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Dominance Frontier

e |f zis the first node we encounter l
on the path from x which x does
not strictly dominate, z is in the
dominance frontier of x

e For some path from node x to z,
X2 .2y22Z
where x dom y but not x sdom z.

e Dominance frontier of 1? {3}
e Dominance frontier of 2? {3}
e Dominance frontier of 4? {3,4}




When do we insert @?

There should be a ®-function for variable b at node z of
the flow graph exactly when all of the following are true:
eThere is a block x containing a def of b

eThere is a block y (with y # x) containing X:
a defofb b expl
eThere is a nonempty path P, of edges if cond goto L
from x to z y:

*There is a nonempty path P, of edges
fromytoz

b < exp2

*Paths P,, and P, do not have any node
in common other than z, and...

eThe node z does not appear within both
P,.,and P, prior to the end, though it

may appear in one or the other. _
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Dominance Frontier Criterion




Dominance Frontier Criterion

And, Iterating



Dominance Frontier Criterion

And, Iterating



Dominance Frontier Criterion

And, Iterating



Dominance Frontier Criterion




Using DF to compute minimal SSA

e place all ®()
e Rename all variables

minimal, but not pruned



Using DF to Place ®()

e Gather all the defsites of every variable
e Then, for every variable
— foreach defsite

e foreach node in DF(defsite)
— if we haven’t put @() in node put one in

— If this node didn’t define the variable before: add this node
to the defsites

e This essentially computes the Iterated
Dominance Frontier on the fly, creating
minimal SSA

15-745 © Seth Copen Goldstein 2005-9
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Using DF to Place ©()

foreach node n {
foreach variable v defined in n {
orig[n] U= {v}
defsites[v] U= {n}
}
foreach variable v {
W = defsites|[Vv]
while W not empty ({
foreach y in DF[n]
if y ¢ PHI[v] {
insert “v « ®(v,v,..)” at top of y
PHI [v] PHI[v] U {y}
if v ¢ origlyl]l: W=W U {y}

Lecture 4 15-745 © Seth Copen Goldstein 2005-9
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Renaming Variables

e Walk the D-tree, renaming variables as you go

e Replace uses with more recent renamed def
— For straight-line code this is easy
— If there are branches and joins?



Renaming for Straight-Line Code

e Need to extend for for each variable a:

d-functions. countla=9
Stack[a] = [0]
e Need to maintain renameBasicBlock(B):
property t hat for each instruction S in block B:
definitions dominate for each use of a variable x in S:
uses. i = top(Stack[x])

replace the use of x with x;
for each variable a that S defines
count[a] = Count[a] + 1
i = Count|a]
push i onto Stack[a]

replace definition of a with q;

15-411/611 © 2019 Goldstein
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15-411/611

Renaming in CFG

rename(n):
renameBasicBlock(n)
for each successor Y of n, where n is the j™ predecessor of Y:
for each phi-function fin Y, where the operand of f is ‘a’
1= top(Stack[a])
replace j* operand with a,
for each child of n in D-tree, X:
rename(X)
for each instruction S € n:
for each variable v that S defines:

pop Stack[v]

© 2019 Goldstein
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Compute D-tree

O H
Tt 1
()

k < 100 (2)

\/ D-tree
7/
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Compute Dominance Frontier

oOr R

U
TT 1

k < 1007 1 {}

: 4 ; 3 {2}
J < 207 return J 4 {}
Jj o« i 6] J « k 6 {7}
k<« k + 1| |k « x + 2 7 {2)

7 \/ DFs




Insert ®()

1 orig[n]
1«1 1 {} 1 {i,j,k}
j « 1 2 {2} 2 0
k < O 3 {2} 3 { defsites[v]
S B €§
/\ 6 {7} 6 {jk} k {1,5,6}
j < 207 4 return j 74 7
N DFs
q . . 6 . k
i « A/ —
k(J—(_k+1 k(j—k+2 vari: W={1}

7 ~._ var j: W=(1,5,6)

DF{1}, DF{5}




Insert @()

U
12}
12}
U
1/}
1/}

NO b WN Bk

12}

DFs

orig[n]
1 {ijk}
2 {} defsi
3 0 | efsites[v]
4§ | {1}
6 {jk} k {1,5,6}
7 {}

var j: W={1,5,6}

DF{1}, DF{5}



Insert @()

1 i« 1 orig[n]
j < 1 LU 1 ik
k <« 0 2 {2} 2§
3 {2} defsites[v]
P O A R o)
j < ®(3,3) 4 {} ,
k < 1002 > 7} ¢ Gky ) {1,5,6}
/\ 6 {7} 6 {ik} k {1,5,6}
j < 207 4[ return j 7 12} 7 {}
j«< i |6 3J <« k
k <« k + 1 k <« k + 2
. \/ var j: W={1,5,6}
j €< ©(3,3)

DF{1}, DF{5}
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Insert @()

w U M
T 1

j < @(3,3)
k < 100°?

