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Reinforcement learning
What if we didn’t know P(s’|s,a) and R(s,a,s’)?

Value iteration:
Q-iteration:
Policy extraction:

Policy evaluation:

Policy improvement:

Vies1(s) = max2 RS [RerersT + Vi (5D, Vs
Qrs1(s,@) = Za@s—m [BLors) + ¥ max Qu(s',a)], V5@
y (s) = arg;naxZW[e.@,—m PPV, Vs
VE(s) = ) RletermtSTI (RS +YVEGD], Vs
Tnew(s) = :;gznasz[w +yVToud(s)], Vs



Reinforcement Learning

Agent

State: s Actions:
Reward: r a

Environment

Basic idea:
@AII learning is based on observed samples of rewards and next states!
= Receive feedback in the form of rewards
= Must (learn to) act so as to maﬁmize expected sum of discounted rewards

(D 7 s




Reinforcement Learning

)?Eill assume a Markov decision process (MDP):
= Asetof statess e S

= A set of actions (per state) A
= A model T(s,a,s’)

= A reward function R(s,a,s’)

A

Still looking for a policy m(s) e overhested

New twist: don’t kno
= |.e. we don’t know which states are good or what the actions do

= Must actually try actions and states out to learn




_Offline (MDPs) vs. Online (RL)

Offline Solution Online Learning
(Known MDP) (Unknown MDP)



Overview: MDPs and Reinforcement Learning

Known MDP: Offline)Solution

[ Value Iteration / Policy Iteration J

Model-Based

KEstimate MD@nd@

from samples of environment
_ -

Unknown MDP: Online Learning
)

" J

be Model-Free

/

ﬂP)assivq Reinforcement Learning

_» Active Reinforcement Learning

Jearn //\«/\' Q-Learning

= Monte Carlo Policy Evaluation
= TD(0) Learning

/!

/




Why Not Use Policy Evaluation?
=—> V7

Simplified Bellman updates calculate V for a fixed policy:

" Each round, replace V with a one-step-look-ahead layer over V ()

Vo (s) =0 ® s 7(s)

Virp1(s) ZWW + VI ()] ‘,,s;”ﬁiS),s’
S,

A s
* This approach fully exploited the connections between the states
* Unfortunately, we need T and R to do it!

Key question: How can we do this update to V without knowing T and R?

" |In other words, how to we take a weighted average without knowing the
weights?



T (RL)

Passive Reinforcement Learning
Monte Carlo Policy Evaluation
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Monte Carlo (Sample-Based) Learning ~ — 7 play o o
%A{V\@ —7 ¢!
Collect a bunch of trajectories from episodes ¢ = B
following m starting at a given state, s. Jet+ a
. Optlon 1: Collect N trajectorles then evaluate i s, a
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Monte Carlo (Sample-Based) Learning

Collect a bunch of trajectories from episodes
following m starting at a given state, s.

"= Option 1: Collect N trajectories then evaluate

= QOption 2: Update V™ (s) after each episode
P,o\y @Piﬁ@)f — Y ’A;)ﬂk 74&/{
Sample of V(s): 9 v

Update to V(s): \J/@()gﬁ ;(/*@Vk(§)5 “43,&,

3—7\—;\'0\5




Monte Carlo (Sample-Based) Learning

Collect a bunch of trajectories from episodes
following m starting at a given state, s.

"= Option 1: Collect N trajectories then evaluate s, 3
= QOption 2: Update V™ (s) after each episode r
> a
Sampleof V(s): G = = y " -
s’ a
Updateto V(s): V7 (s) < (1 —a)V"(s) 4+ (a)sample !

Same update: V7™ (s) «+ VW(S) + Oé(Sdmple — V7™(s)) £
Kfemﬁofq\ O)I’PFC(W\CQ




Passive Reinforcement Learning

Temporal Difference Learmng
TD(0o) "W— V"


https://ketrinayim.tumblr.com/post/47522217578/cast-of-characters-designed-for-the-fall-2012

Temporal Difference Learning )/"*'(_?

Big idea: learn from every step!

= Update V(s) each time we experience a transition (s, a, s/, r) (s)
= Likely outcomes s’ will contribute updates more often s, Ti(s)
= Bootstrap: Leverage previous estimates of next state, V' (s") 7
(rather than full trajectory) A s
= Policy still fixed, still doing evaluation!
7~ V. ' CB
75 5 V{(C)
Sample of V(s): \/p__e = 7" + Yy Vr(s) e
Update to V(s): \/(% \j <§5 F oA (g&\ V= ]0 \/ [57}



Temporal Difference Learning

Big idea: learn from every experience!
= Update V(s) each time we experience a transition (s, a, s/, r)
= Likely outcomes s’ will contribute updates more often

» Bootstrap: Leverage previous estimates of next state, V' (s”)
(rather than full trajectory)

= Policy still fixed, still doing evaluation!

