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1 Introduction

The notes on regular expression matching1 outline one proof technique; these notes discuss another.

2 Correctness as Termination, Soundness, and Completeness

We would like to prove that match satisfies its specs. Recall those are:

match : regexp -> char list -> (char list -> bool) -> bool

REQUIRES: k is total.

ENSURES: match r cs k returns true,
if cs can be split as cs ∼= p@s,
with p representing a string in L(r)
and k(s) evaluating to true;

match r cs k returns false, otherwise.

• One way to prove correctness is to prove directly that match satisfies the specs:
One must show that (match r cs k) returns true under the conditions specified
and false otherwise.

• Another way to prove correctness is to first prove termination of match, assuming k is total.
By termination we mean that evaluation of (match r cs k) always returns some value, i.e., does
not loop forever or raise an exception. That proof is surprisingly difficult, and we will omit it.

Instead, let us assume termination is given. Then it is enough to prove the following:

Theorem: For all values r : regexp, cs : char list, k : char list -> bool, with k total,

match r cs k ∼= true

if and only if

there exist p and s such that cs ∼= p @ s, p ∈ L(r), and (k s) ∼= true.

The “only if” direction of this theorem is frequently called “soundness”. Soundness means that
if the matcher returns true, then the character list really does split as specified.

The “if” direction of the theorem is frequently called “completeness”. Completeness means that
if the character list splits as described, then the matcher really does return true.

Notice that the theorem never discusses any situations in which the matcher returns false. It
does not need to do so, since we have assumed termination: We know that the matcher always
returns some value (assuming k is total), so the theorem covers all possibilities.

1See regexp.pdf linked via this lecture’s web page, originally authored by Bob Harper.
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3 Proof of Soundness and Completeness

The proof of Theorem is by structural induction on r.

For the Base Cases, one has three cases, requiring that one prove Theorem for each of One,
Zero, and (Char a), with a any char. We omit those simple proofs in this writeup.

For the Inductive Cases, one may assume that Theorem holds for any regular subexpression,
and then must establish Theorem for each of the recursive cases in the definition of regexp. The
notes by Bob Harper discuss the constructors Times and Star (with a different proof technique),
so we focus merely on the constructor Plus here.

The Induction Hypothesis means we get to assume Theorem for two subexpressions r1 and r2.

We then need to show Theorem for Plus(r1,r2), i.e., we need to establish:

For all values cs : char list, k : char list -> bool, with k total,
(match (Plus(r1,r2)) cs k) ∼= true if and only if
there exist p and s such that cs ∼= p @ s, p ∈ L(Plus(r1,r2)), and (k s) ∼= true.

We split that proof into the two directions of the “if and only if”:

Soundness: We need to prove: If (match (Plus(r1,r2)) cs k) ∼= true,
then there exist p and s such that cs ∼= p @ s, p ∈ L(Plus(r1,r2)), and (k s) ∼= true.

Showing:
true

∼= (match (Plus(r1,r2)) cs k) [by assumption]
∼= (match r1 cs k) orelse (match r2 cs k) [by the Plus clause in match]

One or both of the arguments to the orelse must therefore evaluate to true. Let us suppose
it is the first argument. (If the first argument does not evaluate to true then it must evaluate to
false, since the overall orelse reduces to true. In this case, the second argument must evaluate
to true, after which the proof is similar.)

So (match r1 cs k) ∼= true. By the Induction Hypothesis for r1, we know that there exist
p and s such that cs ∼= p @ s, p ∈ L(r1), and (k s) ∼= true. By the language definition for
Plus (see again the notes by Bob Harper), we therefore see that p ∈ L(Plus(r1,r2)), completing
the soundness part of the proof.

Completeness: We need to prove: If there exist p and s such that cs∼= p @ s, p ∈ L(Plus(r1,r2)),
and (k s) ∼= true, then (match (Plus(r1,r2)) cs k) ∼= true.

Showing: The language definition for Plus tells us that either p ∈ L(r1) or p ∈ L(r2) or both.
Let us suppose p ∈ L(r2). (The proof is similar for r1.)

By the Induction Hypothesis for r2, (match r2 cs k) ∼= true.

Therefore:

(match (Plus(r1,r2)) cs k)
∼= (match r1 cs k) orelse (match r2 cs k) [by the Plus clause in match]
∼= true [termination of match, IH as stated above]

That completes the completeness part of the proof, and thus the proof for Plus.

2



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