—

4

207 return j

\

<~ k
k +

]
k «

2

orig[n]
LU (kg
2 {2} 2 0
3 {2} 3 0 defsites[v]
40 4,5 0
6 {7} 6 {jk} k {1,5,6}
7 {2} 7 0
DFs

var j: W={1,5,6}

DF{1}, DF{5}, DF{6}
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Insert @()

orig[n]
1 {ijk}
g g defsites[v]
4§ i {1}
5 k1 1156
6 {jk} k {1,5,6}
7 {}

var k: W={1,5,6}

i« 1
15«1 1 {}
k <« 0 2 {2}
3 {2}
J < @(3,3) 4 {
zk(—q)(k,k) 5 {7}
k < 1007 6 {7}
3 /4\. 7 {2}
j < 20°? return j
g
Jj « i 6] j « «k
k< k +1 k <« k + 2
713 < @(3,3)

k < ®D(k,6 k)

15-745 © Seth Copen Goldstein 2005-9



Rename Vars

2|k « ®(k, k)
k < 10072

]

j < 207 return j
- N
] ] J <« k
k <« k + 2

15-745 © Seth Copen Goldstein 2005-9



Rename Vars

2

3

]2 < (I)(j4rj1

k < ®D(k,k)
k < 1007

—

4

j, < 207? return j,

N

«— i, |6] 3 « «k
k + 1] |k « k +

2

s € @(33,3)
k < @(k, k)

15-745 © Seth Copen Goldstein 2005-9
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2

3

Rename Vars

k < ®D(k,k)
k < 1007

—

j, < 20?

4

return 7, 6 a

k < D(k,6 k)

15-745 © Seth Copen Goldstein 2005-9
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3

Rename Vars

-
[}

= .

R

TT1

2 < (D(j4lj1 e

2k, <« ®(k,,k,;

k, < 1007

—

j, < 207

4

return j,

15-745 © Seth Copen Goldstein 2005-9
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Flavors of SSA

e Minimal SSA

— at each join point with >1 outstanding
definition insert a ¢-function

— Some may be dead
e Pruned SSA

— only add live ¢-functions
— must compute LIVEOUT
e Semi-pruned SSA

— Same as minimal SSA, but only on names live
across more than 1 basic block



Summary — getting into

e SSA is a useful and efficient IR.
e Definitions dominate Uses

e Constructing SSA can be efficient
(No need to do Lengaur-Tarjan Algorithm,
instead see A Simple, Fast Dominance
Algorithm by Cooper, Harvey, and Kennedy )

e Don’t do any optimizations yet!

© 2019 Goldstein


https://www.cs.rice.edu/%7Ekeith/EMBED/dom.pdf

But, ...

e Eventually, have to get out of SSA and
deconstruct all the ®-functions

e Recall from Lecture 4

“Implementing” @*

c, « 12
if (i)

a, «< x+y a, < b +
b, « a; + x C, <~y +
a, « a; o il
5 ¢ G by By

*Huge caveat here,
discussed later.
(e.g, lost-copy,
swap-problem)

lasr T Qlar,a,) |
k’

e Qlcy,cy) |
a, « c; + a,

15-411/611



But, ...

e Eventually, have to get out of SSA and
deconstruct all the ®-functions

e Two choices:
— Before register allocation

Source SSA SSA-form SSA POSESSA- Register
> form

Program Conversion Program elimination Allocation
Program

— After register allocation

. : lored
Source SSA SSA-form Register e SSA

- : - : » SSA-form —
Program Convertion Program Allocation elimination
program

15-411/611

Executable
Program

Executable
Program
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When to deconstruct SSA?

e Before register allocation

— deconstructing SSA can introduce lots of copies
which are easier to eliminate without register
constraints

e After register allocation ©

— Enables decoupled register allocation
e spill, color, coalesce

— O-functions may have sources which are
registers and memory.

