

-0.2 1

~0.3

0.4 1,

u = (-0.91,-0.09), o= (0.065, 0.057)

0.0 1

-0.1 1

-0.2 1

~0.3

-0.4

-0.5

Se®

= (-0.16, -0.23), o =(0.052, 0.058)

T
-0.4

T
-0.2

T
0.0

fol(u) Znoisy #1 Znoisy #2 Znoisy #3 Znoisy #4 Znoisy #5 Znoisy #6 Znoisy #7 Znoisy #8

F

99999994949

E 88T 8 8B E S



Variational inference

Variational inference (VI) replaces an intractable posterior with the closest member of a family Q of tractable

distributions. It requires three choices:

1. The family. The VAE uses Gaussians
with a diagonal covariance, the mean-
field Gaussian family:

(a) Variational inference as a search

altdistributions overx

family Q:
diagonal Gaussians
smallest
KL(qllp)
<~—_>*

true posterior
p(z)4)

density

0.7 1

0.6

0.5 1

0.4 7

0.3

0.2

01

2. The measure of closeness. VI uses
the Kullback-Leibler (KL) divergence

(b) Candidates from the family, scored by KL

true posterior p(z| z)
SV == @=N(-0.50,0.60%: KL =122
I ‘\ s = N(2.00, 1.302): KL = 0.65
,’ | = ¢* =N(0.73, 0.87%): KL = 0.07
i \
i 1
\
I
\
I
I
| I
I
!
| I
1
-3 4 5

std. dev. o

3. The optimization problem. For one
image, variational inference solves

(c) The optimization: minimize over (u, o)

0.5

r 0.6

r0.3

r 0.0

-0.3

-0.6

-0.9

0.3 T
-1.5 -1

.0 -05 0.0

05 10
mean p

15

2.0

2.5

3.0



Variational inference

Variational inference (VI) replaces an intractable posterior with the closest member of a family Q of tractable
distributions. It requires three choices:

. . . . K
1. The family. The VAE uses Gaussians with a q(z) = N(Z, M, dlag(a%, ce ey U%{)) = Hk:l ./\[(Zk, HE 0,%)
diagonal covariance, the mean-field Gaussian
family:

Each member is described by 2K numbers: the mean u and the standard deviations o.
Example with K = 2: N(,u = (-0.74,—-1.95),0 = (0.085,0.141)) is one member, described by 4 numbers.
These are also exactly the 4 outputs of the encoder. Searching the family means searching over these 2K

numbers.

A diagonal covariance makes the coordinates of z independent under q. That keeps every computation cheap



Variational inference

Variational inference (VI) replaces an intractable posterior with the closest member of a family Q of tractable
distributions. It requires three choices:

1. The family. The VAE uses Gaussians with a q(z) = N(Z, M, diag(a%, ce ey U%{)) = Hle ./\[(Zk, HE 0,%)
diagonal covariance, the mean-field Gaussian

family:

2. The measure of closeness. VI uses the Drr(Q||P)=E.wq [log Q(z) — log P(Z)} = H(Q,P)— H(Q)

Kullback—-Leibler (KL) divergence

Itis zero only when Q = P, positive otherwise, and not symmetric.
VI uses the reverse KL, D L(q||p), with the approximation first.
Its expectation is over g, which we can sample from.

The forward KL, Dy, (p|lq), would need samples from the posterior,
which is exactly what we cannot compute



Classical VI solves this problem separately
va.l‘i.atiﬂnal iﬂereme for each image: it finds one p® and one o’
per image, each by its own optimization.

Variational inference (VI) replaces an intractable posterior with the closest member of a family Q of tractable
distributions. It requires three choices:

1. The family. The VAE uses Gaussians with a q(z) = N(Z, M, diag(a%, ce ey 0%{)) = Hle N(Zk, HE 0,%)
diagonal covariance, the mean-field Gaussian

family:

2. The measure of closeness. VI uses the Drr(Q||P)=E.wq [log Q(z) — log P(z)} = H(Q,P)— H(Q)

Kullback-Leibler (KL) divergence

3. The optimization problem. For one image, ¢* = argmingco Dxr (q(z) | po (2 | 2(2) ))
variational inference solves

Dir(q|lpe(z | 29)) = E.uq[logg(z) — logpe(z'V, 2)] + log pe(z(V)



Amortized inference: the encoder g, (z|x)

Classical VI needs 60,000 optimizations
for MNIST, and a new one for every new
image.

