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Example of NMF

Given : AcR™N n=4, k=2
01 1 1
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A=1o 4 2 2
35 2 2
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Example of NMF

Given : AcR™N n=4 k=2

Question : Are there two matrices U, VT € R™K, such that
Uv=AU>=0,V>=0

0
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2 1 1
4 2 2
5 2 2
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Example of NMF

Given : AcR™N n=4 k=2

Question : Are there two matrices U, VT € R™K, such that
Uv=AU>=0,V>=0
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1 2 1 1
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Example of NMF

Given : AcR™N n=4 k=2

Question : Are there two matrices U, VT € R™K, such that
Uv=AU>=0,V>=0
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Main Question, Nonnegative Matrix Factorization

Question

Given matrix A € R™" and k > 1, is there an algorithm that can
determine if there exist two matrices U, VT € Rk,

Uuv=AU>0V2=0.

Or, are there any hardness results?

Razenshteyn-Song-Woodruff-Zhong

Parameterized Complexity of Matrix Factorization 3/35



Main Question, Nonnegative Matrix Factorization

Question

Given matrix A € R™" and k > 1, is there an algorithm that can
determine if there exist two matrices U, VT € Rk,

Uuv=AU>0V2=0.

Or, are there any hardness results?

o Equivalent to computing the nonnegative rank of A, rank, (A)

Razenshteyn-Song-Woodruff-Zhong

Parameterized Complexity of Matrix Factorization 3/35



Main Question, Nonnegative Matrix Factorization

Question

Given matrix A € R™" and k > 1, is there an algorithm that can
determine if there exist two matrices U, VT e R™<k,

Uuv=AU>0V2=0.

Or, are there any hardness results?

o Equivalent to computing the nonnegative rank of A, rank, (A)
o Fundamental question in machine learning

Razenshteyn-Song-Woodruff-Zhong

Parameterized Complexity of Matrix Factorization 3/35



Main Question, Nonnegative Matrix Factorization

Question

Given matrix A € R™" and k > 1, is there an algorithm that can
determine if there exist two matrices U, VT e R™<k,

Uuv=AU>0V2=0.

Or, are there any hardness results?

o Equivalent to computing the nonnegative rank of A, rank, (A)

o Fundamental question in machine learning
@ Applications

Razenshteyn-Song-Woodruff-Zhong

Parameterized Complexity of Matrix Factorization 3/35



Main Question, Nonnegative Matrix Factorization

Question

Given matrix A € R™" and k > 1, is there an algorithm that can
determine if there exist two matrices U, VT € R™<k,

uv=AUZ=20V2>0.

Or, are there any hardness results?

o Equivalent to computing the nonnegative rank of A, rank, (A)

o Fundamental question in machine learning
@ Applications

» Text mining, Spectral data analysis, Scalable Internet distance

prediction, Non-stationary speech denoising, Bioinformatics,
Nuclear imaging, etc.
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Rank vs. Nonnegative Rank

@ rank(A) is the rank and rank, (A) is the nonnegative rank
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Rank vs. Nonnegative Rank

@ rank(A) is the rank and rank, (A) is the nonnegative rank

» rank(A) < ranky (A)
» Vavasis'09, determining whether rank (A) = rank(A) is NP-hard.
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Rank vs. Nonnegative Rank

@ rank(A) is the rank and rank, (A) is the nonnegative rank
» rank(A) < ranky (A)
» Vavasis'09, determining whether rank (A) = rank(A) is NP-hard.
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Rank vs. Nonnegative Rank

@ rank(A) is the rank and rank, (A) is the nonnegative rank
» rank(A) < ranky (A)
» Vavasis'09, determining whether rank (A) = rank(A) is NP-hard.
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rank(A) = 3,
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Rank vs. Nonnegative Rank

@ rank(A) is the rank and rank, (A) is the nonnegative rank
» rank(A) < ranky (A)
» Vavasis'09, determining whether rank (A) = rank(A) is NP-hard.
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rank(A) =3, butrank(A) =4
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given : a polynomial system P(x) over the real numbers
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given : a polynomial system P(x) over the real numbers
v : #variables, x = (X1, X2, - -+ , X,)
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given : a polynomial system P(x) over the real numbers
v : #variables, x = (x1, X2, --- , Xy
m : #polynomial constraints fi(x) > 0,Vi € [m]
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given : a polynomial system P(x) over the real numbers
v : #variables, x = (x4, X2, -+ , Xy/)
m : #polynomial constraints fi(x) > 0,Vi € [m]
d : maximum degree of all polynomial constraints
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Polynomial System Verifier
[Renegar'92, Basu-Pollack-Roy’96]

Given : a polynomial system P(x) over the real numbers

: #variables, x = (X1, X2, - -+, X)

: #polynomial constraints f;(x) > 0,Vi € [m]

