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The Product of Gaussian Matrices is Close to
Gaussian
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—— Abstract

We study the distribution of the matriz product G1G2 - - - G, of r independent Gaussian matrices

of various sizes, where G; is d;—1 X d;, and we denote p = doy, ¢ = d,-, and require d1 = d,_1. Here
the entries in each G; are standard normal random variables with mean 0 and variance 1. Such
products arise in the study of wireless communication, dynamical systems, and quantum transport,
among other places. We show that, provided each d;, i = 1,...,r, satisfies d; > Cp - q, where
C > C)y for a constant Cy > 0 depending on r, then the matrix product G1Gs - - - G, has variation
distance at most § to a p X ¢ matrix G of i.i.d. standard normal random variables with mean 0
and variance H:;ll d;. Here § — 0 as C' — oco. Moreover, we show a converse for constant r that if
d; < C' max{p, q}l/2 min{p, q}3/2 for some %, then this total variation distance is at least &', for an
absolute constant 6’ > 0 depending on C’ and 7. This converse is best possible when p = ©(q).
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1 Introduction

Random matrices play a central role in many areas of theoretical, applied, and computational
mathematics. One particular application is dimensionality reduction, whereby one often
chooses a rectangular random matrix G € R™*" m <« n, and computes G - x for a fixed
vector z € R™. Indeed, this is the setting in compressed sensing and sparse recovery [12],
randomized numerical linear algebra [18, 20, 36], and sketching algorithms for data streams
[25]. Often G is chosen to be a Gaussian matrix, and in particular, an m x n matrix with
entries that are i.i.d. normal random variables with mean 0 and variance 1, denoted by
N(0,1). Indeed, in compressed sensing, such matrices can be shown to satisfy the Restricted
Isometry Property (RIP) [10], while in randomized numerical linear algebra, in certain
applications such as support vector machines [29] and non-negative matrix factorization [19],
their performance is shown to often outperform that of other sketching matrices.

Our focus in this paper will be on understanding the product of two or more Gaussian
matrices. Such products arise naturally in different applications. For example, in the over-
constrained ridge regression problem min, | Az — b||3 + A||z||2, the design matrix A € R**4,
n > d, is itself often assumed to be Gaussian (see, e.g., [26]). In this case, the “sketch-and-
solve” algorithmic framework for regression [32] would compute G - A and G - b for an m x n
?Yi Li and David P: Woodruff; .
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The Product of Gaussian Matrices is Close to Gaussian

Gaussian matrix G with m a2 sd, where sd is the so-called statistical dimension [2], and
solve for the # which minimizes |G - Az — G - b|3 + A||z||3. While computing G - A is slower
than computing the corresponding matrix product for other kinds of sketching matrices G, it
often has application-specific [29, 19] as well as statistical benefits [31]. Notice that G - A is
the product of two independent Gaussian matrices, and in particular, G has a small number
of rows while A has a small number of columns — this is precisely the rectangular case we will
study below. Other applications in randomized numerical linear algebra where the product
of two Gaussian matrices arises is when one computes the product of a Gaussian sketching
matrix and Gaussian noise in a spiked identity covariance model [37].

The product of two or more Gaussian matrices also arises in diverse fields such as multiple-
input multiple-output (MIMO) wireless communication channels [24]. Indeed, similar to the
above regression problem in which one wants to reconstruct an underlying vector x, in such
settings one observes the vector y = Gy - -- G, - x + 7, where x is the transmitted signal and 7
is background noise. This setting corresponds to the situation in which there are r scattering
environments separated by major obstacles, and the dimensions of the G; correspond to the
number of “keyholes” [24]. To determine the mutual information of this channel, one needs
to understand the singular values of the matrix Gy - -- G,. If one can show the distribution
of this product is close to that of a Gaussian distribution in total variation distance, then
one can use the wide range of results known for the spectrum of a single Gaussian matrix
(see, e.g., [35]). Other applications of products of Gaussian matrices include disordered spin
chains [11, 3, 15], stability of large complex dynamical systems [22, 21], symplectic maps
and Hamiltonian mechanics [11, 4, 28], quantum transport in disordered wires [23, 13], and
quantum chromodynamics [27]; we refer the reader to [14, 1] for an overview.

The main question we ask in this work is:

What is the distribution of the product G1Gs - - - G, of r independent Gaussian matrices of
various sizes, where G; is d;_1 X d; ?

Our main interest in the question above will be when 1 has a small number p = dg of rows,
and G, has a small number ¢ = d, of columns. Despite the large body of work on random
matrix theory (see, e.g., [34] for a survey), we are not aware of any work which attempts to
bound the total variation distance of the entire distribution of G1G5 - - - G, to a Gaussian
distribution itself.

1.1 Our Results

Formally, we consider the problem of distinguishing the product of normalized Gaussian
matrices

1 1 1 1
- () () () (e
(m VAN NS 4 ) \Va
from a single normalized Gaussian matrix
1
Vi

We show that, when r is a constant, with constant probability we cannot distinguish the

A1 = Gl.

distributions of these two random matrices when d; > p, ¢ for all i; and, conversely, with
constant probability, we can distinguish these two distributions when the d; are not large
enough.
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» Theorem 1 (Main theorem). Suppose that d; > max{p,q} for alli and d,_1 = d;.
(a) It holds that

drv(A,, Ay) < Cy Z 1/

where dry (A, A1) denotes the total variation distance between A, and Ay, and C1 >0
is an absolute constant.
(b) Ifp,q,di,...,d, further satisfy that

r—1

1 Cy
df 1. 39
= d; = max{p,q}* min{p, ¢} >

where Cy > 0 is an absolute constant, then dry(A,, A1) > 2/3.

Part (a) states that drv(A,, A1) < 2/3 when d; > Cipq for all i for a constant
C{ depending on r. The converse in (b) implies that dry (A, A1) > 2/3 when d; <
Ch max{p, ¢}*/? min{p, ¢}*/? for some i for a constant C depending on r. When p = ©(q)
and r is a constant, we obtain a dichotomy (up to a constant factor) for the conditions on
p,q and d;.

