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Outline

Last time: Neural Networks

= Three-neuron Network
= (Optimization
= Neural Network Intuition

* Forward pass and Backward pass (scalar version)

Today: Neural Networks

" Neural Network Properties and Intuition
= Backpropagation (scalar version)

" Calculus: multi-variate chain rule

= Backpropagation (vector version)



Neural Net
Properties and Intuition



Neural Networks Questions

Can we fit any function?

Non-convex? What about local minima?
What if there are no non-linear activations?
How many neurons/layers should we add?

Please, tell me more about calculus



Neural Network Properties

Fitting complex functions (with 1-D input)



Network to Approximate a 1-D Function




Linear Classifiers for Nonlinear Data

Linear classifiers have linear decision boundaries
Feature mapping can convert nonlinear data to higher dimensions
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This slide is courtesy of www.iro.umontreal.ca/~pift6080/documents/papers/svm_tutorial. ppt

Today, instead of choosing a feature mapping function, we’ll use neural
networks to learn nonlinear decision boundaries and regression

functions



Network to Approximate a 1-D Function




Network to Approximate a 1-D Function

Design a network to approximate this function using:
Linear, Sigmoid, Step, or RelLU



Network to Approximate a 1-D Function
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——————



Neural Network Properties
Fitting complicated functions (with 2-D input)



Network to Approximate Binary Classification

https://playground.tensorflow.org/#activation=sigmoid

Q-

DATA

Which dataset
do you want to
use?

B

Ratio of training
to test

data: 50%
—

Noise: 0

Batch size: 10

Epoch

000,000

FEATURES

Which
properties do
you want to
feed in?

X

3
g

XXy

Learning rate

0.03 v

+_

+_

4 neurons

00

P

This is the output
from one neuron.
Hover to see it

Activation

(

Sigmoid v None

2 HIDDEN LAYERS

+_

2 neurons

1

The outputs are
mixed with varying
weights, shown
by the thickness of
the lines.

Regularization

Regularization rate Problem type

v 0 v Classification

OUTPUT

Test loss 0.503
Training loss 0.502


https://playground.tensorflow.org/#activation=sigmoid

Network to Approximate Binary Classification

Approximate arbitrary decision boundary

https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html



https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html

Network to Approximate Binary Classification

Approximate arbitrary decision boundary

https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html



https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html

Network to Approximate Binary Classification

Approximate arbitrary decision boundary

https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html



https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html

Neural Network Properties

(Over?) Fitting any function



Neural Networks Properties

Universal Approximation Theorem

= Atwo-layer neural network with a sufficient number of neurons can approximate any
continuous function to any desired accuracy

Reminder
Just because it can fit any function will it?
= (Objective function is non-convex
- it will get stuck in local minima
" Stochastic gradient decent take pseudorandom steps
— Helps pop out of local minima
= |s getting stuck at a local minima necessarily a bad thing??



Network to Approximate a 1-D Function




Debugging Overfitting and Underfitting

Underfitting (check this first!)

* Evidence: poor training loss (and poor validation loss)

= Note: Compare with human performance as a baseline, i.e., make sure
the task isn't impossible for a human (with unlimited resources)

= Try: Adding more capacity to network (wider or deeper)
=  But how do we choose a new network structure?

Overfitting

" Evidence: good training loss, but poor validation loss
" Evidence: really large parameter values

" Try: Regularization (we'll learn about this soon!)

" Try: Adding more data



Summary: Neural Networks Properties

Practical considerations

" Large number of neurons
» Danger for overfitting
" Modeling assumptions vs data assumptions trade-off

* Gradient descent can easily get stuck local optima

What if there are no non-linear activations?

= A deep neural network with only linear layers can be reduced to an exactly
equivalent single linear layer

Universal Approximation Theorem:

= Atwo-layer neural network with a sufficient number of neurons can
approximate any continuous function to any desired accuracy.