— Complicated by code-motion optimizations



Conventional-SSA

¢ |nitial Conversion to SSA creates
“Conventional SSA”

e Main feature:
— variables involved in a ®-function never interfere
— Thus, can allocate to a single resource
e the same register
e the same frame slot (in case of spill)

e However, code motion can destroy this property



15-411/611

— SSA

X, ¢« 1

y

x; ¢ D(xy,x%,) .
Yo X,

X,¢— x%x; + 1 -

Original

Zo(— Yo 4+ O

In SSA

36
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Leaving SSA

X, < 1

y

x; ¢ DO(x,,x%,)
Yo X,
X,¢— %x; + 1

Xo¢— 1
X, X,

\ 4

ZO(— Yo + ©

Original

In SSA

X, ¢ D(xq,%,)
Yo €« X,

X, x; + 1
X, ¢ X,

\ 4

ZO(— Yo + ©

Out of SSA

37
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Original

Copy Propagation

X, < 1 X, < 1

y

X, 6 D(xq,%5)
Yo X
X,¢— x%x; + 1

A

x; 6 DO(xy,x%,)

X,— x; + 1

ZO(_YO+. Zo(—x1+.

In SSA Post
Propagate

38
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Leaving SSA After Copy Folding

Z <<y + @

Original

X, <« 1 I

x; 6 O(xy,x%,)

X, %x; + 1

Zoé— X, + ©@

Post Prop

X 1
X, ¢ X

X, ¢ D(x,,x,)

X, x; +1
X6 X,

Zoé— X, + @

“Lost Copy” Problem

Out of SSA

39
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Critical Edges

critical edge

X, ¢« 1

x; 6 DO(xy,x%,)

X,¢— x; + 1

Zoé— X; + ©

Copy
Propagated

X 1
X, X,

cD" ) A critical edge is an edge
X, € XH, X

' (For%2)l 5 b where

Xy %, + 1 * a has > 1 successor and
X, ¢ X, * b has > 1 predecessor.

Zoé— X; + ©@

INCORRECT

40
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Critical Edges

critical edge

X, ¢« 1

x; 6 DO(xy,x%,)

X,¢— x; + 1

Zoé— X; + ©

Copy Folded

X 1
X, X,

X 1

—

A 4

X, ¢ O(x,,x%x,)

X,6— x; + 1
X, 6 X,

A\ 4

Zoé— X; + ©@

INCORRECT

X, D(x,,x,)

X,¢— x; + 1

\ 4

Zoé— X, + @

Inserting block on
critical edge

41



Critical Edges

critical edge
x0 « 1 XO(— 1 xO(— 1

Xl(— Xo Xl(— Xo
x4 D(xq,x%;) X, D(x,,x%,) X, D(x,,x%,)
X % + 1 X, x; + 1 X, x; + 1

Xl(— X5
zO(_x1+. ZO(_xl+. zo(—x1+.
Inserting block on

Copy Folded INCORRECT

critical edge,
Then deconstruct

15-411/611 42



Semantics of @-functions

e Semantics of ®-functions requires copies to
be done in parallel.

X < 0 X< ©

y < ©® Yo<— @

Z <Y x, « O(x,,x,)

y < x Y1 < P (yo,¥2)

X <~ Zog < Y1

Z Y € X,
X, ¢« Z,




15-411/611

e Semantics of ®-functions requires copies to

be done in parallel.

<X

«— ©
«— ©

X< ©
Yo<— @

Semantics of @-functions

X<

Xo6— ©
Yo< @

Zog < Y1
Yo € X;
X, ¢ 2,

Xx; « D (x,x,)
y1 < DP(yo,¥2)

Zo < Y1
Yo €< Xy
X, < Z,

X, < DO(xq,y,)
y1 < D (yo,x%;1)

44
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Semantics of @-functions

e Semantics of ®-functions requires copies to
be done in parallel.

INCORRECT

45



Semantics of ®-functions

e Semantics of ®-functions requires copies to

be done in parallel.

Xo¢— ©
Yo ©
xo(— ® xl(_ xo
Yo&— @ Yi€< Yo
x, ¢ O(x,,v)
Y1(_ q)(Ylel)
Z, < Y1 |
Y2 € X; ¥ Y,
X5 (—Zo yl(_ xl

INCORRECT

15-411/611

Lost value of x|
because did ©
assignments
sequentially

46



Semantics of @-functions

e Semantics of ®-functions requires copies to
be done in parallel.