Amortized inference replaces them with a
single network, the encoder or inference
network. It maps any image to the
parameters of its approximate posterior in
one forward pass.

The encoder then defines, for each image

o (2 | 9;(71)) :N(z; u(i), Z("'))
(D, 2Dy = fg(zD; ¢)

»E) — diag(ofp, L ,a%p)

Amortized inference: one encoder f_E(X; ¢) replaces a separate fit per image

Classical variational inference

) e

XH) __________ > p'(1)' 0(1)
— -
— e

X(Z) __________ > |J,‘2), 0(2)
| \

__________ ’ [ “(3)’ 0(3)

a separate optimization
for every image

(parameters grow with N)

Classical VI: every image has itsown
parameters, found by its own
optimization

Amortized inference (VAE)

 mmm—
o
X(ﬂ
— S
) encoder
x® f_E(X; @)
R — one ¢

_

-

L 5 TR

L 5 U@, g

| S

_,[ u® o@

(U?, 6") = f_E(x™; ) for every image; a new
image needs one forward pass

(1

Amortized Inference: One encoder
computes them for any image.

In practice it outputs p
(the log keeps the variance positive),
so with K= 2 it has 4 outputs

and log oP?
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A point versus a distribution

>

’i

AE: one point 2 = fie(x)

This is the key difference from an autoencoder.

The autoencoder maps each image to a point;
the VAE encoder maps it to a distribution, a

small cloud of plausible codes.

> 4 /

VAE: u'” + 40 noisy codes Zjojsy

3

Zoom 1o regions of 102 i |mages

3 i . | - X Kt ] -
. & W Siesie
! a ﬂ‘“’""{. .‘- 25
11 ‘- ~ . \&..\ 1‘.\ v\
- oLy
0.45 X ) 4‘
0 - ':. Z "‘,'.‘ A-
O Q ”{ \\“ 4_,.4&-%
. q . ' ¥ \ ‘h.'« A\
o N N -0.50 R
® ‘ ,, 7 : -« ¥
o ® -2 1 ':‘ \ —~—
o ». ‘\q"‘h -
-0.55 1 x ]
-3 ’\l ‘ r~
-4 ~0.60 1. / /
-20 -10 0 10 20 30 -4 -2 0 2 4 095 -090 -0.85 -0.80 -075
Z1 Z1 21

The autoencoder gives each image

one point,

on an arbitrary scale

from —20 to 30

The VAE encoder maps each
image to a distribution, a small
cloud of plausible codes on the
prior's scale.

Zoominginto a0.24 x 0.24
box around the 4 reveals the
1o ellipses of 102 testimage

Eachis small, but together
they overlap and tile the box.
Because the decoder is
trained on noisy codes from
all of them, it learns to
decode every point of the
box: this is how the VAE fills
the hole



The effect of ““add noise”

Take the code of a 2 and push
it a little in some direction.
What does the autoencoder
decode? And the VAE?

Move the code of a 2 in a fixed direction by a fraction of the codes' spread, then decode

input move O std move 0.1 std move 0.25 std move 0.5 std move 1.0 std move 1.5 std

AE

input move O std move 0.1 std move 0.25 std move 0.5 std move 1.0 std move 1.5 std

VAE



The effect of ““add noise”

Take the code of a 2 and push The VAE keeps a clean 2 up to half a standard deviation, then turns smoothly into a 1.
it a little in some direction. The VAE's decoder was trained on noisy codes around every training image, so the
What does the autoencoder neighborhood of each code decodes to sensible images;

decode? And the VAE? The autoencoder's decoder only ever saw exact codes.

