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S-expressions (a la LISP)

T € S-exps iff - € Atoms
or 7 = (7o - 71) Where 19, 71 € S-exps.

Representing S-expressions by Trees

For = € S-exps, we define the assertion tree 7 (i) by structural
induction:

treea (2) iffemp Ai = a when a is an atom
tree (7o - 71) (2) iff
dig,11. ©+— 19,11 * tree 7g (ig) * tree 71 (i1).

One can show that the assertions tree 7 (¢) and 3r. tree 7 ()
are precise.



Copying Trees
We will show that

copytree(j;i) =
if isatom(i) then j: = else
newvar ig, i{,Jjo,j1 in
(io:=0;i =l +1];
copytree(jo; io) ; copytree(j1;i1) ; j := cons(jo, 1) ).
satisfies

{tree 7(i)} copytree(j; i) {7} {tree 7(i) * tree 7(j)}.

{tree 7(i)} copytree(j;i){7} {tree 7(i) * tree7(j)}
{tree 7(i)}
if isatom(i) then
{isatom(7) Aemp A i = T}
{isatom(7) A ((emp Ai=7) x (empAi=r7T))}
ji=
{isatom(7) A ((emp Ai=17) * (empAj=171))}



else
{39, 71. T= (10 71) Ntree (79 - 71)(i)}
newvar ig, i1, jo,j1 in (ip :=[i] ;i1 :==[i + 1] ;
{tree T0 (io) * tree T (il)}

)

{tree To(io)} )

copytree(jo; ig) {70} > x tree 71 (i1)

{tree 7o (ig) * tree 7o(jo)} |

{tree 71 (i1) } \ tree 7 (ip)
copytree(jp;in){r} bl |

{tree 7(i1) * tree71(j1)} / tree 70 (jo) \ 310, 71

{tree 79 (ig) * tree 1 (i1) *
tree 79 (jo) * tree 71 (j1)}

j :=cons(jo,j1)

{tree g (ig) * tree 71 (i1) *

j—Jjo,j1 * treetg (jo) * treeTy (j1)} |
T= (19 T1)
* AN
I =g, i1

/

(310,71 7= (70 71) A (tree (rg-11) (i) * tree (0-m1) (i))})
{tree 7(i) * tree 7(j)}.



Representing S-expressions by Dags

For 7 € S-exps, we define

dag 7 (2)
by:

daga (i) iff i = a when a is an atom

dag (’7‘0 . 7'1) (Z) Iff
dig,21. 2+ 10,11 * (dag TO (ZO) A dag 71 (i1)).



Some Intuitionistic Assertions

Proposition 13 (1) dag 7 (¢) and (2) 3r. dag 7 (i) are intu-
itionistic assertions.

PROOF (1) The proof is by induction on the structure of r, and
uses the fact that p is intuitionistic if p * true = p. If 7 is an
atom a,

daga (i) * true = i = a * true
=1=a
= daga (7).
since i = a is pure. Otherwise, 7 = (7o - 71), and

dag (7o - 71) (2) * true
= Jig,11. ©+— 19,11 * (dag g (ig) Adag 7 (i1)) * true
= dig,21. T+ 10,11 *
((dag 70 (ig) * true) A (dag 71 (i1) * true))
= dig,i1. i +— 19,11 * (dag 7o (ig) ANdag 71 (i1))
= dag (7o - 1) (4),
by the induction hypothesis for o and 7.

(2) I7. dag 7 (i) is intuitionistic, since

(7. dag 7 (7)) = true = I7. (dag 7 (i) * true)
= dr. dag 7 (i).
END OF PROOF



Some Supported Assertions
Proposition 14 (1) For alli, g, 71, ho, h1, if hg U h1 is a func-
tion, and
[i:i | m:m9],ho Fdag7 (i) and [i:i|T:71],h1 F dagT (i),
then o = T and

[i:4| 7:70], ho N hy F dag 7 (i).

(2) dag 7 i is a supported assertion.
(3) I7. dag 7 (i) is a supported assertion.

PROOF We first note that: (a) When aisanatom, [i:¢ | m:a],h F
dag 7 (i) iff i = a.