1.2  Our Techniques

Upper Bound. We start by explaining our main insight as to why the distribution of a
product G7 - Gs of a p x d matrix Gy of i.i.d. N(0,1) random variables and a d x ¢ matrix
Go of i.i.d. N(0,1) random variables has low variation distance to the distribution of a
p X g matrix A of i.i.d. N(0,d) random variables. One could try to directly understand the
probability density function as was done in the case of Wishart matrices in [7, 30], which
corresponds to the setting when G; = G3. However, there are certain algebraic simplifications
in the case of the Wishart distribution that seem much less tractable when manipulating the
density function of the product of independent Gaussians [9]. Another approach would be to
try to use entropic methods as in [8, 6]. Such arguments try to reveal entries of the product
G - G4 one-by-one, arguing that for most conditionings of previous entries, the new entry
still looks like an independent Gaussian. However, the entries are clearly not independent —
if (G1 - G2);,; has large absolute value, then (G1 - Ga); j is more likely to be large in absolute
value, as it could indicate that the i-th row of G; has large norm. One could try to first
condition on the norms of all rows of G7 and columns of G, but additional issues arise when
one looks at submatrices: if (G1 - G2); j, (G1 - G2)i 7, and (G1 - G2)y ; are all large, then it
could mean the i-th row of G; and the i'-th row of G are correlated with each other, since
they both are correlated with the j-th column of Gy. Consequently, since (G - G2), ;v is
large, it could make it more likely that (G - G2)i j has large absolute value. This makes
the entropic method difficult to apply in this context.

Our upper bound instead leverages beautiful work of Jiang [16] and Jiang and Ma [17]
which bounds the total variation distance between the distribution of an r x £ submatrix
of a random d x d orthogonal matrix (orthonormal rows and columns) and an r x ¢ matrix
with i.i.d. N(0,1/d) entries. Their work shows that if - ¢/d — 0 as d — oo, then the total
variation distance between these two matrix ensembles goes to 0. It is not immediately
clear how to apply such results in our context. First of all, which submatrix should we be
looking at? Note though, that if V7 is a p x d uniformly random (Haar measure) matrix with
orthonormal rows, and F is a d X ¢ uniformly random matrix with orthonormal columns,

35:3
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The Product of Gaussian Matrices is Close to Gaussian

then by rotational invariance, VT E is identically distributed to a p x ¢ submatrix of a d x d
random orthonormal matrix. Thus, setting » = p and £ = ¢ in the above results, they imply
that VTE is close in variation distance to a p x ¢ matrix H with i.i.d. N(0,1/d) entries.
Given G7 and G4, one could then write them in their singular value decomposition, obtaining
G1 = UXVT and Gy = ETFT. Then V7T and E are independent and well-known to be
uniformly random p X d and d X g orthonormal matrices, respectively. Thus G - G» is close in
total variation distance to USHTFT. However, this does not immediately help either, as it is
not clear what the distribution of this matrix is. Instead, the “right” way to utilize the results
above is to (1) observe that Gy - Go = U YV TGy is identically distributed as UXX, where X
is a matrix of i.i.d. normal random variables, given the rotational invariance of the Gaussian
distribution. Then (2) X is itself close to a product W7 Z where W' is a random p x d
matrix with orthonormal rows, and Z is a random d X ¢ matrix with orthonormal columns,
by the above results. Thus, G; - Gy is close to USWTZ. Then (3) USWT has the same
distribution as G, so USWT Z is close to G} Z, where G’ and G are identically distributed,
and G is independent of Z. Finally, (4) G Z is identically distributed as a matrix A; of
standard normal random variables because G} is Gaussian and Z has orthonormal columns,
by rotational invariance of the Gaussian distribution.

We hope that this provides a general method for arguments involving Gaussian matrices -
in step (2) we had the quantity UX.X, where X was a Gaussian matrix, and then viewed
X as a product of a short-fat random orthonormal matrix W7 and a tall-thin random
orthonormal matrix Z. Our proof for the product of more than 2 matrices recursively uses
similar ideas, and bounds the growth in variation distance as a function of the number r of
matrices involved in the product.

Lower Bound. For our lower bound for constant r, we show that the fourth power of the
Schatten 4-norm of a matrix, namely, || X||§, = tr((X7X)?), can be used to distinguish a
product A, of r Gaussian matrices and a single Gaussian matrix A;. We use Chebyshev’s
inequality, for which we need to find the expectation and variance of tr((X7 X)?) for X = A,
and X = A;.

Let us consider the expectation first. An idea is to calculate the expectation re-
cursively, that is, for a fixed matrix M and a Gaussian random matrix G we express
Etr((MG)T(MG))?) in terms of Etr((MTM)?). The real situation turns out to be slightly
more complicated. Instead of expressing Etr(((MG)T(MG))?) in terms of Etr((MTM)?)
directly, we decompose Etr(((MG)T(MG))?) into the sum of expectations of a few functions
in terms of M, say,

Etr((MG)T(MG))?) = E fi(M) +E fo(M) +--- +E f,(M)

and build up the recurrence relations for E fi(MG),...,E fs(MG) in terms of E f1(M),
E fo(M), ..., E fo(M). It turns out that the recurrence relations are all linear, i.e.,

Efi(MG)=> a;Efj(M), i=1,...,s, (1)
j=1

whence we can solve for E f;(A,) and obtaining the desired expectation Etr((AL A,)?).
Now we turn to variance. One could try to apply the same idea of finding recurrence
relations for Var(Q) = E(Q?) — (EQ)? (where Q = tr((MG)T(MG))?)), but it quickly
becomes intractable for the E(Q?) term as it involves products of eight entries of M, which
all need to be handled carefully as to avoid any loose bounds; note, the subtraction of (E Q)?
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is critically needed to obtain a small upper bound on Var(Q) and thus loose bounds on E(Q?)
would not suffice. For a tractable calculation, we keep the product of entries of M to 4th
order throughout, without involving any terms of 8th order. To do so, we invoke the law of
total variance,

Var(tr(MG)T (MG))?) = E (Vgr(tr((GTMTMG)Q))‘ M)+Var (Igtr((GTMTMG)Q)‘ M).

