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Motivation

Recent trends in datacenter design towards the use of warehouse-scale computers [5] have
forced computer architects to reconsider many classical architecture questions. These ques-
tions center around how to allocate resources such as CPU cores, cache space, memory
bandwidth, and network bandwidth to various jobs in order to complete each job quickly.
The rollout of warehouse-scale computers has required companies to invest in custom built
solutions to handle the challenges of operating at this new scale and processing new kinds
of workloads[5, 8]. The central challenge of resource allocation in a warehouse-scale com-
puter is that the system must run several vastly different types of jobs, each of which can
respond differently to being allocated additional resources. Thus, it is difficult to devise a
single resource allocation policy which will work well for all jobs.

Early warehouse-scale cluster management systems tried to solve this problem by rely-
ing on users to submit reservations for system resources, thus specifying what they consider
to be the ideal allocation for their job. However, analysis has shown these reservation-
centric systems to be highly inefficient [5]. In practice, these systems run at utilization
levels below 20% [4]. In response to this inefficieny, systems researchers have focused on
developing performance-centric systems which aim to improve job and system performance
by automating resource allocation decisions [6, 4]. These systems aim to reduce job laten-
cies by building detailed performance profiles for each job, and then using these profiles
to make good allocation decisions for each job. This work has shown how to effectively
profile jobs, but does not make any theoretical guarantees about the algorithms used to
actually allocate resources to jobs. In fact, recent theoretical work from the performance
modeling community suggests that, when jobs follow different performance profiles, allo-
cating resources to minimize average job latency is difficult [2]. Hence, this paper aims to
improve warehouse-scale computer performance by describing resource allocation policies
which allocate resources to jobs in order to minimize job latency.

The Problem

We consider the problem of minimizing job latency in a warehouse-scale computer tasked
with completing a stream of incoming jobs. While many system designers claim to optimize
for job throughput, we know warehouse-scale systems are never fully utilized. Thus, these
systems actually function as open systems where throughput is simply defined by the
arrival rate of jobs. Instead, what designers actually want is low mean job latency, which
we refer to as mean response time. Designers also want to understand mean response time
as a function of system load in order to enable them to run at higher load. This is often



phrased as the goal of “increasing utilization”. A good resource allocation policy will not
only lower mean response times under current system conditions, but produce a flat curve
for mean response time as a function of system load, allowing the system to be run at
higher utilization.

There are two main tradeoffs which make this problem difficult.

Resource Use is Inefficient

Allocating additional resources to a job will generally decrease a job’s running time. For
example, allocating additional CPU cores to a job will increase the number of operations
that job can do in parallel. However, it is a well-known property that will recieve a sublinear
speedup when running on additonal cores — a job will run less than & times faster on &
cores than it would on a single core. This phenomenon of sublinear performance increases
is known to apply to several system resources (e.g. cache space [1]). Hence, any resource
allocation policy must balance the tradeoff between running an individual job quickly
and using system resources inefficiently. We want each job to run quickly, but if system
efficiency is too low the system could become unstable.

Maximizing Throughput is Insufficient

Previously, [2] showed that, if all jobs receive the same sublinear speedup from resource
allocation, the resource allocation policy which maximizes throughput at all times will also
minimize mean response time. However, we quickly see that this is not the case when jobs
receive different speedups. Consider the problem of determining how many CPU cores to
allocate to two different jobs, one of which is highly parallelizable and one of which is not.
Throughput will be maximized by allocating nearly all the cores to the highly parallelizable
job. However, this makes it very likely that the highly parallelizable job will be completed
first, leaving just the less parallelizable job in the system. This less parallelizable job will
then make highly inefficient use of the cores available to it. A better strategy may have
been to allocate fewer cores to the parallelizable job initially, increasing the chance that the
less parallelizable job is finished first and allowing the highly parallelizable job to recieve
an even larger speedup in the future.

Hence, an allocation policy must not only consider how to allocate resources to jobs
at the current moment in time, but how resources will be allocated to jobs in the future.
In this paper, we consider an allocation policy which must allocate a single resource to a
stream of incoming jobs. To address this problem, we first develop a theoretical model
of resource allocation for heterogeneous jobs which can receive different speedups from
the same resource allocation. We provide a bound on the performance of a myopic Greedy
allocation policy versus the optimal policy, and then we evaluate this bound via simulation.