Sample of V(s): sample = r + y V. (s')

Update to V(s): VT(s) « (1 —a)V"(s) + (a)sample



Temporal Difference Learning T (0)

Big idea: learn from every experience!

= Update V(s) each time we experience a transition (s, a, s/, r)

= Likely outcomes s’ will contribute updates more often O s, T(s)
Bootstrapieverage previous estimates of next state, V7 (s') \

(rather than full trajectory) AN @ -
= Policy still fixed, still doing evaluation!
Yoadl
Sample of V(s): sample = r + y iV,f (s") !

Update to V(s): VT(s) « (1 —a)V"(s) + (a)sample

7(s)

Same update: V7T(s) « V™(s) + a(sample — V7 (s))



Example: Temporal Difference Learning
e
AN

States Observed Transitions

\/\< B east, C, 2 \/k*\

5 lclo

Assume: y =1,

a=1/2 \{QEPO )“5)2( ,_03

V7T(s) < V" (s) + a(sample — Vw(s))

,\w

sample = R(s, 77(3) )—I— V)
) e




C
Example: Temporal Difference Learning g
e

& IND

States Observed Transitions

[ B, east, C, -2 J \)}/‘I [ C, east, D, -2 J \/K-r\

sample = R(s,m(s),s") +~1V7™(s)
o \ (DY

Assume: y =1,

iz | (0 ay-0) T

V7T(s) < V™ (s) + a(sample — V" (s))

—— ———— —_—A




Temporal Difference Learning

Big idea: learn from every experience!

= Update V(s) each time we experience a transition (s, a, s/, r) ;
= Likely outcomes s’ will contribute updates more often n(s)
s, T(s)
Temporal difference learning of values
= Policy still fixed, still doing evaluation! ,
/\ S

= Move values toward value of whatever successor occurs: running average
Sample of V(s): sample = r+y V™(s")
Update to V(s): Vi(s) « (1 —a)V™(s) + (a) sample )]
| ([13 I\()([,(D
Same update: VT(s) « VT(s) +a [sample — VT(s)] 7{ 7 -
N

1
Same update; V®(s) « V™(s) — aVError Error = 5 (sample — V”(s))

—

€




ML detour: Quick Calculus Quiz
f@) =@y —x)?

d
What is —f?

dx



. 1 x
ML detour: Gradient Descent f(x) =5 —x)

Goal: find x that minimizes f (x)

1. Start with initial guess, x,

2. Update x by taking a step in the direction that f (x) is changing
fastest (in the negative direction) with respect to x:

x < x —aV,f,where a is the step size or learning rate
3. Repeat until convergence

TD goal: find value(s), V, that minimizes difference between sample(s)
and V

1
_ )2
v V — aV, Error Error(V) = > (sample = V)



Temporal Difference Learning

Big idea: learn from every experience! <
= Update V(s) each time we experience a transition (s, a, s/, r)

= Likely outcomes s’ will contribute updates more often n(s)

s, 1(s)
Temporal difference learning of values
= Policy still fixed, still doing evaluation! A s

= Move values toward value of whatever successor occurs: running average
Sample of V(s): sample = r+y V™(s")
Update to V(s): Vi(s) « (1 —a)V™(s) + (a) sample
vedl
Same update: VT(s) « V™(s) + a [sample — V™(s)]

1
Same update; VT(s) « V™(s) — aVError Error = 5 (sample — V’T(S))2



Poll 1

TD update: Ve(s) = V() +alr+yVT(s') — VT(s)]

Which converts TD values into a policy?

A) Value iteration: Viesq1(s) = max
a

lSW FyV(sDl, Vs

B) Q-iteration: Qr+1(s,a) = P(;Lg,’a) [R%’) +ymaxQy(s’,a’)], Vs,a
C) Policy extraction: Ty (s) = argmaxz: P(sAs,a) [R(SM) +yV(s')], Vs

D) Policy evaluation: Vi (s) = z P(S’lS,}((:S))[R(S/?féS’) + yViF(sN], Vs

E) Policy improvement: m,, (s) = argmaxz P (s, a)[w,s’) + yVTold (s")], Vs

3 T
@one of the aboD




Problems with TD Value Learning

TD value leaning is a model-free way to do policy evaluation, mimicking
Bellman updates with running sample averages

However, if we want to turn values into a (new) policy, we’re sunk:

w(s) = argmax Q(s,a)

] ) aTT S T(s,a,8) [R(s,a,8) + 4V ()

ldea: learn Q-values, not values

Makes action selection model-free too!