(2)

For the first term on the right-hand side, we use Poincaré’s inequality to upper bound it.

Poincaré’s inequality for the Gaussian measure states that

Var  (f(g))<C E V(9

g~N(0,1.,) g~N(0,1,)

for a differentiable function f on R™. Here we can simply let f(X) = tr((MX)T (M X))?)
and calculate E ||V f(G)||3. This is tractable since E ||V f(G)||3 involves the products of at
most 4 entries of M, and we can use the recursive idea for the expectation above to express

EIVF(G)]3 = Zan E g:(M)

for a few functions g;’s and establish a recurrence relation for each g;.

The second term on the right-hand side of (2) can be dealt with by plugging in (1), and
turns out to depend on a new quantity Var(tr®>(M7TM)). We again apply the recursive idea
and the law of total variance to

2 T T _ 2 T T 2 T T
Var(tr?(GTM MG)) = E (Var(u?((G"M MG))]M)+VA%r(Igtr (GTM MG)’M).

Again, the first term on the right-hand side can be handled by Poincaré’s inequality
and the second-term turns out to depend on Var(tr((MTM)?)), which is crucial. We
have now obtained a double recurrence involving inequalities on Var(tr((M7* M)?)) and
Var(tr?((M7T M)?)), from which we can solve for an upper bound on Var(tr(AX A4,)2). This
upper bound, however, grows exponentially in 7, which is impossible to improve due to our
use of Poincaré’s inequality.

2 Preliminaries

Notation. For a random variable X and a probability distribution D, we use X ~ D to
denote that X is subject to D. For two random variables X and Y defined on the same
sample space, we write X Ly if X and Y are identically distributed.

We use G, , to denote the distribution of m x n Gaussian random matrices of i.i.d. entries
N(0,1) and Oy, to denote the uniform distribution (Haar) of an m x n random matrix
with orthonormal rows. For a distribution D on a linear space and a scaling factor a € R,
we use aD to denote the distribution of aX, where X ~ D.

For two probability measures p and v on the Borel algebra F of R™, the total variation
distance between p and v is defined as

1

dry () = sup [n(A) = () = 5 [

dp
— —1|dv.
dv ‘V

If v is absolutely continuous with respect to u, one can define the Kullback-Leibler Divergence
between p and v as
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The Product of Gaussian Matrices is Close to Gaussian

If v is not absolutely continuous with respect to u, we define Dky,(u|lv) = oo.

When p and v correspond to two random variables X and Y, respectively, we also write
dry (u,v) and Dky(p|lv) as dry(X,Y) and Dkr,(X||Y), respectively.

The following is the well-known relation between the Kullback-Leibler divergence and the
total variation distance between two probability measures.

» Lemma 2 (Pinsker’s Inequality [5, Theorem 4.19]). drv (i, v) < /4 Dk (pl|v).

The following result, concerning the distance between the submatrix of a properly scaled
Gaussian random matrix and a submatrix of a random orthogonal matrix, is due to Jiang
and Ma [17].

» Lemma 3 ([17]). Let G ~ Gqq and Z ~ Og 4. Suppose that p,q < d and G is the top-left
p X q block of G and Z the top-left p x q block of Z. Then

LAl Pq
d —G|Z) <C— 3
K (\/& H > = d ®)
where C > 0 is an absolute constant.

The original paper [17] does not state explicitly the bound in (3) and only states that
the Kullback-Leibler divergence tends to 0 as d — co. A careful examination of the proof
of [17, Theorem 1(i)], by keeping track of the order of the various o(1) terms, reveals the
quantitative bound (3).

Useful Inequalities. We list two useful inequalities below.

» Lemma 4 (Poincaré’s inequality for Gaussian measure [5, Theorem 3.20]). Let X ~ N(0,1,)
be the standard n-dimensional Gaussian distribution and f : R™ — R be any continuously
differentiable function. Then

Var(£(X)) < E ([V(X)]3).

» Lemma 5 (Trace inequality, [33]). Let A and B be symmetric, positive semidefinite matrices
and k be a positive integer. Then

tr((AB)*) < min { || All5, tr(B®), | BIIS, tr(4%)}

3 Upper Bound

Let r > 2 be an integer. Suppose that G, ..., G, are independent Gaussian random matrices,
where G; ~ Gq, , 4, and dy = p, d, = ¢ and d,_1 = d;. Consider the product of normalized
Gaussian matrices

1 1 1 1
a= () (o) (o) ()
" d1 dg dr—l " dl "
and a single normalized Gaussian random matrix
1
A = —G
LV
where G} ~ G, 4. In this section, we shall show that when p,q < d; for all i, we cannot
distinguish A, from A; with constant probability.
For notational convenience, let W; = %Gi for : <rand W, = %GT.. Assume that
pq < Bd; for some constant 3 for all i. Our question is to find the total variation distance
between the matrix product WyWs --- W,. and the product W;W,. of two matrices.
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» Lemma 6. Let p,q,d,d be positive integers satisfying that pq < Bd and pq < Bd’ for some
constant 3 < 1. Suppose that A € RP*? G ~ ﬁgd’d,, and L ~ Og 4. Further suppose that
G and L are independent. Let Z ~ Oy q be independent of A, G and L. Then

drv(AGL,AZ") < O, /%7

where C > 0 is an absolute constant.