Our Model

Recent research [2] has described a model for job performance as a function of CPU core
allocation and analyzed various core allocation policies. Hence, we will assume, without
loss of generality, that our allocation policies are tasked with allocating CPU cores.

We assume that jobs arrive into a system composed of n cores according to a Poisson
Process with rate A jobs/second where

A= n

for some A. The random variable X denotes the size of a job. We think of X as the
inherent work associated with a job. Any job can be run on any subset of cores. If a job
of size X is allocated k cores, the job will run in time X}, where

oo X
s(k)

and s(k) < k is called the speedup factor. The function s : Z — R>; is assumed to be

Amdahl’s Law with some parallelizable fraction p, and is thus sublinear, non-decreasing

and concave [7].

As jobs arrive, each job is allocated some subset of the cores, and this allocation can
be changed at any time. At any moment in time, there may be several jobs running on a
particular core. We assume each core schedules jobs according to the Processor Sharing
(PS) scheduling discipline, which is common for processors in multicore machines.

All cores are allocated according to an allocation policy. An allocation policy defines,
at every moment in time, which particular cores each job runs on. Cores are assumed to
be homogenous, and thus any job is capable of running on any core.

We define the random variable T' to be the response time of a job — the time between
when a job arrives and when it is completed. Our goal is to find and analyze allocation
policies that minimize the mean response time, E[T], across all jobs. Clearly, E[T] depends
on the allocation policy, the speedup function, s, the arrival rate of jobs into the system,
A, the mean job size, E[X], and the number of cores, n. We define the average system
load, p, to be
AE[X]

n

p=

We assume both p and s are constant over time.

To model the heterogeneity of jobs with respect to speedup function, we allow jobs to
belong to one of two classes. Class I jobs arrive with rate A; = Ain and all follow the
speedup function si(k), which is Amdahl’s law with parameter p;. Class II jobs arrive
with rate Ag = Ayn and follow the speedup function so(k), which is Amdahl’s law with
parameter po. Without loss of generality, we assume that p; > po. Note that, via Poisson
splitting and merging,

A=A+Ay=dn= ()\1—|—>\2)TL.



We will assume that jobs from both classes follow a single size distribution, X.

For the purposes of tractability, we will assume that X follows an exponential distri-
bution with rate pu. For simplicity, we assume g = 1 in this paper. Hence, since jobs
are exponential and arrive according to a Poisson process, we can model our system via
a markov chain, where each state (i,j) denotes that there are i class I jobs and j class II
jobs in the system. The exact rate of transitions due to jobs leaving the system will vary
with the particular allocation policy being used.

We will only consider cases where the system is stable, that is, where p < 1. Hence,
since the mean job size is fixed, we will restict the total arrival rate of jobs to be A < n.

Theoretical Results

Our goal in this section is to evaluate the performance of a myopic allocation policy in
comparison to the optimal policy. We first define a myopic policy, Greedy, which is similar
to the allocation policies used in practice. We then provide a bound on the difference in
mean response time between Greedy and the optimal policy, emphOPT. Finally, we outline
a path towards improving this bound via simulation.

The Greedy Policy

We define the myopic policy, Greedy, to be the policy which maximizes throughput in every
state (i, 7), similar to the allocation strategy used in [4]. As stated in [2], when jobs follow
a single speedup function, throughput is maximized by dividing the cores evenly across all
jobs. Hence, throughput is can be maximized in any state (i,j) by finding &*(4,7) such

that
k —k
k*(i,j) = argmax 1i-s; <>+j-82 (n - )
k J
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That is, given that k cores will be allocated to class I jobs and n—Fk cores will be allocated
to class II jobs, throughput is maximized by dividing each set of cores evenly amongst its
respective set of jobs. To maximize throughput, the Greedy policy must simply choose the
correct value of k. If multiple throughput maximizing values of k exist, we define k*(i, j)
to be the lowest such value. This was shown to produce the best throughput maximizing
policy in [2].