MDP/RL Notation

mrd expectimax:

Bellman equations:

Value iteration:

Q-iteration:

Policy extraction:

Policy evaluation:

Policy improvement:

Value (TD) learning:

Q-learning:

V(s) = maaxz P(s'|s, a)V (s")

Ve(s) = m(?xyz P(s'ls, [R(s,a s") + yV*(s")]

Veri(s) = mO?:E P(s'|s, @) [R(s,a,s") + yVi(s)], Vs
Qrss(s,a) = ZS;J(S'|S, @IR(s,a,5) +y max Qu(s',a)], Vs,a
7, (s) = arg;nzs;llxz P(s'ls,)[R(s,a,s") +yV(sD], Vs
VEa(s) = D P(s'ls es)IR(, (), s) +YVEGD], Vs
Tnow (5) = :;gcrlnaxz P(s'ls, )[R(s, a,s") + yVTola(s)], Vs

Vi(s) = V() +ar+yV™(s') — V(s)] g . 2
—_— (

Q(s,@) = Q(s,) +alr +y max Q(s',a) ~ Q(s, @)l
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RL Summary , O ]
Name Monte Carlo \ TD(0) Q-learning
Model V(s) table \ V(s) table Q(s,a)ta
Action _ _ a' = argmax Q(s’,a")
selection a=m(s) @ (and/or exploration)
Samp!ing MC Bootstrap Bootstrap
technique —
Loss (v —9)? (v —9)? (v — 9)°
Prediction, ¥ V™ (s) VT (s) Q(s,a)
— 7~
sample,y | Y= AN G| 25 ci@é»\
( Q4 0 < | ¢
2 f \ 5!
( I\
5C G 3%F a2
2~y )
e




RL Summary

Name Monte Carlo TD(0) Q-learning
Model V(s) table V(s) table Q(s,a) table
Action _ _ a' = argmax Q(s’,a")
selection a=m(s) a=m(s) (and/or exploration)
Samp!mg MC Bootstrap Bootstrap
technique
Loss (v —9)? (v —9)? (v — 9)°
Prediction, y VT(s) VE(s) Q(s,a)
Sample, y r+ r+ r+
yr' + Yy VT(s") y max Q(s’,a’)

yzru + a

)/37,,/// +

)/47,,/// +




[Act@Reinforcement Learning
Q-Learning



https://ketrinayim.tumblr.com/post/47522217578/cast-of-characters-designed-for-the-fall-2012

Q-Learning

We'd like to do Q-value updates to each Q-state:
Qt1(s,a) = S T(s,a,8) | R(s,a,8) 4+ maxQu(sa)

" But can’t compute this update without knowing T, R

Instead, compute average as we go
= Receive a sample transition (s,a,r,s’)
" The sample value is then:

sample = r +ymax Q(s',a’)

= But we want to average over‘gresuits from 25 a) (Why?)

= So keep a running average

Qs,0) = (1= @)Q(s,0) + (@) |+ Y MaxQ(s',a)




Q-Learning Properties

Amazing result: Q-learning converges to optimal policy -- even if
you’re acting suboptimally! =™

This is called off-policy learning

Caveats:
" You have to explore enough

" You have to eventually make the learning rate
small enough

= ... but not decrease it too quickly
= Basically, in the limit, it doesn’t matter how you select actions (!)




Overview: MDPs and Reinforcement Learning
Known MDP: Offline Solution

[ Value Iteration / Policy Iteration }

Unknown MDP: Online Learning

Model-Based

-~

"

Estimate MDP T(s,a,s') and R(s,a,s')
from samples of environment

~

Model-Free

/Passive Reinforcement Learning \
= Monte Carlo Policy Evaluation
= TD Learning

Active Reinforcement Learning

K. Q-Learning /




Demo Q-Learning Auto Cliff Grid

—-87.50||(-96.88(||—-98.44|]||-75.00 .

CURRENT QO-VALUES

[Demo: Q-learning — auto — cliff grid (L11D1)]



Double Bandits




Double-Bandit MDP

Actions: Blue, Red
States: Win, Lose 0.25 SO




Offline Planning [ Nodiscount
100 time steps
Solving MDPs is offline planning - 7
" You determine all quantities through computation
" You need to know the details of the MDP /
" You do not actually play the game!

4 N

@ Value

& Play Red 150

@ Play Blue 100

o /




Let’s Play!

S2 S2 SO S2 S2
S2 $2 SO SO0 SO



Online Planning

Rules changed! Red’s win chance is different.

?? SO




Let’s Play!

SO SO SO S2 SO
$2 SO SO SO SO



What Just Happened?