Proof. Let A =UXV7 be its singular value decomposition, where V has dimension d x p.
Then

AGL =US(VTGL) £ USX,

where X is a p x ¢ random matrix of i.i.d. N(0,1/d) entries. Suppose that Z consists of the
top p rows of ZT. Then

AZT =Us(VTZT)LUxZ.
Note that X and Z are independent of U and X. It follows from Lemma 3 that
di1 (AGL||AZT) = dyr, (USX||USZ) = dxr,(X||Z) < c%,

where C' > 0 is an absolute constant. The result follows from Pinsker’s inequality (Lemma 2).
<

The next theorem follows from the lemma above.

» Theorem 7. It holds that

dTv(W WT,W1W <CZ‘)

where C > 0 is an absolute constant.
Proof. Let W, = UXVT and X; ~ O4,d;, independent from each other and from the W;’s.
Applying the preceding lemma with A =Wy ---W,_o, G =W,_; and L = U, we have

Y24
rl

dry(Wr - W oW, W, W - W X SV < O
Next, applying the preceding lemma with A = Wy ---W,._3, G = W,._1 and L = X,., we have

dry (Wi Wy X, BVT Wi Woa XT3V T) < 0 [P
r—2

Iterating this procedure, we have in the end that

dry (W Wo X532V T Wy X, 5V T) < 0\/;
2

Since U, ¥ and V are independent and X 4 U, it holds that Xo,XVT < W.,.. Therefore,

dpy (Wi -+ W, W1 W, <CZ,/ <

Repeating the same argument for W1 W,., we obtain the following corollary immediately.

» Corollary 8. It holds that

dTV(ATvAl < CZW/

where C > 0 is an absolute constant.

APPROX/RANDOM 2021
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4 Lower Bound

Suppose that r is a constant. We shall show that one can distinguish the product of r
Gaussian random matrices

o () () - () ()

from one Gaussian random matrix

A = —G,
bva
when the intermediate dimensions dy, ..., d,_1 are not large enough. Considering h(X) =

tr((XT X)?), it suffices to show that one can distinguish h(A4,.) and h(A;) with a constant
probability for constant r. By Chebyshev’s inequality, it suffices to show that

max{\/Var( 1), v/ Var(h( } < c(Eh(A,) —Eh(A1))
for a small constant ¢. We calculate that:

» Lemma 9. Suppose that r is a constant, d; > max{p,q} for all i = 1,...,r. When
paq7d17"'ad7‘ — 00,

J

Eh(AT):pq(pzqurl) +(1+0(1))pq(p—cllg(q—1)§:di‘
r T j=1

» Lemma 10. Suppose that r is a constant, d; > max{p, q} for alli =1,...,r. There exists

an absolute constant C' such that, when p,q,dy,...,d, are sufficently large,
C"(p*q + pg®)
Var(h(4,)) < (d%.

We conclude with the following theorem, which can be seen as a tight converse to
Corollary 8 up to a constant factor on the conditions for p,q,d,...,d,.

» Theorem 11. Suppose that r is a constant and d; > max{p,q} for alli =1,...,r. Further
suppose that dy = d,.. When p,q,dq,...,d, are sufficiently large and satisfy that

r—1

1 cr
df 1. 3
= d; = max{p,q}* min{p, ¢} >

where C' > 0 is some absolute constant, with probability at least 2/3, one can distinguish A,
from A;.

4.1 Calculation of the Mean

Suppose that A is a p X ¢ random matrix, and is rotationally invariant under left- and
right-multiplication by orthogonal matrices. We define

Si(p,q) = E A}, (diagonal)

So(p,q) = E A3, (off-diagonal)
S3(p,q) = ]EAflA?l (i #j) (same column)
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307 Sa(p,q) = EA%—A%]- (i #£7) (same row)
308 Ss5(p,q) = EA%iAgj (i # 7)
39 Se(p,q) = EAy AuAjrAj (i # j,k #1) (rectangle)

s Since A is left- and right-invariant under rotations, these quantities are well-defined. Then

Etr(ATA)?)=E Y (ATA)} ZE AT A)? > EATA)
312 1<i,j<gq 1<i,qu7i7éj
313 = qE(ATA)ll + Q(q - 1) E(ATA)%Q
s and

E(ATA)?, = (ZA ) Z]EAH + > EALA
1<4,5<p,i#j
= EAzﬁ +(p—1)EA3 +pp—1)EA} A3,
=: Sl(p, q) + (p — 1)Sa2(p, q) + p(p — 1)S3(p, 9)
p
E(ATA)?, =E (Z a ) ZEA?IAQ + Y EAndApAjnAp
316 i=1 1<4,5<p,i#j

317 = pSa(p,q) +p(p —1)Ss(p, 9)-

315

as When S(p, q) = Sa(p, q), we have

1 E tr((A" A)*) = q(pSi(p,q) + p(p — 1)S5(p, 0)) + a(q — 1)(pSa(p, @) + p(p — 1)S6(p, @)
29 = pgSi(p, q)+pq(p—1)Ss5(p, q)+pq(q—1)S4(p, ) +p(p—1)q(g—1)S6(p, 9)-
22 When A = GG, we have

% S1(p,q) = S2(p,q) =3, S3(p,q) = Sa(p,q) = S5(p,q) =1, Se(p,q) =0
s and so

w  Etr((A"A)%) =3pg+pa(p— 1) +palqg—1) = pa(p + ¢ + 1).

s Next, consider A = BG, where B is a p X d random matrix and G a d x ¢ random matrix of
a0 1.i.d. N(0,1) entries. The following proposition is easy to verify, and its proof is postponed
30 to Appendix A.

s B Proposition 12. It holds that E A3, = E A},.