A Bound on Greedy vs. OPT

We now wish to bound the difference between Greedy and the optimal policy, OPT. To
do this, we first define an allocation policy which provides an upper bound on the mean
response time under Greedy. We then imagine an idealized allocation policy which performs



even better than OPT. By bounding the difference between these two bounding policies,
we obtain a bound on the difference between Greedy and OPT.

All-Class-II: An Upper Bound on Greedy

To bound the performance of Greedy, we consider a policy which assumes that all jobs are
of Class II. In every state (i,7), the policy All-Class-II chooses ka(i,7) such that

oo (B0 gy (REDY iy (1), g

That is, All-Class-IT obtains the same throughput as that of the throughput maximizing
policy if all jobs were of Class II. Note that ka(7,j) must exist because (i + j) - s2 (%)

is less than the maximal throughput in state (i,7), 7 - 2 (?) < (i47)-s2 (%), and the
left hand side of (1) is continuous.

Finally we will make use of the following lemma:

Lemma 1. For any n, A1, and Ay, the mean response time under Greedy, E[T]Greedy S
less than the mean response time under All-Class-1I, E[T)z.

Proof. This follows from a straightforward application of precedence relations and aggre-
gation on Markov chains as outlined in [3]. First, we note that the Markov chain unser the
All-Class-II can be aggregated into a 1-dimensional chain that tracks the total number of
jobs in the system. Then, we examine the 2-D Markov chain under Greedy. By transform-
ing some transitions to the states (i —1, j) and (7, j —1) into self loops, the total throughput
in any state (7,j) can be made to match that of All-Class-II. The resulting chain can then
also be aggregated into the same 1-dimensional chain as the All-Class-II chain, and it will
have the same exact transitions. Hence, by making the Greedy policy worse, we can attain
the same performance as All-Class-II and E[T]gpceqy < E[T]2 as desired. O

All-Class-I: A Lower Bound on OPT

Similarly, we wish to obtain a chain which provides a lower bound on the performance
of OPT. To describe such a policy, we will relax the rules of our model. Specifically, we
imagine an idealized policy that can run every job as if it was a Class I job. In this case, we
know from [2] that the best idealized policy evenly divides all n cores among the (i+7) jobs,
maximizing throughput in every state. We refer to this idealized policy as the All-Class-I
policy.

We now prove that the mean response time under this idealized policy is a lower bound
on the mean response time under OPT.

Lemma 2. For any n, Ay, and Ao, the mean response time under All-Class-I, E[T]; is
less than the mean response time under OPT, E[T|opr.



Proof. We prove this lemma by contradiction. Consider the behavior of OPT and the
All-Class-I policy in any state (i,7). Because All-Class-I assumes every job is of class I
and maximizes throughput, its throughput in this state is higher that that of OPT, which
must deal with having j “slower” class II jobs. Hence, the All-Class-I policy could be
transformed to achieve the same throughput as OPT in every state, and the resulting
allocation policy would be a valid way to process a stream of all class I jobs. However, we
know that the All-Class-I policy was optimal in the case where all jobs were of class I, so
this transformation must have increased mean response time under All-Class-I. Hence, the
mean response time under the idealized All-Class-I policy is lower than that of OPT. O

Finishing the Bound

‘We have now established that

E[T]l < E[T]OPT < E[T]Greedy < E[T]Q (2)

Hence, one way to bound the difference between Greedy and OPT is to bound the
difference between All-Class-I and All-Class-II. This leads us to Theorem 1, which will
provide a bound for Greedy vs. OPT by an easy corollary.

First, we must prove a Lemma used in obtaining our bound. Let

n

dp(i) =i - 54 (7)
i
denote the throughput of the All-Class-z policy when there are ¢ jobs in the system.

Lemma 3. For any c > 1, if

s1(k)
<
s2(k) = c Vk
then .
dil(k) <c Vk <n.
dy (k)

Proof. Recall that s; and s9 are both instances of Amdahl’s law with parallel fractions p;
and po respectively. Since s1(k) <c Vk, we know that

sa(k)
P < c-1l+p
c
and hence
dy ' (k) _entk—(ctp)k
di'(k) = n—pk
— 4t k(l —pg)(l - C)
n — pok
<c



where the last step holds because ¢ > 1 and k < n. Thus, the claim holds.