Move the code of a 2 in a fixed direction by a fraction of the codes' spread, then decode

input move O std move 0.1 std move 0.25 std move 0.5 std move 1.0 std move 1.5 std
L I
) L l 6 ‘ ﬂ ﬂ
input move O std move 0.1 std move 0.25 std move 0.5 std move 1.0 std move 1.5 std
=
>



How good is the approximation?

With K =2 we can compute the
true posterior on a grid.

The numerator of Bayes' rule is
N(xY; f5(2),t21)N(z; 0,1), which
we can evaluate at every grid
point.

Compares that true posterior with
the encoder's Gaussian for three
test images

z2

digit 3: D (g | p(z | x)) = 0.13 nats

digit 7: Dxi(q | p(z| x)) = 0.68 nats

1.2 1
-0.8 1
1.0 1
101 N 0.8 1
- So o
I \ 0.6 1 ,” -"'\\
] 1 ~ i 1
\ ] N \ ’
-1.2 1 \ / 0.4 ~ 3 .
AY 7
N~
0.2 1
-1.47 0.0 1
-0.2 1
-0.6 -0.4 -0.2 0.0 -2.75 -2.50 -2.25 -2.00 -1.75 -1.50

4}

the encoder's Gaussian sits
on the posterior and the KL is
only 0.13 nats.

z

The true posterior is tilted,
which a diagonal X' cannot
express: KL 0.68

Di1(Q | P) = Evg[log Q(2) — log P(2)
~ H(Q.P) - H(Q).

Z7

digit 8: D (g p(z | x)) = 1.06 nats

0.2 1
0.0 1 RN
\
l
1
0.2 1 Ky C /
~_*
-0.4 1
_0.6 L T T T T T
0.0 0.2 0.4 0.6 0.8

4}

the posterior is offset and
curved: KL 1.06the posterior is
offsetand curved: KL 1.06



The ELBO
and
The objective / (6, ¢)

If we can’t maximize log p(x), what do we maximize instead?
(ELBO, the bound and its gap, reconstruction + KL, J)



The goal and the obstacle

Training should maximize Xlogpg (x?),the maximum-
likelihood

We cannot compute logp (x™)
p(x) is anintegral with no closed form, and sampling from
the prior is too inefficient

Can we optimize something we can compute?

We can compute a number that is always below it, the
evidence lower bound (ELBO). The gap is exactly how far
the encoder is from the true posterior.

nats (higher is better 1)

The ELBO, term by term

What we minimize

constant
—Yogm

ELBO(.’A‘.M)
reconstruction = sum of the
—E|lz— fp(2)|? 796, 0) three bars

= reconstruction
+ KL to prior
(sign flipped)
KL to prior
—Drr(gs [| MO, 1)

Bars hang down from O because log-probabilities of images are negative. Lengths are schematic.

Equation 1, the bound The ELBO falls short of the log-likelihood by exactly the KL from the encoder to
the true posterior. A KL is never negative, so the ELBO is a lower bound:

logp(:v(i)) = ELBO(LE(i)) + Dgr (q¢(z | a:(i)) | p(z | x(i))) > ELBO(ZE(i))

The bound

)

9ap = Dii(ga(2|2) || p(z|2)) = 0
the encoder's error



The goal and the obstacle

Training should maximize Xlogpy (x™),the maximum-
likelihood

We cannot compute logp(x™)
p(x) is anintegral with no closed form, and sampling from
the prior is too inefficient

Can we optimize something we can compute?

We can compute a number that is always below it, the
evidence lower bound (ELBO). The gap is exactly how far
the encoder is from the true posterior.

nats (higher is better 1)

The ELBO, term by term

What we minimize

constant
—Yogm

ELBO(m“))
reconstruction = sum of the
—E |z — fo(2)II? 706, 6) three bars

= reconstruction
+ KL to prior
(sign flipped)
KL to prior
~Drr(gs || M0, 1))

Bars hang down from O because log-probabilities of images are negative. Lengths are schematic.