(b) [i:4 | 7: (7;-7+) ], h E dag 7 (i) iff ¢ is not an atom and there
are i;, i, and h’ such that
h=[idq|i+1:4] B
[i:4; | 72771, W E dag 7 (i)
[i:%r | T:7 ], W E dag T (i).

(1) The proof is by structural induction on . For the base case,
suppose 7g is an atom a. Then by (a), i = a.

Moreover, if 71 were not an atom, then by (b) we would have the
contradiction that < is not an atom. Thus 7; must be atom o/, and
by (a), : = d/, so that o = 71 = ¢ = a = a’. Then, also by (a),
[i:i | 7:70], h F dag 7 (i) holds for any h.



Some Supported Assertions (continued)

For the induction step suppose g = (7g;-70,-). Then by (b), i is
not an atom, and there are gy, ig,, and hg such that

ho = [d:ig; | i + Liigr] - hg
[i:dg; | T TOZ],h/O = dag 7 (i)
[i2di0- | 72 7T0r ], h’o = dag T (i).
Moreover, if 71 were an atom, then by (a) we would have the

contradiction that 7 is an atom. Thus, 71 must have the form
(T17-T1,), SO that by (b) there are 34, i1,,, and k7 such that

h1 = [’iiill | 1+ 1Ii17~] hll
[i1d9] | T:Tll],hll = dag 7 (i)
lizi1y | 7171, ], RY E dag 7 (i).

Since hg U h1 is a function, hg and h1 must map ¢ and i 4 1 into
the same values. Thus [i:ig; | i+ 1:ig,-] = [d:41; | i+ 1141, ],
so that ¢g; = ¢1; and ig,, = 41,, and also,

hogNhy = [iig; | i+ 1:ig,]-(ho N RY).



Then, since
lizig; | 7:701], ho E dag 7 (i) and [i:iq; | 7: 73], by E dag 7 (i),
the induction hypothesis for my; gives

Tor =71, and [iiig; | 7:71], ho N RY F dag 7 (i),
and the induction hypothesis for g, gives

Tor = T1 and [iiig, | T7:70r ], ho N RY E dag T (i).
Thus, (b) gives

[i:4 | 7: (ror-T0r) ], Ro N Ry E dag 7 (i),

which, with 7o = (79;-170,-) = (71;-71,) = 71, €stablishes (1).



(2) Since T and i are the only free variables in dag 7 (i), we can
regard s and [i:¢ | 7:7], where i = s(i) and 7 = s(7), as
equivalent stores. Then (2) follows since hg N h is a subset of
both hg and h.

(3) Since i is the only free variable in 3r. dag 7 (i), we can re-
gard s and [i: 7], where ¢ = s(i), as equivalent stores. Then
we can use the semantic equation for the existential quantifier to
show that there are S-expressions 79 and 71 such that the as-
sumptions for (1) hold. Then (1) and the semantic equation for
existentials shows that [i:i], hg N h1 F dag 7 (i), and (3) follows
since hg N h1 Is a subset of both hg and h1. END OF PROOF



Precise Versions of dag

We can use the “precising” operation,

def
Prp = pA—(p * ~emp),

to convert dag 7 (i) and 3r. dag 7 (i) into the precise assertions
dag 7 (i) A —~(dag 7 (i) * —emp)
(Ir.dag 7 (i)) A =((I7. dag 7 (i)) * —emp),

each of which asserts that the heap contains the dag at i and
nothing else.



A Problem

Suppose we wish to prove that

{dag 7(i)} copytree(j;i){7} {dag 7(i) * tree 7(j)}
Then, we must use this specification as a hypothesis in proving

that the first recursive call in the procedure body satisfies:

{i—ip,i1 * (dag mo(ig) Ndag11(i1))}

copytree(jo; io) {70}

{i — ig, 11 * (dag To(io) A\ dag Tl(il)) * tree To(jo)}.
But the hypothesis is not strong enough to imply this. For exam-
ple, suppose o = ((3-4)-(5-6))and 1 = (5-6). Then
copytree(jo; ig) might change the state from

3
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where dag 71 (i) is false.

5
o/ |6
O/
i1/3

4

W

Jo—

¢

/|

P

A\

Ol




Possible Solutions
1. Introduce ghost variables denoting heaps, e.g.