33 Suppose that the associated functions of B are named T4,75,7T5,Ty,Ts,T5. Then we can
a3 calculate that (detailed calculations can be found in Appendix B)

N S1(p,q) = 3dT(p,d) + 3d(d — 1)Tu(p, d)

535 S3(p,q) = 3dT3(p,d) + d(d — 1)T5(p, d) + 2d(d — 1)T5(p, d)
6 Sa(p.q) = dTi(p,d) + d(d — 1)Tu(p,d)

S5(p, q) = dT3(p,d) + d(d — 1)T5(p, d)

5 Se(p. q) = dT5(p,d) + d(d — 1)Ts(p, d)

s It is clear that Sy, 53,54, S5, 56 depend only on d (not on p and q) if Ty, T3, Ty, Ts, Ts do so.
s Furthermore, if T} = 3T then we have S; = 35, and thus Sy = d(d + 2)Ty. If T3 = 2T5 + T
w2 then S3 = d(d + 2)T3 and S3 = 2S5 + S5. Hence, if T35 = Ty then S3 = S4. We can verify
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that all these conditions are satisfied with one Gaussian matrix and we can iterate it to
obtain these quantities for the product of » Gaussian matrices with intermediate dimensions
dy,do,...,d._1. We have that

r—1 r—1 /j—1 r—1
Sy=Si=[]di(di+2), Si=35, Se=), (H di(d; + 2)) di | ] ditdi—1)
i=1

j=1 \i=1 i=j+1

Therefore, normalizing the i-th matrix by 1/4/d;, that is,

() () (o) o)

we have for constant r that

1
Etr((ATA)%) = PE 2 (pg(p+q+1)S3 +pq(p —1)(q¢ — 1)Ss)
1927 W18
r— 4
%pq(erqul)+pq(p*1)(qfl)ii @)
&2 &2 d;

=1

<.

4.2 Calculation of the Variance

Let M € RP*P be a random symmetric matrix, and let G € RP*? be a random matrix of i.i.d.
N(0,1) entries. We want to find the variance of tr((GT MG)?). The detailed calculations of
some steps can be found in Appendix C.

Our starting point is the law of total variance, which states that

Var(tx((GTMG)?)) = E (Var(tx((GTMG)?)| M) + Var (Ew(GTMG)?)| M) (5)
Step la. We shall handle each term separately. Consider the first term, which we shall

bound using the Poincaré inequality for Gaussian measures. Define f(X) = tr((XT M X)?),
where X € RP*?. We shall calculate Vf.

2
FOO = IXTMX|[L = Y XTMX)Z =Y ( 3 MMXMXZJ).

1<i,j<q 1<i,j<q M1<k,I<p
Then
af 0
ox. ~ 2 2( Mg ) ( 2 gx,, MuXiiXy ))
1<i,5<q 1<u,v<p 1<k,l<p
Note that
Mk’leja (kvl) = (Ta S) and (la.]) 7é (TVS)
0 My Xyi, k.t r,s) and (I,7) = (r, s
M) — d MKk (50) % (7:5) and (,5) = ()
0Xps 2M,. Xys, (k,i) = (r,s) and (I,5) = (r,s)
0, otherwise.
we have that
af =4 Z Mu'uXusX'us Merrs +2 Z Z Mquusij Mrlej
0X,s

1<u,v<p 1,5)#(r,s) \1<u,v<p
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367 +2 Z Z Mquuins Merki
(k,3)#(r,s) \1<u,v<p

3

=3
o

=4 Z MuUXusXvs MTT'XT‘S + Z <Z Mu'uXusX’Uj> MTlej
1<u,v<p (L,3)#(r,s) \wv

3

=
©

— 42 <Z MM,XMXUJ) M, X3
370 Ly v

sn Next we calculate E(Of/0X,s)? when X is i.i.d. Gaussian.

3

2
N}

1 of
<4 <9er> Z Z MuvMu’v’ rerl’ EXuqu sXv]leXv j’Xl’ i’

5 U’U
l/ ! ’U

53 We discuss different cases of 7, 5, s.
374 When j # j' # s, it must hold that u = v/, v = [ and v’ = I’ for a possible nonzero
w5 contribution, and the total contribution in this case is at most ¢(g — 1)3513) , Where

376 ,,(‘S) Z Z MulMul’ TlM = Z<Mu,~; MT,'>2'
1<LU<p u
377 When j = j’ # s, it must hold that u = «’ for a possible nonzero contribution, and the

s total contribution in this case is at most (g — 1)B£25) , where

B =3 "> MyyMyy My M,y E X2 X0 X1 X0 X0
Ll w0’

2 2
= | M7 1Mo 5+ 2 (M, M )2,
u

3

&%
S

381

382 When j = s # 7/, it must hold that v = I’ for possible nonzero contribution, and the
s3 total contribution in this case is at most (¢ — 1)B7(~35) , where

B»,(‘?s) = Z ZZMuUMu’l’Mrerl’EXuqu’sXvlele%j’
J'#s LU u,v

385 = Z(2<Ml,~7Ml/,'> +tr(M)Mll/)Mrerl/.
L

3

-3
®

386

7 When j = j' = s, the nonzero contribution is

388 Bv(ﬂjls) = Z Z Moy Myt My My EXuqu/sXvlesXv’le’s-

ll’ u,v

oo
u ,v

0 Since u,u’,v,v’, 1,1’ needs to be paired, the only case which is not covered by Bg)7 Bﬁi) and
390 Bg) is when v = v, v/ = v’ and [ = I’, in which case the contribution is at most

01 SO My My MEEXZ X2 XP S 02 (M) || M, |5

~

2 Hence

B < B + B® + BE) + tr*(M) | M,..|I5 .