Equation 2, the ELBO term by term: With Gaussian pixels and t2 = 0.5, the ELBO is minus a squared
reconstruction error, minus a KL to the prior, plus a constant that depends on neither network:

ELBO(CIZ(i)) = —Ezw%(zm(i))”x( ) — fp(2:0) H2

The bound

)

gap = Dgi(gu(z|
the encoder's error

Dir(qe(z | 2) | N(0,1)) — Hlogn

) I p(z

2)) >0



The goal and the obstacle

Training should maximize Xlogpy (x™),the maximum-
likelihood

We cannot compute logp(x™)
p(x) is anintegral with no closed form, and sampling from
the prior is too inefficient

Can we optimize something we can compute?

We can compute a number that is always below it, the
evidence lower bound (ELBO). The gap is exactly how far
the encoder is from the true posterior.

Equation 3, what we minimize: Keep the two terms that depend on 6 and ¢, flip the sign and sum over the

nats (higher is better 1)

The ELBO, term by term

What we minimize

constant
—Yogm

ELBO(;r.“")
reconstruction = sum of the
—E |z — fo(2)II? 706, 6) three bars

= reconstruction
+ KL to prior
(sign flipped)
KL to prior
—Drr(gs [| MO, 1)

Bars hang down from O because log-probabilities of images are negative. Lengths are schematic.

training set. So minimizing J means maximizing the total ELBO:

N

J (0, 9)

1=1

N
= — Z ELBO(z") 4 const

1=1

S E-[0@ = fo(50)|[; + Drcr (a6 (= | 27) | N (0, 1))

The bound

)

gap = Drr(qs(z|2) | p(z]|2)) =0
the encoder's error



The ELBO: A lower bound we can compute
Importance sampling and Jensen's inequality

o Start from the integral we cannot compute and multiply

p(fl?(i)az) d P(m(i)az) i|

and divide by the encoder's distribution g, (z|x™) = p(ﬂf(z)) — f ng(z ’ 37(7')) 4o (zlzD) & = EZqu)(z\a;(i)) [m
N(,u“),Z“))

o Nothing changes, but the integral becomes an average
over noisy codes:

This is importance sampling: logp(a':(i)) > ]EZN% [log qz((ﬂ;(;i)))} —. ELBO(QT(Z), 97 ¢)

o Instead of drawing codes from the prior (which
fails), draw them from the encoder, which knows
where the good codes are, and reweight. Then take

the log.
1.5 1
Jensen, concave 10g 1.0 -
EllogY] < logE[Y] 051 |
> B The log ofan average is
. S 001 g bigger than the average of
the VAE: Y = p(z, 2)/qs(2 | ) - the logs
ZIZ(Z) 2z x(z) Z | = |og y (concave)
EZNQ¢ |:10g p( , (,3 :| S IOg EZNQqs |: p( : (,3 j| o ——- chord between two values of Y
® IlogElY]=1.01
~ qu(z | v ) y \ qqﬁ(z | v ) —1.57 o E[?ogY]:OAS
ELBO(z(%) log p(z()) 0 : 2 3 4 5 6



The ELBO: A lower bound we can compute
Importance sampling and Jensen's inequality

o Start from the integral we cannot compute and multiply . ) (i) (i)
p e i i)y _ i)\ p(@**,2) _ | pEt2)
an(d S)IVId(i)bYthe encoder's distribution q¢(z|x()) = p(ﬂf( )) = IQQb(Z ’ 37( )) qd)(z|$(i)) dz = EzNQ¢(z\m(%)) |:q¢(z|x(i))
N U 1,21

o Nothing changes, but the integral becomes an average
over noisy codes:

This is importance sampling: logp(:z:*(i)) > ]EZN% [log qz(é(;zf)))} —. ELBO(Q?(Z), 97 ¢)

o Instead of drawing codes from the prior (which
fails), draw them from the encoder, which knows
where the good codes are, and reweight. Then take

the log.
1.5
1.0 T
In the VAE, Y is the weight p(x, z)/q(p (z|x)for a code z drawn
from the encoder. 057 .
. > / The log ofan average is
« log(average of Y) = logp(x),which we cannot compute. g 0.0 s bigger than the average of
* average of log Y =the ELBO, which we can estimate from the logs
one noisy code. -0.57
So the red-minus-blue gap is exactly the gap between logp(x) 104 — log y (concave)
and the ELBO. Itis zero whenY is the same for every code, ' —=- chord between two values of Y
which happens when the encoder equals the true posterior. e ® logElYl =101
1.5 @ Ellog Y] = 0.46
0 1 2 3 4 5 6



The ELBO: A lower bound we can compute
Importance sampling and Jensen's inequality

o Start from the integral we cannot compute and multiply . ) (i) (i)
- S ; i)Y i)y Pz, z) _ | ez ,2)
andcéllv(llc)je t()z/)the encoder's distribution g, (z|x") p(ilf( )) — fq¢(z ’ CC( )) ML) dz = Ezwq(b(z\a:("‘)) [q¢(z|x(73))
=N U i ,Z i

o Nothing changes, but the integral becomes an average
over noisy codes:

This is importance sampling: logp(:z:*(i)) > ]EZN% [log P(ﬁ(i)az)} —. ELBO(Q?(Z),Q, ¢)

o Instead of drawing codes from the prior (which d¢ (z|z(D))
fails), draw them from the encoder, which knows
where the good codes are, and reweight. Then take

the log.
1.5 1
1.0 1
0.5 1
The ELBO: It is an average of something > ) The log of an average is
we can evaluate for any z, so a single < 007 - bigger than the average of
noisy code gives an estimate of it. 051 the logs
-1.0 = |0g Y (concave)
’ —=—- chord between two values of Y
® IogE[Y]=101
-1.5 1 @ ElogY] =046
0 1 2 3 4 5 6



How tight is the bound?
The gap is exactly a KL divergence

average, over z q is the encoder's p isthe true
drawn from q q(p(zlx“)) posteriorp(z|x“))
D1, (qqs(z | :c(i)) |l p(2 | 3:(7;))) = Ezum :log qe (2 | x(")) log p(z | z )] definition of KL
=FE.nq, [logqs(z | ) —logp(z, z) + logp(a:(i))] Bayes’ rule
=FE.nq, [logqs(z | DY — log p(z® ,2)| + log p(x®) log p(z?) does not depend on z
(4)
—E.ng, [log Pz, 2) } + log p(z™) combine the logs
g (z | )
= —ELBO(z?) + log p(z") definition of the ELBO (Section 4.1)

logp(z™) = ELBO(z";0,¢) + Dxr(gs(z]2) | p(z ] 2™))

1. Itisabound. A KLis never negative, so the ELBO is never above logp(x™").

The gap is the encoder's error. The bound is tight exactly when N(u®, ¥®) equals the true posterior

3. Training does two jobs at once. logp(x™) does not depend on ¢, so raising the ELBO in ¢ can only shrink the gap. Raising it in 8
either raises the likelihood or tightens the bound.

N



How tight is the bound?
The gap is exactly a KL divergence

The gap between log p(x!?) and the ELBO for 12 test images (mean 3.18 nats)

V¥ importance-sampling estimate (S = 5,000)

—_
N
I

Il exact gap (grid)

logp(x) — ELBO (nats)
D @ 8

~

N
1

a0 al az a3 ad ab ab a7 a8 a9 al a7

logp(z™) = ELBO(z";0,¢) + Dxr(gs(z]2) | p(z ] 2™))

1. Itisabound. A KLis never negative, so the ELBO is never above logp(x™").

N

\ 4

Z2

The gap is the encoder's error. The bound is tight exactly when N(u®, ¥®) equals the true posterior

8/12 images the encoderis nearly
perfect, with gaps of 0.3 to 1.3 nats
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Images whose true
posteriors are tilted or
split, so a diagonal
Gaussian cannot fit
them well. Thatis the
approximation and
amortization gaps

3. Training does two jobs at once. logp(x™) does not depend on ¢, so raising the ELBO in ¢ can only shrink the gap. Raising it in 8

either raises the likelihood or tightens the bound.