Forward Pass and
Backpropagation

Scalar's version



Forward Pass
Width 1 deep network (no bias) (dumb but will help with calculus)

Y
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Backpropagation y = he(x) = g<w5 -g(w4~g(W3 - g(wz - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)

¥y oy oy a oy Y Y U Y 9
aZl aal aZZ aaz aZ3 aag 0Z4 aaz]. aZS ay _Y
L
. f9 ", fr19 W, 9 " fI9 . 9
0] A 9 9 9
0_1411 ow, 0wy dw, 0ws
Questions:

* Why do we need to compute all of the d//dz, and d] /da,?
= Why "backwards"?

" How do we actually compute these?
= (What else do we need to learn to go beyond this useless network?)



Reminder: Calculus Chain Rule (scalar version)

Composite functions - chain rule
J=¢(g9(f()) ] = £@)

y=g2)
z=f(x,w)

dj dtdg df
dw dydzdw




Why bhackwards? y=he(x) =g <W5 g <W4 g (w3 - g(wz - g(wy -x))))>

Width 1 deep network (no bias) (dumb but will help with calculus)
A

2y
4
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Why bhackwards? Y= he(x) = g<w5 -g(w4-g(W3 - g(ws - g(wy -x))))>
Width 1 deep network (no bias) (dumb but will help with calculus)
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Why bhackwards? Y= he(x) = g<w5 -g(w4~g(W3 - g(ws - g(wy -x))))>
Width 1 deep network (no bias) (dumb but will help with calculus)
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Why bhackwards? Y= he(x) = g<w5 -g(w4-g(W3 - g(ws - g(wy -x))))>
Width 1 deep network (no bias) (dumb but will help with calculus)
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What if someone had already done all of the work to compute 67 ?
1

Then we just need to do the local partial derivative for f with respect to the parameter w
and then use that to compute the partial derivative for J with respect to the parameter w



Backpropagation y = he(x) = g<w5 -g(w4~g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4~g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4~g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4-g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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Backpropagation y = he(x) = g<w5 -g(w4~g(W3 - g(wz - g(wy -x))))>

More efficient to start at the end and reuse values!
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To do gradient descent we need the partial derivative of the objective with
respect to each parameter, w, <« w, —a dJ /0w,

The backward pass propagates the change in the objective with respect to

intermediate values (d//0z, and d] /da,) back through the network to
produce each d//dw,



Generic Layer Implementation (so-far)

Compute derivatives per layer, utilizing previous derivatives

Obijective: J(0)

Arbitrary layer: z,,« = f(zZin, 6)
Need:
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O ptl m |Zat|o N y=hex)=g <b3,1 + Z W31k 9 <b2,k + Z Woki 9 <b1,i + Z W1, j x]>>>

Tons of repeated partial derivatives
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Calculus Time-out



Multivariate-chain rule



Multivariable Chain Rule

g1(x) = 3x
g>(x) = 5x
f(z1,2,) = 221 + 727,

y = f(g1(x), g2(x))



af _ 9f 991  9f 992

Exercise: Multivariable Chain Rule

dx  0gq 0x dg, 0x

z1 = g1(x) = sin(x)
Zy = ga(x) = x>
y = f(z4,2,) = z{e?2 + 5z, + 7z,



. L . df _ 0f0dg. , 0f 0
Ey . 4 _ 1 9>
ercise: Multivariable Chain Rule dx _ g, ox | 3g, ox
z, = g41(x) = sin(x) dg,/dx = cos(x)
Zy = go(x) = x3 dg,/dx = 3x?

y — f(Z]_)ZZ) — Zfezz + 5Z1 + 722 5f/6zl — 425’822 _|_ 5
0f [0z, = zie”2 + 7

af _ 9f o9y Of 9
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Yi|
a f Y = (4z}e? + 5) cos(x)
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Calculus Chain Rule