That wasn’t planning, it was learning!
= Specifically, reinforcement learning

" There was an MDP, but you couldn’t solve it with just computation
" You needed to actually act to figure it out

Important ideas in reinforcement learning that came up

= Exploration: you have to try unknown actions to get information
= Exploitation: eventually, you have to use what you know

= Regret: even if you learn intelligently, you make mistakes
—® Sampling: because of chance, you have to try things repeatedly

'[Difficu/lty:\jearning can be much harder than solving a known MDP




Exploration vs. Exploitation

b7

GRAND

T
0
=5




How to Explore?

Several schemes for forcing exploration
» Simplest: random actions (e-greedy)
= Every time step, flip a coin 0,
= With (small) probability €, act randomly
= With (large) probability 1-¢, act on current policy ((

0%

= Problems with random actions?

" You do eventually explore the space, but keep
thrashing around once learning is done

" One solution: lower € over time e
= Another solution: exploration functions

[Demo: Q-learning — manual exploration — bridge grid (L11D2)]
[Demo: Q-learning — epsilon-greedy -- crawler (L11D3)]



Demo Q-learning — Manual Exploration — Bridge Grid

CURRENT Q-VALUES




Exploration Functions

When to explore?

= Random actions: explore a fixed amount

= Better idea: explore areas whose badness is not
(yet) established, eventually stop exploring

Exploration function

= Takes a value estimate u and a visit count n, and
returns an optimistic utility, e.g. ]

f(u,n) =u-+k/n
Regular Q-Update:  Q(s,a) <a R(s,a,s") +ymaxQ(s’,a)

M0d|f|ed Q'U pdate: Q(SJ a) o R(Sa a, S,) —I_ Y méx)f(Q(Sla CL,), N(Slv al))]

= Note: this propagates the “bonus” back to states that lead to unknown states as well!

[Demo: exploration — Q-learning — crawler — exploration function (L11D4)]



o €
Exploration Functions k=o' NGY & n
/ /00 109"
When to explore? ,_F(u r%~ ,b_‘ Y oD /00/00

= Random actions: explore a fixed amount =110

= Better idea: explore areas whose badness is not /
(yet) established, eventually stop exploring

= (0|

Exploration function
= Takes a value estimate u and a visit count n, and

returns an optimistic utility, e.g.
f(UD n) J

Regular Q-Update: Q(s,a) <« R(s,a,5") + 7 max Q(s',a")
a

Modified Q-Update: Q(s,a) <—a R(s,a,s") +ymax f(Q(s',a"), N(s',a"))
a T

= Note: this propagates the “bonus” back to states that lead to unknown states as well!

[Demo: exploration — Q-learning — crawler — exploration function (L11D4)]



Demo Q-learning — Epsilon-Greedy — Crawler




Exploration Functions

When to explore?

= Random actions: explore a fixed amount

= Better idea: explore areas whose badness is not
(yet) established, eventually stop exploring

Exploration function

= Takes a value estimate u and a visit count n, and
returns an optimistic utility, e.g.

fun)=u+k/(n+1)
Regular Q-Update: Q(s,a) = Q(s,a) + a [r+ymax Q(s’,a’) — Q(s,a)]

Modified Q-Update: Q(s,a) = Q(s,a) + a[r +ymax f(Q(s’,a’),N(s',a")) — Q(s,a)]

= Note: this propagates the “bonus” back to states that lead to unknown states as well!

[Demo: exploration — Q-learning — crawler — exploration function (L11D4)]



Regret

Even if you learn the optimal policy, you
still make mistakes along the way!

Regret is a measure of your total mistake
cost: the difference between your
(expected) rewards, including youthful
suboptimality, and optimal (expected)
rewards

Minimizing regret goes beyond learning to
be optimal — it requires optimally learning
to be optimal

Example: random exploration and
exploration functions both end up optimal,
but random exploration has higher regret



RL Summary

Name Monte Carlo TD(0) Q-learning Approx. Q-learning
Model V(s) table V(s) table Q(s,a) table 0 for Qg (s, a)
Action _ _ a' =argmax Q(s’,a") | a' = argmaxQ(s’,a’)
selection a=m(s) a=m(s) (and/or exploration) (and/or exploration)
Samp!mg MC Bootstrap Bootstrap Bootstrap
technique
Loss & —y)? & —y)? & —y)? & —¥)?
Prediction, y VT(s) VT(s) Q(s, a) Qo (s, a)
Sample, y r+ r+ r+ r+
yr' + Yy VT(s') y max Q(s’,a’) y max Qp(s’,a’)

yzru + a a

]/3,,,,/// +

)/47,,/// +
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