{this(hg) Adag 7(i)} copytree(j;i){7, hg} {this(hg) * tree 7(j)}

2. Introduce ghost variables denoting assertions, e.g.

{p A dag 7(i) } copytree(j; i){7,p} {p * tree 7(j)}

3. Introduce fractional permissions. Then one could define an
assertion passdag (i) describing a read-only heap contain-
ing a dag, and use it to specify:

{passdag 7(i)} copytree(j;i){7} {passdag 7(i) * tree 7(j)}.

We will explore the second approach.



Assertion Variables

We extend the concept of state to include an assertion store
mapping assertion variables into properties of heaps:

AStores4 = A — (Heaps — B)
States 41y = AStoresy x Storesy x Heaps,

where A denotes a finite set of assertion variables.

Assertion stores have no effect on the execution of commands,
but they affect the meaning of assertions. Thus we write

as,s,h E p
(instead of s, h F p) to indicate that the state as, s, h satisfies p.

Then, when an assertion variable is used as an assertion:

as,s,h Eaiff as(a)(h).



The Substitution Law for Assertions, Revisited

Proposition 15 Suppose p is an assertion, and let 6 abbreviate
the substitution

0,1 —>p1,...,am—>pm,’l)1 —>€1,...,’Un—>€n,
Then let s be a store such that

(FV(p)—{’U]_, - ,’Un})UFV(p]_, <oy Pm, €1, - - °76n) C domss,

and let as be an assertion store such that

(AV(p) T {CL]_, <. °7am}) U AV(p]_, s 7pm) g dOm as,

(where AV (p) is the set of assertion variables in p). Then let

5= [s] 01 [exlexps | - | vn: [enlexps]
as = [as | ay: Ah. (as,s,h Ep1) | ... | am: Ah.(as,s,h F pm) |
Then

as,s,h E (p/d) iff as,s,h E p.



Specifications Revisited

The definition of Hoare triples remains unchanged, except that
one uses — and quantifies over — the new enriched notion of
states. Command execution neither depends upon nor alters the
new assertion-store component of these states.



The Substitution Rules Revisited
e Substitution (SUB)

{p} c{q}
{p/6} (c/d) {q/é},
where § is the substitution
d=ai1 —p1,.-.-,0m — Pm,V] — €1,...,Un — €n;
ai,...,am are the assertion variables occurring in p or g;
v1,...,Un are the variables occurring free in p, ¢, or ¢; and,

if v; iIs modified by ¢, then ¢; is a variable that does not occur
free in any other e; or in any p;.

In {a} x :=y {a}, we can substitute a — (y = z),x — x,y —y
to obtain

ly=1z} x:=y{y =z},

but we cannot substitute a — (x = z),x — x,y — y to obtain

{x =2z} x: =y {x=2z}.



e Substitution (SUBan)

A > {p} c{q}
{a}/5 > {p/5} (¢/6) {a/5},

where § is the substitution

0 =ai1 —p1,.--,0m — Pm,V] — €1,...,Un — €n;
ai,...,am are the assertion variables occurring in p or g;
v1, ...,V are the variables occurring free in p, ¢, or ¢; and,

iIf v; 1Is modified by c, then e; is a variable that does not occur
free in any other e; or in any p;.



Copying Dags to Trees
We will prove that the procedure

copytree(j;i) =
if isatom(i) then j: = else
newvar ig,ii,Jjo,j1 in
(o= ;i :=[i+1];
copytree(jo; ig) ;copytree(j1;i1);j:=cons(jo,j1))

satisfies

{p A dag 7(i) } copytree(j; i) {7, p} {p * tree T(j)}.

We can take p to be dag 7 (i), to obtain the specification

{dag 7(i)} copytree(j; i){r,dag (i)} {dag 7(i) = tree 7(j)},

but this is too weak to serve as a recursion hypothesis.