APPROX/RANDOM 2021
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s00 It follows that
305 > B =q) (M., M, )* = qtr(M*)
= > BE =q ) (MG 1M, I3 + 20> (Mu,, My )? = q|| M|} + 2qtr(M*)

ZBS“?S) = Z Z(2<Ml,~7Ml/’.> + tY(M)Ml/l/)MTlMTl/

307 7,8 r,s 1l

< 2qtr(M*) + qtr(M) | M|| /tr(M4)

398

wo Note that tr(M*) < tr?(M?) = || M||3. Hence

1
o G EIVAL <D (= Da=2)BY + (¢~ DBR + (¢ - DB + BY)

T8
S (@BY +¢BP +¢BY + (M) | M,..||2)
4
2 S @ (M) + ¢ | M| + ¢? tr(M) | M]] p /tr(M2) + g tr*(M) | M| 7.

ws By the Gaussian Poincaré inequality,
Var(tr((GTMG)?)|M)
w  SE|V (6)
S (M) + ¢ | M| + ¢ (M) | M| p /(M) + g t* (M) | ]| -
ws  For the terms on the right-hand side, we calculate that (using the trace inequality (Lemma 5))
Etr((GTMG)*Y) = Etr(MGGT)*) <E HGGTH M*) =E||G|3, tr(M*)
< max{p, q}* tr(M"),

407

4 8 4 4
w  E[|GTMG|, <E|GIS, M|} S max{p, ¢}* [|M]]3,
w  E0?(GTMG)|GTMG|[, <E(G|S, (M) | M|[} < max{p, q}* tx® (M) || M|,

411 and

a2 Etr(GTMG)||GTMG| . \/tr((GTMG)*)

w o <E|GIE, (@) - 1GI%, 1M1 - \JIGIE, tr(a)
w  =E[GIE, (M) | M, /5x (3T

a1s 5max{p,q}4tr(M)\\M||F tr(M4).

s This implies that each term on the right-hand of (6) grows geometrically.

ns  Step 1b. Next we deal with the second term in (5). We have

419 Igtr ((GTMG ZE GTMG Z E (Z Mleszl]>

a0 :Z > MMy E GriGyGiiGrj.

i,7 k0Kl
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When i # j, for non-zero contribution, it must hold that k¥ = [ and ¥’ = I’ and thus the
nonzero contribution is

SO>S MR =qlg 1) |M][3.
i£j kil

When i = j, the contribution is

S S MMy EGrGuGriGri = 2q | M| + qta® (M), (7)
ik LK
Hence

Etr (GTMG)?) = qlq+1) [M[}. +qts*(M)
and when M is random,
Var (E tr((GTMG)?)| M)
= Var (a(g + D) | M} +q (M) (8)

¢(q+ 1)? Var([M[2) + ¢* Var(tr2(M)) + 2¢%(q + 1)/ Var (| M%) Var(tr2 (M),

Step 2a. Note that the Var(tr?(M)) term on the right-hand side of (8). To bound this
term, we examine the variance of g(G), where g(X) = tr*(XT M X). We shall again calculate
Vg. Note that

% _9u(xTMX) ZZMM — X5 X

8er B
and
X,  (k,i)=(r,s) and (1,7) # (r,s)
0 Xki, k.1 r,s) and (I,7) = (r, s
(x-S 0 F 00 00 =
s 2X,s, (k,i) = (r,s) and (I,4) = (r,s)
0, otherwise.
We have
0
T = At(XTMX) ZMHXIS =4 Y MuMaXi XX,
rs 1<;<q
1<l,u,v<p

Next we calculate E(9g/0X,s)? when X is i.i.d. Gaussian.

1 dg 2
<48er> = Z MuvMu/v/Mrerl’EXlle’quijqu’j’Xv’j/

7,lu,v
JZ/ / /

In order for the expectation in the summand to be non-zero, we must have one of the following

cases: (1)s#j#7,12)s=7#7,08)s=4#j, 4 s#j=j,05)s=j=j. We
calculate the contribution in each case below.
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Case 1: it must hold that { = ', w = v and v’ = v’. The contribution is (¢ —1)(q — 2)B7(~g),

where

BY = 3" MMy MZ = te*(M) | M,

Lou,u’
Case 2: it must hold that v’ = v'. The contribution is (¢ — 1)353), where

Ba(é) = Z MuvMu’u’Mrerl’ EXlle’qusX'usX?uj/

LU w,u’ v
= (o) (s |4y 1 + 2 Y MM )
LU
Case 3: this gives the same bound as Case 2.

Case 4: it must hold that [ = I’. The contribution is (¢ — 1)B£§), where

B = Z Moy My M3 X5 X i X Xorj = 3 || M,

’ ’
Lu,u’ ,v,v

2 2
Al 1M1z

Case 5: the contribution is Bﬁg), where

B 5) = Z Muq)Mu 1)’Mrerl/ EXZQXUGXUSXV Xu SXU s

lLau,v

P
U v

The only uncovered case is | = v/, I’ = v, u = v/ and its symmetries. In such a case the
contribution is at most

c Z Moo My My M, = CZ M,., M,)?.

Lau,v

Note that

2
ZBﬁ? = qtr* (M) | M|,

Z B2 = qtx*(M) | M |7 + 2qtr(M) > My (M, ., My .)
Ly

< qtr* (M) | M5 + 2qtr(M) | M| p /o (M7),
4
> B =q| M|,

> BRI <Y BYW 4> BE + te(MY).

.8

Therefore,

1
6 EIVals <D (0= Da =B + (¢ = DB + (¢ - VB + BY)

7,8

< P (M) [ M3 + ¢ (M) | M (BET) + ¢ | M5 + qte(M).

By Poincaré’s inequality,

Vgr(trZ(GTMG))
SE|Vl; 9)
S @ (M) |M||5 + ¢* tr(M) | M]| p v/tr (M%) + ¢* | M| + qtr(M*).

Similar to before, each term on the right-hand side grows geometrically.
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o Step 2b. Next we deal with Vary (E¢ tr* (GTMG) |M).
2
474 Etr? (GTMG) =E (Z MlekiGli> = Z Z MMy EGriGiGrjGrj.
ikl ij Lkl

s When i # j, for non-zero contribution, it must hold that £ = [ and ¥’ = I’ and thus the
as  nonzero contribution is

a7 ZZ My My = q(q — 1) tr?(M).

i#] kk'

s When ¢ = j, the contribution is (this is exactly the same as (7) in Step 1b.)