What does the ELBO look like in terms of the network?
Opening up the ELBO: reconstruction minus regularization

We showed that the ELBO is the right * Split it into two interpretable terms:
thing to maximize: it is a lower bound on how well the decoder reconstructs the image, and how far the encoder's
log p(x"), and it is tight when the encoder Gaussian strays from the prior.

matches the posterior.

But in the form
ELBO = E4[logp(x, z) — logq(z|x)],
itis not yet something you can type into

*  Plug in the Gaussian pixel model:
the reconstruction term becomes an ordinary squared error.

pyTorch. The result is exactly the objective J(0, @)

How is this related to the networks ELBO(z") = E .
fE and fp or the pixels of an image?

[logp(z"), z) — log q(2)]

[log pg (¢ | 2) +log p(2) — log q(=)]
logpa(z'”) | 2)] — Eq[logg(z) — log p(2)]
log py(z'") | 2)] — D (g | N(0, 1))




What does the ELBO look like in terms of the network?
Opening up the ELBO: reconstruction minus regularization

ELBO(z") = E, [logp(:c(i), z) —logq(z)] (a) definition (Section 4.1)
= Eq[logps(z' | z) +log p(z) — log q(z)] Opening up the ELBO: (b) joint = decoder x prior
@) reconstruction minus _ _
=E,[logps(z'” | 2)] — E,[logq(z) — logp(z)] regularization (c) split the expectation
=Eq [10gp9($(i) | z)] — Drcr(q||N(0, 1)) (d) definition of KL



What does the ELBO look like in terms of the network?
Opening up the ELBO: reconstruction minus regularization

(1) _ 2 M
- O I M oo

OE] _ ey (g 4(0.1) - 2 tog(enr?)

Opening up the ELBO:
reconstruction minus
regularization

Gaussian pixels turn
reconstruction into squared
error

(a) definition (Section 4.1)
(b) joint = decoder x prior
(c) split the expectation

(d) definition of KL

(e) independent pixels

(f) log of a 1-D Gaussian

(g) sum over the M pixels

(h) put (g) into (d)



What does the ELBO look like in terms of the network?
From maximizing likelihood to minimizing /(6, )

N
max Zlogpg(;z:(i)) (a) the goal: maximum likelihood (intractable)
1=1
N
max Z ELBO(z") (b) maximize the lower bound instead
P L
i=1
N
min — Z ELBO(:;’;(")) (¢) maximizing [ = minimizing — f
89 i=1
: () — f 2 M
~ELBO(z) = E, | Iz 2‘2” (2)”2] + Dicr (a0, D) + 5 log(27?) (d) negate the ELBO above
T
' ‘ M
=E, 2 - fo(z) j + Dy, (q HN((J,I)) + Y log 7 (e) set 72 = 0.5, so 27° =1
N N _ )
— Z ELBO(z'V) = Z [IEG, W — fp(z) H; + Dgr.(q || N(O, I))} + - log (f) sum over the training set
i=1 i=1 T e —
v~ const

J(6,9)

= argmin ( = E ELBO) = argmin J(0,¢) (g) a constant does not move the minimum
a.¢p : 0,
2



The KL term in closed form

Both distributions in the KL term are AE codes (no prior, arbitrary scale) VAE means u'? with the 1, 2, 3o circles of M0, /)
Gaussians, so it can be computed exactly, 37 T
. . 20 A
with no sampling. o iR
15 1 N
For one dimension: 10 AT P T N i \
R A 0- ! :'#‘ s ]
1 @ 7] o 1
DKL(N(U’aUz) ||N(O,1)):§(u2—|—a2—1—10g02) . -1
-9 1
- _5_
For a diagonal ™ the K dimensions are 0 S S
. . . =10 T
independent, so the KL term is this
formula summed over k=1, ..., K -15 - ]
-20 -10 0] 10 20 30 -4 -3 -2 -1 0 1 2 3 4

4] F41



Training:
noisy codes
and
the reparameterization trick

How do we compute gradients through random codes?
(Monte Carlo, reparameterization)