Scalar: Multivariate: Multivariate:

y = f(2) y = f(z) y = f(2)

z=g(x) z=g(x) z=g(x)

dy _ dy dz dy ¢ 0y 0zj dy; ¢ 0y 9Zj
dx  dzdx E_Zjazj 0x dxk_zjazjaxk



Calculus Chain Rule

Scalar: Multivariate: Multivariate:

y = f(2) y = f(z) y = f(2)

z=g(x) z=g(x) z=g(x)

dy _ dy dz dy ¢ 0y 0zj dy; ¢ 0y 9Zj
dx  dzdx E_Zjazj 0x dxk_zjazjaxk



Multivariable Chain Rule

Numerator layout

Denominator layout

Notes

( df d if dh ~ )
3 [ (g(t), h(t)) df; 19 4 4 dh Same f:RxR)—=R, teR
g:R—-R, h:R—-R
& f(r(t), ., gn (1)) > iy éi o Same h:Rx---xR)= R, teR
fi:R>R Vie{l,....N}
d df o de O ) N . N
7 J(8()) %% ﬁ% f:RYN R, g:R— RN
teR
} 9 ) og 0 . N . ] N
5 f(g(v)) L8 el FiRY SR, g:RM 5 RN
9 of o Of Oh g O Oh O oK N ]
e F(g(v),h(v)) 5g 0% + Th o seox tovon | hiREXRY SR veRY
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Backpropagation (vector version)



Generic Layer Implementation (updated)

Compute derivatives per layer, utilizing previous derivatives

Objective: J(8) A CumL N

Arbitrary layer: z,,« = f(zZin, 6)

6
Need:
o o] += o] of Zin_> Layer zgye = f(zin, 0) Zout
0Zin 0Zout 0Zin of
. 9J 4= d] df 9 < 0Zin - 9/
90 020yt 06 0Zin of 0Z oyt
20

S —>
—



Generic Layer Implementation (vector output version)

Compute derivatives per layer, utilizing previous derivatives

Objective: J(8) z,, z,,. € RK
Arbitrary layer: z,,c = f(Zin, 0) - 0 EfRM
Need:
B 9 — Zin_> Layer zgyt = f(Zin, 0)
azin af
i d] _ 9f < 0Zin
36 ; 0Zin of
Y

S —>
<——

> Zout

i

0Zoyt




Generic Layer Implementation (vector output version)

Compute derivatives per layer, utilizing previous derivatives

Zout,1
ObJeCt|Ve ](0) Zin Zyyt S ]RK Zout,2
. — = f |
Arbitrary layer: z,,« = f(zZin, 6) o = R Zout,3
Need:
0 —_—

M 2 = QK 2 Zoutk Zin~ ¥ | Layer zgy = f(Zin, 0) Zout
0Zin 0Zoutk 0Zin 3 of 3
. d] — aJ odf p / < 0Zin « 3 J
30 K 0Zoutk 00 Zin of Zout

00
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Linear Layer Implementation

Compute derivatives per layer
Obijective: J(0)

Layer:z = f(a,W,b) =Wa+b
Scalar version (no formatting)

J

m p—
aaj

d]
m
aWi,j

.9l
0b;

J

a € RM zZ € RX

— f
W e REXM p e RK

da

Layer a= f(a,W,b)
of
da
of of
aw b
Wb Jd dJ]
oW db

J



. . RM RX
Linear Layer Implementation i J

W e REXM p e RK

Compute derivatives per layer

Objective: J(8) a4 —> | Layer a=f(a,W,b) > Z
Layer: Z = f(a, W,b)=Wa+Db d] o d/
< da «—
Scalar version (no formatting) da af of 0z
_y 010z ob
aa] K ozy 0a; T T l l
d] 0z
=2 Wb 9 0]
aWU k 0z aWi’j 3 3b
.ﬂ . Z d] 0z
0b; — “k 0z 0b;



. . RM RX
Linear Layer Implementation i J

W e REXM p e RK

Compute derivatives per layer

Objective: J(8) a — |layer z=f(a,W,b) > Z
Layer:z = f(a,W,b) =Wa+b dJ o ad]
< da «—
(Denominator format) da of of 0Z
aw b
a9
z R
oy Wb 9] 9]
P oW db
d]



. . RM RX
Linear Layer Implementation i J

W e REXM p e RK

Compute derivatives per layer

Objective: J(8) a — | Layer z=f(a,W,b) >z
Layer:z = f(a,W,b) =Wa+b dJ o ad]
< da «—
(Numerator format) da of of 0Z
aw b
. 9]
oa RE
oy Wb 9] 9]
P oW db
d]
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