479 Z Z MMy E GG GriGri = 2q HMH; + th‘2(M).
P kR L

w0 Hence
w  Etr? (GTMG) = 2¢||M |3 + ¢ tr2 (M)
a2 and when M is random,
Var (EtrQ(GTMG)‘ M)
w = Var (20IM]} +q? 0?(a0) (10)

< 4q? Var(|M[2) + ¢* Var(tr? (M) + 2°/ Var(|M|2) Var(2(21)).

@ Step 3. Let U, denote the variance of tr((AZ'A,)?) and V, the variance of tr?(AL A,).
w5 Combining (5), (6), (8), (9), (10), we have the following recurrence relations, where
s Cq,C5,C3,Cy4 > 0 are absolute constants.

1 3

487 UTJrl §01PT+2UT+d72V;+d7V UrVr
1 2

488 Vr+1 SC2Qr+d72Ur+Vr+df\/ﬁ

480 P11 < C3P.

490 Qr+1 < CuQy

e Uo =1 =0

w3 In the base case, set M = I, (the p x p identity matrix in (6)) and note that the second term
ws in (5) vanishes. We see that P; < (pq + pg®)/d} after proper normalization. (Alternatively
w5 we can calculate this precisely, see Appendix D.) Similarly we have Q1 < p3¢®/dj. Note that
w  Q1/d3 < (p3q +pg?)/di. Now, we can solve that

o pq + pg?

497 UT+1 < 1
dl

a8 for some absolute constant C' > 0.
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Proof of Proposition 12

Proof. We have

E

and

E

4
A} =E (ZBliGﬂ) = > EBuBy,BuBuEGnGjGrGn
i ikl
=3 EB},+3» EB}B
i i

4
A3, =E (ZB%Gﬂ) = Z E By;BgjBop B E Gi1Gj1Gri G
? 0,9kl
=3Y EB; +3> EB;B; =EA},. <«
i i

35:17
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2 B  Omitted Calculations in Section 4.1

503 Si(p,q) =3 EB{;+3Y EB}B}; = 3dT(p,d) + 3d(d — 1)Ty(p, d)
i i#j

2 2
Sa(p,q) =EAL A3 =E (Z BliGil) (ZB%Gm)
i !

> EB1iB1; By By EGinGj1Gia G
594 i,5,k,l
=3> EB}B3 + > EBLB3 +2> EBy;ByBi;By;
i i#] i#]

2 2
Si(p,q) =E A}, A, =E (ZBuGu) (ZBlka2>
i %
505 = Z E B1;B1jB1x BuEG;1Gj1GraGro
gkl
Y EB{;+ > EB}B}; = dTi(p,d) + d(d — 1)Ty(p, d).
i i

2 2
Ss(p,q) =EA}L A3 =E (Z BliGil) (ZB%Gm)
i k

= > EB1iB1;BuBuEGnGjGraGia
©,7,k,l

> " BY,B3; = dTs(p, d) + d(d — 1)T5(p, d)
‘7j

Se(pyq) = E A1 AygAgy Agy = Z E B1;B1; B2 B EGi1Gj2Gi1Gio
©,7,k,l
sor => EB}B3 + > EBy;iBi;ByBy;
i i£]j
= dTy(p, d) + d(d — 1)Ts(p, d)

598
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C Omitted Calculations in Section 4.2

In Step 1la.

B =" " MMy My My E X2 X0 X1 X0 X0

’ !
Ll w,vv

1A u 1 1A u

SN MMy My My +Y 0> " M, M7+ Y~ My My My My
v;él

v=lF#v'=l’

+3Y  MZM}
lau

v=ov'#£l=l

v=ov'=l=l’

= (Z M'iv) (Z MEZ) +2 Z Mul’Muererl’
l

u,v LU u

2 2
= | M7 1Mo 5 +2 ) (M, M )2,

ng‘:}s) = Z Z Z Mu’uMu’l’Mrerl’ EXuqu’sXvlelezlj/

= Z Z MulMul’Mrerl’ + Z Z MuuMll’Mrerl’ + Z Z Mlval’Mrerl’

3'#s | LU u,v

LU uztl LU ustl 1

v

v=l#l=v’

v

u=u'#v=I u=v#u'=l

+3 Z My My My My
Ll

u=u'=v=l

= Z Z(QMMMW + My My ) My My

L ow

= Z(2<M[,., Ml/7.> + tr(M)Mll/)Mrerl/.

ZB

Ll
& =33 "(@(My,, My ) + te (M) My ) My M,y

r,s 1l

=g (2(Mi, M) + te(M)My:) Y My My
Ll T

=gy (2(M., My ) + tr(M) My ) (M, ., My )
LU

=qy  2(My,, My,.)* +qtr(M) > My (M., My,.)
1 1

< 2qtr(M*) + gtr(M) ( > Mﬁ,) : (Z(Ml,, M )?

LU LU

< 2qtr(M*) + q (M) | M| \/ex(MT)

y

u=l#u'=v

35:19

APPROX/RANDOM 2021



35:20 The Product of Gaussian Matrices is Close to Gaussian

In Step 1b.
604 ZZMkle’l’ EGriGLGriGri
ikl
K
R S DTS SRS TR SN
i k£l k£l k£l k
—— —_——— ———
k=k'#£l=l!  k=l'#k'=l k=l£k'=U/ k=k'=1=1'
606 Z(ZMEZ+ZM]3[+ZMM€M]€%/>
i Nk k,l k,l
w =S @M+ u? (M)

=2¢ | M|% + qtr*(M).

o
o0
©%

In Step 2a.

