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GOLDEN-THOMPSON INEQUALITY

For n X n complex‘matrices, the matrix exponential is defined by
Taylor series as
>
Ay A
k!
k=0
For commuting matrices A and B we see that e = e“ef by mul-
tiplying the Taylor series. This identity is not true for general non-
commuting matrices. In fact, it always fails if A and B do not com-

mute, see [2].

A+B

Theorem 1 (Golden-Thompson Inequality). For arbitrary self-ajoint
matrices A and B, one has

tr(e?B) < tr(e?e”).

For a survey of Golden-Thompson and other trace inequalities, see
[2]. In the present note, we give a proof of Golden-Thompson inequality
following [1] Theorem 9.3.7.

Remarks. 1. Golden-Thompson inequality holds for arbitrary unitary-
invariant norm replacing the trace, see [1] Theorem 9.3.7.

9. A version of Golden-Thompson inequality for three matrices fails:
tr(e4TB+C) £ tr(eteBe”).

The proof of Golden-Thompson inequality is based on Lie Product
Formula:

Theorem 2 (Lie Product Formula). For arbitrary matrices A and B,
we have
e*B = lim (

€A/N€B/N)N.
N—o0

Proof. We first compare
Xy =eAB/N and Yy = eA/NeB/N

As N — oo, Taylor’s expansion gives

A+ B

Xy=1+ N + O(N7?%),
_ A L B. L
YN——[1+N+O(N )][1+N+O(N )]
A B =
—1+N+N+O(N )-
This shows that
(1) Xy — Yy =O0(N72).

1

.



For a proof, see [1] Theorem 2.3.6.

Proposition 3 follows from Weyl’s Majorant Theorem for the function

f(z) =a™

[ r(X™)] = Ew wazs tr(|X|™).

Proof of Golden-Thompson Inequality. Fix a natural number N and

consider N
N
X €A/2 ’ X 63/2 )

To prove Golden-Thompson Inequality, it suffices to show that
(2) tr((XY)?") < tr(X* YY),

Indeed, if (2) holds then, taking limit as N — oo we see that the left
hand side of (2) converges to tr(e**?) by Lie Product Formula, while
the right hand side equals tr(e4e?).

To prove (2), we use Proposition 3 and note that | XY |> = (XY)*(XY) =
Y X?%Y. We thus have

tr(XY)?" < tr(YX?Y)¥ T = tr(X?Y?)
where the last equality follows from the trace property tr(UV) =

2N1

tr(VU).
Continuing this procedure for X* and Y2, we obtain
er(X2y 22 < (XY
After N steps, we arrive at the bound (2). This proves Golden-Thompson
Inequality. O
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