Xy ©
x < ® Yo<— @
yo(_ ° (x; v1) <« (x%4,¥0)
0

X, < D(%4,y1)
Y: <~ q)(YOrxl)
Zo <Y1
Y2 € X

X, z, (%1 V1)< (V1,%1)

Using Parallel copies

15-411/611



Impact of Spilling

e \What happens when we spill a @ related
variable?

e For example:
-r <« ®O(r,m,)
-m; < D(r,m,)

e Could require memory-memory move after
deconstructing SSA



Solution

Critical Edge Splitting

Convert back to Conventional-SSA (CSSA)

Register Allocation

— Build interference graph
— pre-spilling

— coloring

Deconstruct SSA

— put parallel-copies in predecessors

— Eliminate parallel copies

Coalescing

Note: we changed traditional
register allocation sequence



Removing a Critical Edge

e A critical edge is an edge a—b where
— a has > 1 successor and
— b has > 1 predecessor.

e For each edge (a,b) in CFG

where a > 1 succ and
b>1pred

— Insert new block Z

— replace (a,b) with
e (a,z) and (z,b)

© 2019 Goldstein



Removing a Critical Edge

e A critical edge is an edge a—b where
— a has > 1 successor and
— b has > 1 predecessor.

e For each edge (a,b) in CFG

where a > 1 succ and
b>1pred

— Insert new block Z

— replace (a,b) with
e (a,z) and (z,b)

© 2019 Goldstein



Removing a Critical Edge

e A critical edge is an edge a—b where
— a has > 1 successor and
— b has > 1 predecessor.
e For each edge (a,b) in CFG
where a > 1 succ and
b>1 pred
— Insert new block Z
— replace (a,b) with
e (3,z) and (z,b)

© 2019 Goldstein



Converting to CSSA

e Goal is to ensure that all ® related
variables do NOT interfere

— insert copies to (possibly) split live ranges

Xo6— O(x,,%,,..,%X,)
® «— P(.)




Converting to CSSA

e Goal is to ensure that all ® related
variables do NOT interfere

— For each argument, insert copy at end of
predecessor block and use copy in ®-function

X6 X X' x, X ¢« X,

xO(_ q)(x1, Ix2, I---Ixn,)
® — D(.)




Converting to CSSA

e Goalis to ensure that all ® related

variables do NOT interfere

— For each argument, insert copy at end of
predecessor block and use copy in ®-function

— Rename destination

— Insert copy AFTER all ®-functions in block
By B, B,

X, X X'« x, X ¢« X,

W

x,0(_ q)(x1’ Ix2, I---Ixn, )
0— O(..)
Xoé— Xo




Converting to CSSA

e Goalis to ensure that all ® related

variables do NOT interfere

— For each argument, insert copy at end of
predecessor block and use copy in ®-function

— Rename destination
— Insert copy AFTER all ®-functions in block

B, B, B,
X ¢ X X' %, X« x,
X O/, % ,.,% ) We just inserted a
0 d(.) LOT of potentially

4 o
X< X useless copies

15-411/611



Register Allocation on CSSA

e Build interference graph
e Pre-spill to make it colorable

— If spill a ®-related variable, make sure all from
same d-function use same memory slot!

— Why do we know this is ok?
— [Cheat 1: if you spill one, spill them all]

e Color using SEO



Elimination of ®-functions

e Put parallel copies in predecessor blocks
e Sequentialize the parallel copies



Elimination of ®-functions

e Put parallel copies in predecessor blocks

e Sequentialize the parallel copies

B,

B,

(%0, X1 /.., X)) € (Xo1 ,Xq7 /.., Xp1)| -

(xo ’ x1 J ARLT 4 xn) <~ (x0ml xlmr

ey X))

\/

Xo¢ D (%X01,%X02/ s Xom)
X6~ O(X97,X95,...,X1p)

xn(_ (I) (xnl ’ xn2 LN 4 xnm)

15-411/611




Elimination of ®-functions

e Put parallel copies in predecessor blocks
e Sequentialize the parallel copies

O-function: v, =® (V44, V45, -y Vypp)

N . [ — ————t e e - .