610 Bﬁi) == Z MuvMu’u’ rerl’ EXlle’qusXvsX?ﬂj/

LU w,u’ v
611 - ZMuuMu’u’ 3[ +ZMll’Mu’u’ rerl’ +ZMll’Mu’u’ 'rerl’
I#u 1#! 1#!
u’ u’ u’
I=l'#4u=v l=u#l'=v l=v#l'=u
612 + 3ZMllMu'u’Mr2[
L
l=u=l'=v
= tr(M) | Y MMy +2) My MMy
lu L
2
614 :tr(M) tI‘(M) ||Mr,~H2 +22M11/MHMN/

615 LY

o B =Y MM E XX,

/ /
lLuu’ v,

617

(Z M?l) ZMi’U + ZMi’U + ZMSU +32M'3u
l u,v u,v u,v u

—_— Y= =

u=u'#v=v' u=v'Fu=v u=v#u'=v’ u=v=u'=v’

618 =3 (Z MEl) Z Mi,v
l u,v

= 3| M, |2 |M)%
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D Exact Variance when r = 2

Suppose that A is rotationally invariant under both left- and right-multiplication of an
orthogonal matrix. Define

Ui(p, q) = Var((ATA))
Uz(p.q) = Var((ATA)) i#j
Us(p,q) = cov((ATA)%, (AT A)%) i #k (same row, one entry on diagonal)
Us(p,q) = cov((ATA)ZQJ7 (ATA)%) j#k (same row, both entries off-diagonal)
Us(p, q) = cov((AT A)%, (ATA)?j) i #j (diff. rows and cols, both entries on diagonal)
Us(p,q) = cov((AT A)2, (ATA)ik) i # j#k (diff. rows and cols, one entry on diagonal)
Uz(p,q) = cov((ATA)fj, (ATA)Z) i#j#k#1 (diff. rows and cols, nonsymmetric around diag.)
It is clear that they are well-defined.

Var(tr((AT A)?))

= Var <Z(ATA)?J-)
1,7

= Z COV((ATA)”,(ATA)il)

6,4,k
= Var((ATA)}) +2) ) cov((ATA)Z, (ATA)) + D cov(B(ATA)F, (ATA))

0,7 i j#£l 17;1;

j

= qVar((ATA)},) + q(q — 1) Var(E(A" A)1,)
+2 [2q(q — 1) cov((AT A)F,, (AT A)35) + (g — 1) (g — 2) cov((AT A),, (AT A)T3)]
+q(q — 1) cov(E(AT A)y, (AT A)35) + q(g — 1) cov(E(AT A),, (AT A)3,)
+2¢(q — 1)(g — 2) cov((AT A)3,, (AT A)35)
+2q(q — 1)(g — 2) cov((AT A)1,, (ATA)sl)
+qlqg—1)(q—2)(q — 3) E(AT A)3, (AT A)3,
= qUi(p,q) +q(q — 1)U2(p, q) + 2q(q — 1)(2Us(p, q) + (¢ — 2)U4(p, 9))
+4q(q — 1)(Us(p, 9) + U2(p, q)) + 29(q — 1)(q — 2)(Us(p, q) + Ua(p, 9))
+4q(g—1)(¢ —2)(q — 3)Uz(p. q)
= qUi(p, q) + (g — 1)(2U2(p, q) + 4Us(p, q) + Us(p, q))
+2q¢(q — 1)(q — 2)(2Us(p, @) + Us(p, q)) + a(q — 1)(q — 2)(q — 3)Uz(p, q).

Let us calculate Uy, ..., Uy for a p x ¢ Gaussian random matrix G.

=E(GTG), — (B(GTG)},)* =E||G1l5 — (E[G1l3)?
=pp+2)(p+4)(p+6)

=8p(p+2)(p+3)

Ul(p, q)
— (p(p+2))°

APPROX/RANDOM 2021
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Us(p,q) = E(GTG)1, — (BE(GTG)3,)? = (Z G71G72> — (E(G1,G2)?)?
= Z E G1G51G11Gu1Gr2Gs2GiaGua — p?
651 r,8,t,u
=3% EGLGLGHLGL+ Y GhGly =1
r#t r

=3p(p—1)+9p —p* =2p(p +3).
Us(p,q) = E(GTG)%(GTG)% - (GTG)% E(GTG)%z

= E(GTG1)?GTGLGEG, — B |Gy E(Gy, Ga)?
652 E(GTGl) GT(E GQGT>Gl (p + 2) -p
=E(GTG1)’ - p*(p+2)

=E|Gily - p*(p+2) =pp+2)(p+4) —p*(p+2) = 4p(p+ 2)

Us(p,q) = (GTG)lz(GTG)%s - E(GTG)% E(GTG)%

=EGTG,GYG\GTGsGE G, -

= EG] E(G2G)G1GT E(G3G5)Gy —

=E(G{G1)’ —p* =E|Gily —p* =plp+2) —p* =2p
Us(p,q) = E(GTG)%(GTG)gz - E(GTG)% E(GTG)gz

=E |Gl 1Gall; — EllGull3 | G2ll; = 0
Us(p,q) = E(GT 3)11(GTG)33 — E(GTG) E(GTG)3,

= E|G1 5 (G2, Gs)* — E[|Gull; B(Ga, Gs)* = 0
Uz(p,q) = E(GTG)3,(GTG)34 — E(GTG)LE(GTG)3,

= E(G1,G2)*(G3,G4)? — E(G1,G2)?> E(G3,G4)> =0

653

654

655

656

657

ess Therefore

w  Var(tr((GTG)?)) = qUs + q(q — 1)(2U2 + 4Us + Us) + 2q(g — 1)(q — 2)(2Us + Us)
660 +4q(g—1)(q—2)(g —3)Ur

61 = qUy + q(q — 1)(2Us + 4Us) + 4q(q — 1)(q — 2)Uy4

= 4pq(5 + 5p + 5q + 2p* + 5pq + 2¢7).

s When 7 = 2, recalling that E(As — A1) = (1 + o(1))p?q?/d? (see (4)), we have that

Y Var(tx(F367 - 5367 _ 6d
665 1 3
p*q?/d? ~ max{p, q}? min{p,q}>

es 1f the right-hand side above is at most a small constant ¢, we can distinguish As from A
e7 with probability at least a constant.
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