Theorem 1. For any, A1 and Ay such that A <n

<c Vk
82(]{) -
then E[T]
li 2 <
nl—>nc}o E[T]l =¢

Proof. To prove this statement, we make use of the analysis in Theorem 4.2 of [2]. This

tells us that .
dy (A
lim E[T], < lim 22

n—oo n—oo

and .
lim E[T]; > lim L(A).

n—oQ n—oo

Furthermore, we know that these limits both exist, so we can conclude that

by Lemma 3, as desired. O

We have thus proven that, given two classes of jobs whose speedup functions are within
a factor of ¢, All-Class-II becomes a c-approximation of All-Class-I as the size of the system
becomes large. This yield the following corollary.

Corollary 1. Given two classes of jobs whose speedup functions are within a factor of c,

1; E [T] Greedy
m ———-
n—oo E [T] OPT

Proof. This follows directly from Theorem 1 and Equation (2). O

Discussion

That may appear to be a lot of work to only get a decent bound. An astute reader will
note that our proof did not rely on the properties of Greedy at all. In fact, this bound
holds for any two policies which are better than All-Class-IT and worse than All-Class-I1. We
describe the set of such policies as the set of admissible policies. Theorem 1 implies that
any two admissible policies perform within a factor of ¢ given that their speedup functions
are within a factor of c.
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Figure 1: Greedy vs EQUI

This bound can be viewed as more of a jumping off point. For example, if one could
show that the Greedy policy alway outperforms another admissible policy by a factor of d,
then this bound becomes a § bound. We did not have time to specifically investigate such
a bound theoretically, and thus addressed this question via simulation in the next section.
We compared Greedy to several idealized policies as well as EQUI, the policy which divides
cores evenly amongst all jobs regardless of class. If we can show the Greedy is either close
to OPT or far from another admissible policy at all times, we can stregnthen the above
bound.

Simulation Results

Our simulation setup attempted to implement our Greedy policy and compare it to FQUI,
and to then create our idealized circumstances to emulate OPT and our upper- and lower-
bounds. We chose to fix the number of cores at 64 because that matches a common setup
for 2P, 2U commodity servers available. We simulated using three different sets of parallel
fractions for the Class I and Class II jobs: [0.9, 0.1], [0.75, 0.5], [0.5, 0.25]. The first pair
was chosen to represent heterogeneous jobs, and the latter two represent jobs which have
a smaller-yet-still-significant difference in parallel work.

Greedy vs EQUI

There were two circumstances in which Greedy and EQUI were approximately the same:
under light loads (arrival rates less than 10), and when the arrival rate was skewed towards
Class I or Class II jobs. The former was expected because there were not enough jobs to
overwhelm the system. The latter was expected because the system is generally working
on only one class of job and is therefore approximating EQUI. We were pleased to see that,
for all arrival rates, Greedy had a mean response time at or below FQUIL

These results are the most significant to our proposal and can be seen in Figure 1. For
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the two pairs of job types with similar parallel fractions ([0.75, 0.5] and [0.5, 0.25]), the
best Greedy could do for mean response time was only 3% lower than EQUI; however,
Greedy was able to stretch its legs and showed up to a 30% advantage under higher loads.

Greedy vs All-Class-I

To emulate a lower bound for OPT, we chose to run the same simulation with all of the
less-parallel Class II jobs replaced with more-parallel Class I jobs as discussed earlier. As
expected, Greedy always had a higher mean response time than the All-Class-I policy, but
the disadvantage diminished as the Class I load was increased. This result helps to show
that when the mix of jobs is heavily skewed towards Class I, Greedy is close to OPT (the
top-left corner of the plots in Figure 2), within about 3%.