3 . Vi, CE |
Vs EV21 Voo -« Vo
=P i : E "R
’ _Vn_ j!n'1 :Szn2 o= Vﬁm_

parallel copy

(Wis Yous s Vi) 00 Vo 2 W)
[Pereira&Palsberg 2010]

15-411/611



Parallel Copies

d (XO ,xl J oo ,xn) (_ (X01 ,xll J oo ,xnl)
e Each parallel copy forms a “location
transfer graph”

— edges in graph are the pairwise copies that
need to be performed

e In LTG, in-degree is at most 1

P First Second Third
o -1114, i 1% - Ol Column Column
| | 1 1
1 B W oA :
| ) 2 1 | +—I|

I L i 11 " 1 ‘\1 / 1 4
2| _gp |3 3 T T 3 ¢ T
L, Lo 1 /N 1 1 /4—1 | —l

‘ - 2w _3 4 3
1, L L I
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Parallel Copies

(X0,X1,..., X)) (X097 ,X11/-rXp1)

Each parallel copy forms a “location

transfer graph”

— edges in graph are the pairwise copies that
need to be performed

In LTG, in-degree is at most 1

If we spilled correctly (e.g., all ®-related
variables are spilled to same slot), then

also:
— out-degree of any node is at most 1
— if node in graph is memory location, then



Spartan Transter Graphs

e If we spilled correctly (e.g., all ®-related
variables are spilled to same slot), then also:
— in-degree of any node is at most 1
— out-degree of any node is at most 1

— if node in graph is memory location, then
e in-degree + out-degree is at most 1, or
e edge on node is self-loop

e These graphs are “Spartan Transfer Graphs”



Sequentializing Parallel Copies

e Each connected component forms

— A Cycle
(Then, all nodes are registers)

— A Path
(Then 1stmay be memory store and/or last
node may be memory load)

e Can implement as sequential code:
— cycles use register swap
— Paths use moves (mov, Id, st as appropriate)



Parallel Copies

° (xXg,Xq1,...,%X,) (X071 ,X117/-,Xp1)
e Each parallel copy forms a “location
transfer graph”
— edges in graph are the pairwise copies that
need to be performed

e If we spilled correctly (e.g., all ®-related
variables are spilled to same slot), then LTG

is either cycle or path
— If cycle, only registers involved

— |f path and memory involved, then
e 1stcopy may be store and last copy may be load



Example LTG to code

Fa ' ]
rp mf
m.|l= o Iy
rd I'e
I'e rqd

Creates LTG with 3 connected components

mov r, < r,
Id N, < me

®-@®
@@ « mer
®

xchg ry > r,

15-411/611



Putting it all together

Critical Edge Splitting
Convert back to Conventional-SSA (CSSA)

Register Allocation

— Build interference graph
— pre-spilling

— coloring

— coalescing

Deconstruct SSA

— put parallel-copies in predecessors
— Eliminate parallel copies



X, <« 1

y

Example 1

Xo¢— 1

X; ¢ D(xp,x%,)

X, x; + 1

Zoé— X; + ©

Copy Folded

—

Xo¢ 1
X, X,

X6 DO (x,%;)

X, %x; + 1

Zoé— X; + @

split critical edge

X XZN

x; ¢ D(xq,x7)
X, ¢ X,
X, %X; + 1

Zoé— X; + @

Convert to CSSA



Example 1

XO(— 1 XO(— 1
XS(— Xo Xg(— Xo
W] ]
x1¢ O (x,,x5) x1¢ O (xq,x7)
X, ¢ X, X, ¢ ¥,
X, %X; + 1 X,6— %x; + 1
Zp¢— x; + @ Zoé— X, + ©
Convert to CSSA register allocation

Done, since x<— @(x,x) can simply be eliminated.

15-411/611



Well, we can clean up

Xo¢— 1 b«1
x(’)(— Xo —-}{-6-(——}{-0-_
X xz\l b« r N
x1 4 O (x,%;) — TP
xl(— x,]_ —*l-@—x,—l—
X, %X; + 1 r<«b+1
Zoé— X, + @ r<«<b+ @

Convert to CSSA register allocation

15-411/611



Example 2
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Some Fine Tuning

e \We added LOTS and LOTS of copies.

e Can reduce added copies when
— creating CSSA
— Introducing parallel copies

e Can rely on coalescing, but also ...



Reducing Copies Going to CSSA

e Only need to introduce copies if there is
interference!

e As building interference graph mark nodes
which are ®-related. If edge between
them, introduce copies and update
interference graph.

e Can do even better if also do liveness
checking, see



Reducing Stores for Spilling

e Every path from LTG that ends in a memory
slot will produce a store.

E.g., a—>r;—r,...rr—>m will create
st r.,—matthe end.

e But, only needs to be done once, e.g., at
point of definition.

e So, eliminate store and change register
allocator to insert store at definition point

e Similar elimination of loads possible. See



Coalescing

e Coalescing becomes even more important.

e Perform before SSA deconstruction (focus
on ®-related variables)

e (See )
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