{p A dag 7(i) } copytree(j; i){7,p} {p * treeT(j)} I
{p Adag (i)}
if isatom(i) then
{p Nisatom(7) AT =i}
{p * (isatom(7) AT =iAemp)}
ji=i
{p * (isatom(7) AT =jAemp)}



else
{310, 71. 7= (70 -71) ApAdag (7o-71)()}
newvar ig, i1, jo,j1 in(ip := [i] ;i1 1= [ + 1] ;
{pA (i ig,i1 * (dagmg (ig) Adag 7 (i1)))}
{p A (true * (dag g (ig) Adag 71 (i1)))}
{p A ((true x dag mq (ig)) A (true x dag 71 (i1)))}
{p Adag 1 (i1) A dag 1o (i)} (*)
copytree(jo; ig) {70, p A dag 71 (i1)}
{(pAdagTy (i1)) * treeTo(jo)} >
{pAdag (1)} \
copytree(j1;i1){71,P} ; * tree 7g (jo)
{p * tree71(j1)}
{p * tree 7g (jo) * tree T (j1)}
j :=coms(jo,]j1)
{p * j+Jo,j1 * treeg (jo) * tree Ty (j1)}

T = (70" 71)
x A
emp )

(370, 71. (1= (70-71) Ap) * tree (70 - 71) ()})
{p * tree 7(j)}.

>E|TO,7'1




Substitution of an S-expression for an Atom

a/a — 1 =171’

b/a — 7 =b when b € Atoms — {a}
(ro-m1)/a — ' = ((r0/a — ) - (71/a — 7)),

Substitution by Copying

subst(i; a,j) =
if isatom(i) then if i = a then copytree(i ; j) else skip
else newvar 0, 11 in (io L= [I] = [i + 1] ,
subst(ig; a,j) ; subst(iq;a,j) ; [i] i=io; [i+ 1] :=1i71).
satisfies
{tree 7 (i) * dag 7’ (j)}
subst(i; a, ) {7, 7'}
{tree (t/a — ') (i) * dag 7' (j)}.



Substitution by Copying (continued)

since (writing D for dag 7/ (j))

{tree 7 (i) * D} subst(i;a,j){r, 7'} {tree(v/a — 1) (i) * D}
{tree 7 (i) * D}
if isatom(i) then
{(isatom(7) AT =iAemp) x D}
if i = a then
{(isatom(7) AT =aAemp) *x D}
{((r/a— 1) =71"ANemp) * D}
{D} \
copytree(i; {7’} } = ((v/a — ") = 7/ A emp)
{D x tree7'(i)} /
{tree (t/a — 1) (i) * D}
else
{(isatom(T) AT #aAT=iAemp) x D}
{((r/a— 7") =71 Nisatom(T) AT =iAemp) *x D}
skip
{tree (1/a — 7') (i) * D}




else
{370, 71,i0,i1- T = (70 - T1) A

(i — ig,i1 * tree 7g (ig) * treeT (i1) * D)}
newvar ig, i1 in (ig 1= [i] ;i1 ;= [ + 1] ;

{tree T0 (io) * tree 71 (i1) * D)} \

{tree 79 (ig) * D}

subst(ip; a,)){70, 7'} ; o * tree 71 (i)

{tree (tg/a — 1) (ip) * D} \

{tree 71 (i1) * D} \

subst(i1: a, ) {r1, 7'} ; > * tree (1g/a — 7') (ip)

{tree (11 /a — 7') (i1) * D} 370, 71
{tree (1g/a — 7') (ig) * tree(71/a — 7') (i1) * D}

(T:(TO'TI))>
* | A\
[]:=i0; [i+1]:=i |
{r= (0 -711) A(i—ip,i1 *

tree (1g/a — 7') (ig) * tree (71/a — 7') (i1) * D)}
{37‘0,7‘1. T = (7‘0 . 7‘1) VAN

(tree ((r0/a — ') - (11/a — 7)) (i) * D)})
{tree(/a — 7") (i) * D}.