: maximum degree of all polynomial constraints

: the bitsizes of the coefficients of the polynomials

I o 3 <
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Polynomial System Verifier
[Renegar’92, Basu-Pollack-Roy’96]

Given : a polynomial system P(x) over the real numbers

: #variables, x = (X1, X2, - -+, X)

: #polynomial constraints f;(x) > 0,Vi € [m]

: maximum degree of all polynomial constraints

: the bitsizes of the coefficients of the polynomials

I o 3 <

In (md)°W) poly(H) time, can
decide if there exists a solution to polynomial system P
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Main Idea

1. Write min |UV — A2 as a polynomial system
U, VT eRMk U, V0

that has poly(k) variables and poly(n) constraints and degree

2. Use polynomial system verifier to solve it
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Algorithm
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Algorithm

Given : AeR™N keN
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Algorithm

Given : AeR™N keN

Question :
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Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
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Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
Uv=A
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Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
Uv=A
Uu=0,v=0
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Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
Uv=A
Uu=0,v=0

Output :
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Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
Uv=A
Uu=0,v=0

Output :  Yes or No

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 7135



Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
Uv=A
Uu=0,v=0

Output :  Yes or No
in m2°" time Arora-Ge-Kannan-Moitra'12
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Algorithm

Given : AeR™N keN

Question :  Are there matrices U, VT € Rk such that
Uv=A
Uu=0,v=0

Output :  Yes or No

in r2°“ time Arora Ge-Kannan-Moitra’12
in 20(k*) nO(K?) time Moitra’13
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k-SUM

k-SUM

Given: a set of nvalues {s1, sp, - - - , Sy} each in the range [0, 1]
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k-SUM

k-SUM
Given: a set of nvalues {s1, sp, - - - , Sy} each in the range [0, 1]

Determine:
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k-SUM

k-SUM
Given: a set of nvalues {s1, S, - - - , Sp} each in the range [0, 1]

Determine: if there is a set of kK numbers that sum to exactly k/2
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k-SUM

k-SUM
Given: a set of nvalues {s1, S, - - - , Sp} each in the range [0, 1]

Determine: if there is a set of kK numbers that sum to exactly k/2

k-SUM hardness [Patrascu-Williams’10]
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k-SUM

k-SUM
Given: a set of nvalues {s1, S, - - - , Sp} each in the range [0, 1]

Determine: if there is a set of kK numbers that sum to exactly k/2

k-SUM hardness [Patrascu-Williams’10]

Assume: 3-SAT on n variables cannot be solved in 2°(" time
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k-SUM

k-SUM
Given: a set of nvalues {s1, S, - - - , Sp} each in the range [0, 1]

Determine: if there is a set of kK numbers that sum to exactly k/2

k-SUM hardness [Patrascu-Williams’10]
Assume: 3-SAT on n variables cannot be solved in 2°(7) time

then k-SUM cannot be solved in n°%) time
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Hardness - Under Exponential Time Hypothesis
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Hardness - Under Exponential Time Hypothesis

Given : AeR™N keN
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Hardness - Under Exponential Time Hypothesis

Given : AeR™N keN
Output:  Are there two matrices U, VT e R™k, such that

uv=A
uz=o0,vz=0
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Hardness - Under Exponential Time Hypothesis

Given : AeR™N keN

Output 1 Are there two matrices U, VT e R"*K, such that
Uv=A
u=0Vv=0

Assume : Exponential Time Hypothesis
[Impagliazzo-Paturi-Zane’98]
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Hardness - Under Exponential Time Hypothesis

Given : AeR™N keN

Output 1 Are there two matrices U, VT e R"*K, such that
Uv=A
u=0,v=0

Assume : Exponential Time Hypothesis
[Impagliazzo-Paturi-Zane’98]

Requires : n2 k) time
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Open Problems

o The upper bound is n°%*) while the lower bound is n®*) - what is
the right answer?
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Weighted Low Rank Approximation
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0

Output :
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0

Output :  rank-k AcR™Ngt.

F
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0

Output :  rank-k AcR™Ngt.

IWo(A—A)2<(1+e) min —|[Wo (A —A)Z

F
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0

Output :  rank-k AcR™Ngt.

[W o (A=A < (1+e€) W o (A" — A)|2

min
rank —k A

Z W2 A’ — Ajj)?

F
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0
OPT

Output :  rank-k AcR™Ngt.

[W o (A=A < (1+e€) W o (A" — A)|2

min
rank —k A

Z W2 A’ — Ajj)?