Monte Carlo Estimation

SR (RO

The reconstruction term for one image



Monte Carlo Estimation

4. Average this over all 3. Measure the

possible noisy codes squared error
That average is an

integral over z. y . 2
Because fj is a neural EZNN(“(i),E(i)) Hx(?l) o fD(ZJ 9)“2
network, there is no

closed-form solution 1. Draw a noisy code

from the encoder's
Gaussian

2. Decode it



Monte Carlo Estimation

4. Average this over all 3. Measure the
possible noisy codes squared error

P
4

That average is an 9
integral over z. 7 .

Because fj is a neural EZNN(“(i)’E(i)) HLU( ) — fD(ZDQ)HQ
network, there is no

closed-form solution 1. Draw a noisy code

from the encoder's
Gaussian

2. Decode it



Monte Carlo Estimation

4. Average this over all
possible noisy codes

&
<«

That average is an
integral over z.
Because fp is a neural
network, there is no

closed-form solution 1. Draw a noisy code

from the encoder's
Gaussian

Solution: average over a few samples instead. We cannot
average over every code, but we can draw some codes and
average over those. This is Monte Carlo estimation

Zly---3 <L ™~ (

E.q[f(2)] = + 30, f(2),

f@) = Ix® = fo(2)|I?

is its squared error

q isthe encoder's
N(u®, x®)

Eachz;isone
noisy code

3. Measure the
squared error

running average of z2

B a5y |70 = fo (=)

2. Decode it

»
3]

»
o

w
wn

w
o
1

N
6]

»n
o

_
al
1

=
o
1

o
3

o
o

Monte Carlo: estimating E[z?] for z ~ N(1, 1) by averaging samples (5 runs)

—— onerun
—— true value E[z%] = 2

+1 std of the estimate

10° 10’ 102 108
number of samples K



Monte Carlo Estimation

4. Average this over all 3. Measure the

- possible noisy codes squared error
That average is an

integral over z. 2 . 2
Because fj is a neural EZNN(“(i) ,E(i)) HLU( ) — fD (ZD 9) H2
network, there is no

closed-form solution

1. Draw a noisy code 2. Decode it
from the encoder's
Gaussian

Solution: average over a few samples instead. We cannot
average over every code, but we can draw some codes and
average over those. This is Monte Carlo estimation

. Itis right on average (unbiased). If you repeated
the estimate many times with fresh samples, the

L
Ezwq [f(Z)] ~ % Zl:l f(zl)a 2y 2L~ results would average to the true value

. Its error shrinks like 1/4/L. More samples give a

. more precise estimate
q is the encoder's f(z) = ||x® = fp(z)]? Each z; isone P

N(u®, xm) isits squared error noisy code



The Reparameterization Trick

Training with gradient descent requires the gradient of ] with respect to every parameter.
Follow the path backward from the loss for one image:

(1) fE('§¢’)> (1, () draw z ~ N (u?, o(92) U L1 C L INING BN

9

Without dJ//do, the encoder never learns how much noise to use.
“Learn how much noise” would be impossible, and the encoder's g outputs would stay wherever they started.



The Reparameterization Trick

Training with gradient descent requires the gradient of ] with respect to every parameter.
Follow the path backward from the loss for one image:

The decoder 6 is fine.
zisjustaninput to fp, sodJ/d0
is ordinary backpropagation
through the decoder.

Q;(Z) e o) > (M(Z) draw z ~ N (V) , 5(92) - fo(-;0)

7)) s 20— J

9

Without dJ//do, the encoder never learns how much noise to use.
“Learn how much noise” would be impossible, and the encoder's g outputs would stay wherever they started.



The Reparameterization Trick

Training with gradient descent requires the gradient of J with respect to every parameter.
Follow the path backward from the loss for one image:

The mean u? is fine. The decoder 4 is fine.