Greedy vs No-Class-1

Another OPT emulation was replacing all Class I jobs with jobs that had zero size (e.g.,
the jobs would have a mean response time of 0). Again, as expected, this circumstance



led to Greedy having a longer mean response time in all cases—sometimes by 1500% to
2000%, and these results were elided in the plots seen in Figure 3 (the top left) in order
to emphasize the dynamic range of the interesting portion (the lower right). This result
helped to show that when the the job mix is skewed towards Class II, Greedy is close to
OPT, within about 2%.

Discussion

These simulation results suggest, surprisingly, that Greedy does not outperform EQUI by
a significant margin, even when the class I and class II speedup functions are far apart.
For example, when simulating the case where p; = .9 and py = .1, we would hope to see at
least some arrival rates for what Greedy was close to 10 times better than EQUI. However,
the largest percentage difference we see is about a 30% improvement by Greedy.

While the other two comparisons discussed above suggest that Greedy is indeed close to
OPT when the arrival rates are heavily skewed in one direction or another, we still cannot
say whether Greedy is close to OPT when the arrival rates of jobs from both classes are
roughly balanced. For example, it could be that both Greedy and EQUI are far from
OPT in this case. Prior work [2] has suggested that when arrivals are balanced, Greedy is
close to OPT in practice. Thus, we think it is more likely that EQUI and Greedy are both
close to OPT in many cases. This is surprising, since it would seem that EQUI drastically
overallocates cores to class II jobs. However, even when the speedup functions are a factor
of 10 apart, this does not seem to have a deleterious effect on mean response time.

Future Work

Future work should focus on trying to prove a bound between EQUI and OPT. The EQUI
policy is easily defined regardless of the specific speedup function used, and may be easier to
work with than Greedy. It is still not known, in general, whether Greedy dominates EQUI
with respect to mean response time. If this could be proven, any bound between EQUI
and OPT would also provide a bound on Greedy vs. OPT. However, it seems unlikely that
Greedy is always superior to EQUI, since we know that the optimal policy, like EQUI,
allocates more cores to class I jobs than Greedy does.

At a higher level, future work in this area will also have to address how to allocate
resources to several classes of jobs as opposed to just two classes. While the case of two
classes is theoretically interesting and difficult, real systems handle very diverse workloads.
It may be even more realistic to consider every job following a speedup function drawn
from some distribution rather than restricting the problem to consider discrete classes of
jobs. Even if an exact analysis of this situation is intractable, it would be interesting
to know what happens to mean response times as job’s speedup functions become more
diverse. For example, warehouse scale computers are often required to make decisions
about which jobs can be effectively colocated on the same machine. Future work could
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address this question by suggesting which jobs can be colocated and still recieve a near
optimal resource allocation. This work could also quantify the cost of this colocation as
opposed to running the jobs in isolation.

Goals

Our biggest change during the project was to shift away from focusing on multiple types
of resources (e.g. CPU and cache space) to focusing on one resource with multiple job
classes. Our goals are summarized below, with slight updates to reflect this change.

Our 75% goal is to present a model and extend the theoretical results from [2] to
handle multiple job classes. We motivate this model by examining existing public data
from warehouse-scale computers[9] and will leverage similar datasets available within CMU
if possible. We combine these results via trace-driven simulation to validate our theoretical
results.

As a 100% goal, we extend our model and simulations to also incorporate two classes
of jobs, each with its own speedup function. We describe the performance of the kind of
greedy policies described in the literature[4, 6] and make a statement about how good these
policies are compared to an optimal resource allocation policy.

As a 125% goal, we will begin running trace driven experiments on a small scale system.
The main goal here is to begin providing open source access to software which implements
both the ideas of this project and those of the existing literature, since open source imple-
mentations of this work are largely unavailable.

We mostly met our 100% goal. The main discrepancy between this paper and the above
goals was our plan to incorporate more trace data. We did evaluate the public dataset cited
in the 75% goal, but it did not yield interesting results. Mainly, this seems to be due to the
obfuscation used in making the trace, which made it hard to pull meaningful performance
profiles of jobs out of the data. Instead, we drove our simulations using the assumptions
made in theoretical model. Additionally, our backup plan to use another dataset from
CMU fell through because the dataset was not made public in time. Still, we did learn
about the format and shortcomings of the popular Google WSC dataset, and were able
verify some trends identified in prior work such as [4].
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