F
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Weighted Low Rank Approximation

Given: AcR™"? WeR™" keN,e>0

Output: (U, VT e R™K g1t
IWo (UV— A < (1+¢) OPT

F
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Matrix Completion

Given: Ac{R,?}™" O cn x[nandk eR
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Matrix Completion

Given: Ac{R,?}™" O cn x[nandk eR

1 2 720
710 7
A:?o1?’k:2
0 ? 7 1
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Matrix Completion

Given: Ac{R,?}™" O cn x[nandk eR

1 2 720
710 7
A:?o1?’k:2
0 ? 7 1

Output : A5 s.t. rank(A) = k
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Matrix Completion

Given: Ac{R,?}™" O cn x[nandk eR

1 2 720
710 7
A=17 0 1 2| k=2
0 ? 7 1
Output : A5 s.t. rank(A) = k
1100 1010
1100 01 0 1
A=lo 0 1 1" 2=1]1 0 1 o
00 1 1 01 0 1
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Matrix Completion

Given: Ac{R,?}™" O cln x[nand ke R

172?720
710 7
A:?o1?’k:2
0 ? 7 1

Output : A5 s.t. rank(A) = k
Algorithms : Candes-Recht’'09, Candes-Recht'10, Keshavan’12

Hardt-Wootters’14, Jain-Netrapalli-Sanghavi’13
Hardt’15, Sun-Luo’15
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Matrix Completion

Given: Ac{R,?}™" O cln x[nand ke R

172?720
710 7
/‘:?01?”‘:2
0 ? 7 1

Output : A5 s.t. rank(A) = k

Algorithms : Candes-Recht’'09, Candes-Recht'10, Keshavan’12
Hardt-Wootters’14, Jain-Netrapalli-Sanghavi'13
Hardt’15, Sun-Luo’15

Hardness : Peeters’96, Gillis-Glineur'11
Hardt-Meka-Raghavendra-Weitz’14
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Several Results in [Razenshteyn, Song, W]

@ Algorithm for Weighted low rank approximation(WLRA) problem
» W has r distinct rows and columns
» W has r distinct columns
» W has rank at most r
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Several Results in [Razenshteyn, Song, W]

@ Algorithm for Weighted low rank approximation(WLRA) problem

» |/ has r distinct rows and columns
» |/ has r distinct columns
» |V has rank at most r

o Hardness for \Weighted low rank approximation(WLRA) problem
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Given: AcR™? WeR™" reN keN,e>0
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Output :  rank-k AecRM™ngy.
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with prob. 9/10
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previously only r=1 was known to be in polynomial time
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Random-4SAT Hypothesis
[Feige’02, Goerdt-Lanka’'04]

random 4-SAT formula $ on n variables

each clause has 4 literals
each of @(n*) clauses is picked ind. with prob. ©(1/n®)

m = ©(n) is the number of clauses

Given :

S (X4 V Xx32 V X9 V X20)
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Given : random 4-SAT formula 8 on n variables
each clause has 4 literals
each of ©(n*) clauses is picked ind. with prob. ©(1/n°)
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Any algorithm that :
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[Feige’02, Goerdt-Lanka’'04]

Given : random 4-SAT formula 8 on n variables
each clause has 4 literals

each of ©(n*) clauses is picked ind. with prob. ©(1/n°)

m = ©(n) is the number of clauses
Any algorithm that :
outputs 1 with prob. 1 when § is satisfiable
outputs 0 with prob. > 1/2
probability is over the input instances
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[Feige’02, Goerdt-Lanka’'04]

Given : random 4-SAT formula 8 on n variables
each clause has 4 literals

each of ©(n*) clauses is picked ind. with prob. ©(1/n°)

m = ©(n) is the number of clauses
Any algorithm that :
outputs 1 with prob. 1 when § is satisfiable
outputs 0 with prob. > 1/2
probability is over the input instances

Requires : 2Q(n) time
S (Xa V X32 V X9 \V Xo0)
% DeVxia VI Ves) s S AS A NSy
Sm (Xx11V X19 V Xo4 V Xg)
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Assume : Random 4-SAT hardness hypothesis
there exist two constants ey > e> > 0 such that
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Assume : Random 4-SAT hardness hypothesis
there exist two constants €1 > e> > 0 such that
Any algorithm that : distinguishes between
bipartite graphs G = (U, V, E) with |U| = |V| = nin two cases

1. there is a clique of size > (n/16)2(1 + e4)
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Assume : Random 4-SAT hardness hypothesis
there exist two constants €1 > e> > 0 such that
Any algorithm that : distinguishes between
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1. there is a clique of size > (n/16)2(1 + e4)
2. all bipartite cliques are of size < (n/16)2(1 + €5)
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Reduction

MEB  Given : U, Vwith|U =1|V|=n
Output :  abiclique s.t. kiko is maximized
( complement ) |E| — kq ko is minimized
A - 1 if edge (U}, V)) exists
"0 otherwise
WLRA Given :

Ae {0, 1}MN W/ e RN
Output :u, v € R"s.t. || W o (uv — A)||2 is minimized

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization

23/35



Reduction

MEB Given:

U, Vwith|U =|V|=n
Output :

a biclique s.t. ki ko is maximized
( complement ) |E| — kq ko is minimized

1

1 1 if edge (U;, V;) exists
A= Wij=14 ge (U _f)
0 n otherwise

WLRA  Given : A e {0, 1} W e R™N
Output :u, v € R"s.t. || W o (uv — A)||2 is minimized

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization

23/35



Main Results - Hardness

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 24/35



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 24/35



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A e R™"N distinct r columns W/ € R*"

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 24/35



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A e R™"N distinct r columns W/ € R*"
keNe>0 W;€{0,1,2-,poly(n)}

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A e R™"N distinct r columns W/ € R*"
keN,e>0 W;€{0,1,2,--- poly(n)}
Output : rank-k Ast. |[Wo (A—A)|2 < (1+¢)OPT

with prob. 9/10

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 24/35



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A e R™"N distinct r columns W/ € R*"
keNe>0 W;€{0,1,2-,poly(n)}

Output:  rank-k Ast. |[Wo (A—A)|2 < (1+¢)OPT
with prob. 9/10

Assume: Random-4SAT Hypothesis
[Feige’02, Goerdt-Lanka’04]

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 24/35



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A e R™"N distinct r columns W/ € R*"
keNe>0 W;€{0,1,2-,poly(n)}

Output : rank-k As.t. |Wo (A —2\)||%: < (1+€)OPT
with prob. 9/10

Assume: Random-4SAT Hypothesis
[Feige’02, Goerdt-Lanka’04]

Jeg > 0, for any algorithm with € < eg and k > 1

Razenshteyn-Song-Woodruff-Zhong Parameterized Complexity of Matrix Factorization 24/35



Main Results - Hardness

Weighted Low Rank Approximation Hardness

Given : A e R™"N distinct r columns W/ € R*"
keNe>0 W;€{0,1,2-,poly(n)}

Output : rank-k As.t. |Wo (A —2\)||%: < (1+€)OPT
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Assume: Random-4SAT Hypothesis
[Feige’02, Goerdt-Lanka’04]

Jeg > 0, for any algorithm with € < eg and k > 1
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» Polynomial system verifier [Renegar'92, Basu-Pollack-Roy'96]
» Lower bound on the cost [Jeronimo-Perrucci-Tsigaridas’1 3]
» Multiple regression sketch

o Algorithm, assuming a rank r weight matrix W

» Warmup, inefficient WLRA algorithm
» “Guessing a sketch”
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Polynomial System Verifier (Recall)
[Renegar'92, Basu-Pollack-Roy’96]

Given : a real polynomial system P(x)
. #variables, x = (x4, X2, -+, Xv)
: #polynomial constraints f;(x) > 0,Vi € [m]
: maximum degree of all polynomial constraints
: the bitsizes of the coefficients of the polynomials

I o 3 <

It takes (md)C(Y) poly(H) time to
decide if there exists a solution to polynomial system P
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Given: a real polynomial system P(x)

v : #variables, x = (x4, X2, -+ , Xy/)

m : #polynomials constraints fi(x) > 0,Vi € [m]
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Given: a real polynomial system P(x)

v : ftvariables, x = (x4, X2, - -+ , Xy/)
m : #polynomials constraints f;(x) > 0,Vi € [m]
d : maximum degree of all polynomials
H : the bitsizes of the coefficients of the polynomials
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Lower Bound on the Cost
[Jeronimo-Perrucci-Tsigaridas’1 3]

Given: a real polynomial system P(x)

v : ftvariables, x = (x4, X2, - -+ , Xy/)
m : #polynomials constraints f;(x) > 0,Vi € [m]
d : maximum degree of all polynomials
H : the bitsizes of the coefficients of the polynomials
T:{xeRYfi(x) =20,---, fn(x) >0}
minimum value that nonnegative g takes over 7 N Ball is
either 0 or > (2" + m)~—<"

— - — RV

Ball-r-»
----T| g=(x1x2—1)2+x2
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Choose : S to be a random Gaussian matrix
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Warmup, inefficient WLRA Algorithm

Given: AcR™? WeR™" reN keN,e>0

Output : rank-k As.t. | W o (A—A)|2 < (1+¢)OPT
Algorithm :
| 1. create 2nk variables for U, VT e R™k |

Time : 2Q(nk)
How can we do better?
polynomial verifier runs in (4 constraints - degree)O(# variables)
lower bound on cost (# constraints) ~degreeOF i)
write a polynomial with few #variables, i.e. poly(kr/e)
without blowing up degree and #constraints too much
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Main Idea

To reduce the number of variables to poly(kr/¢€) :
1. Multiple regression sketch with O(k/€) rows

2. Weight matrix W has rank at most r
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