Znoisy = U + € depends on zisjustaninputto f,, so 8/ /06
noisy

u® like any sum: 0z/ou = 1. is ordinary backpropagation

through the decoder.

x(z) e o) > (M(Z) 0'(7’)) draw z ~ N (p, 5(92) - fo(-;0) > :%(7,) 7

9

Without dJ//do, the encoder never learns how much noise to use.
“Learn how much noise” would be impossible, and the encoder's g outputs would stay wherever they started.



The Reparameterization Trick

Training with gradient descent requires the gradient of ] with respect to every parameter.
Follow the path backward from the loss for one image:

The mean u? is fine. The decoder 4 is fine.

Znoisy = U + € depends on zisjustaninputto f,, so 8/ /06
noisy

u® like any sum: 0z/ou = 1. is ordinary backpropagation

through the decoder.

z) EASED > (M(i) J(i)) draw 2 ~ N (9, 0%) Y 2 fp(59)

A —

9

The width " is the problem.

o does not appearin aformula for z.

It only sets how spread out the distribution is that € is drawn from.

“Draw arandom number” is not a function of o: the same o gives a different z
on every call, so dz/do is undefined.



The Reparameterization Trick

Training with gradient descent requires the gradient of ] with respect to every parameter.
Follow the path backward from the loss for one image:

The mean u? is fine. The decoder 4 is fine.
Znoisy = U@ + £ depends on zisjustaninput to fp, sodJ/d0
u®@ like any sum: dz/du = 1. is ordinary backpropagation

through the decoder.

(1) fE('§¢’)> (1, () draw z ~ N (u?, o(9?) U L1 CLINING N

9

The width ¢ is the problem.
How to fixes: o does not appearin a formula for z.
. “ ” It only sets how spread out the distribution is that € is drawn from.
Rewrite the “draw” so that o “Draw a random number” is not a function of o: the same o gives a different z
appears in a formula for z on every call, so dz/do is undefined.

Without d] /da, the encoder never learns “how much noise to use”.



The Reparameterization Trick

Any Gaussian sample can be made by shifting and scaling a standard one
if o ~ N(0,1), then u + geg ~ N(u, 6%)

Shift and scale: any Gaussian sample can be made from standard noise €

1. Draw the noise. Sample g, ~ N(0, I),one standard-normal 0.9 7
number per code dimension (K numbers). This is the only 0.8 - 5”2(0' L
random step, and it does not involve the encoder at all. z=2+05¢
0.771 —— N(2, 0.5%) density
2. Scale. Multiply by the encoder's width, element by element: 067 shift by 1 = 2, squeeze py @ =0.
o © &o. This is now noise with standard deviation ¢, i.e. 2 05-
- ) 2
e~ N(0,2%). 3 0.41
3. Shift. Add the encoder's mean: z = u® + 6@ Q@ &,. 037
The result has mean u' and standard deviation ¢, so z ~ 0.2 -
My
N(u®,xW), 01
0.0 :
-4 -3 -2 -1 0 1 2 3 4

value



The Reparameterization Trick

Rewrite the noise as scaled standard noise
Eg N(O, I)
e=0" ey~ N(0,20)

Znoisy — U(Z) - O-(Z) ® €o

Direct sampling

input x¥

encoder f_E(x; ¢)

u(i)’ z(i)

____________________

The randomness now lives in &3, which does not
depend on ¢, and z,,;s,, is an ordinary function of u
and o withdz/du = 1 and 0z/do = &,.

The gradient moves inside the average:

Vo, oar(uo s Lf(2)]

decoder f_D(z; 9)

J=|Ix - X|*+D_KL

= Eoon0,0) [V (1D + 0 ©e)]

random node:
no gradient path

Reparameterized

input x*V

encoder f_E(x; ¢)

HHJ' O—(I)

Z=Uu+00¢g,

decoder f_D(z; 8)

J=|Ix - Xx||*+D_KL

g, ~N(0,1)

dz/dou =1
dzfdo = ¢,
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  z
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  𝜀 ₀ ∼ N  (  0 , 1 )


  𝜇 + 𝜎 𝜀 ₀ ∼ N  (  𝜇 , 𝜎 ² )
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