More Derived Inference Rules

To derive: emp = (p — p)

1. (emp * p)=0p (p * emp = p)
2. emp = (p —=*p) (currying, 1)



More Derived Inference Rules (continued)

a &~ Db

o

pP=4q p=r

To derive: b= (g AT)

. p=gq (assumption)
p=r (assumption)
g=(r=1(qAr)) (p=(g= (PAq)))
p=(r=(@AT)) (trans impl, 1, 3)

(p=((=(@A7))=((p=r)=m®=(QAT)))
(p=(@=r)=>(p=0=m®E=r)))

(p=r)=(m@=(@ATr)) (modus ponens, 4, 5)

p=(gNT) (modus ponens, 2, 6)



More Derived Inference Rules (continued)

To derive: (p —x1ip) * (p —xi1) = (p — (ig Ai1))

~ W

© ® N o o

when ig and ¢; are intuitionistic.

(p —ig) = (p —* ip) (p = p)
(p —x1g) * p=1p (decurrying, 1)
(p —* 11) = true (p = true)

(p —xig) * (p —xi1) * p=-ig * true

(monotonicity, 2, 3)
10 * true = 1ig (i * p=-1)
(p—xig) * (p—*11) * p=1g (trans impl, 4, 5)
(p—xig) x (p—x11) * p=11 (similarly)
(p—1g) * (p—xi1) * p= (ig A1) (above, 6, 7)
(p —xig) * (p —x1i1) = (p — (ig Ai1)) (currying, 8)



More Derived Inference Rules (continued)

1. p=p (p = p)
2. (q—xr)=(q—=r) (p = p)
3. (gq—*1)*xqg=>r1) (decurrying, 2)
4. p*x (q—=*7r) *x g=p *x 1) (monotonicity, 1, 3)
5. p*x (g—=*xr)=(q—=(p *x 1)) (currying, 4)



Substitution without Copying
subst2(i; a,j) =
if isatom(i) then if i = a then i :=j else skip
else newvar ig, i1 in (ig:=[i] ;i1 :=[i+ 1] ;
subst2(ig; a,j) ; subst2(iy;a,j) ; [i] :=ig;[i+ 1] :=1i71)

satisfies
{tree 7 (i) * dag 7’ (j)}
{tree 7 (i)}
subst2(i; a, ) {7, 7'} >+ dag 7' (j)}
{dag 7' (j) — dag (7/a — ') ()} |
{(dag 7' (j) —« dag (v/a — 7) (i)) * dag 7' (j)}
{dag (1/a — 7") (i) A (dag 7" (j) * true)}
{dag (7/a — 7') (i) Adag 7" (j) },
where we have used

(g = p) * ¢g=pA(q * true)
1 * true = ¢ when 7 is intuitionistic.

We will prove the boxed specification.



Substitution without Copying (continued)

Let D abbreviate dag 7’ (j). Then the body of the procedure
subst2 will meet the specification

{tree 7 (i)} subst2(i; a, ) {7, 7'} {D —x dag (v/a — ') ()} I
{tree 7 (i)}
if isatom(i) then
{isatom(7) AT =i Aemp}
if i = a then
{isatom(7) AT =a A emp}
{(r/a— 1) = 7" ANemp}
{(r/a— 1) =7 AN(D — D)} (%)
{D —xdag (r/a — 1) (j)}
1= ]
{D —xdag (t/a — ") (i)}
else
{isatom(T) AT #ZaAT=iAemp}
{(r/a— 7)) =7 Aisatom(7) AT =i}
{(r/a—71)=71Adag7 (i)}
{dag (/2 — 7') (0}
skip
(D — dag (/2 — ) (i)} (+)



else
{37‘0,7‘1, io, il. T= (7‘0 . 7‘1) A\ (i — io, il * tree 1o (io) * tree 71 ('1)

\

newvar ig, i1 in (io =1[];iy:=[i+1];
{tree T0 (io) * tree T (il)}

)

\

{tree 7 (ig)}

subst2(ig ; a,j) {70, 7'} o tree 71 (i1)
{D — dag (tg/a — 7') (ig)} )

{tree 71 (i1)} \

subst2(iy ; a,j){7r1, 7'} '

{D — dag (r1/a — ) (1)} | (

* (D — dag (10/a — 7') (i0))
{(D —* dag (ro/a — 7') (i0)) *

(D —dag (11/a — 7") (i1))} e 370, 1
{D —* (dag (70/a — 1) (ig) A
dag (t1/a — 7') (i1))} () |
* (1= (10 -T1) Nire —, —)

[i] :=ip; [i+1]: =101
{r= (0 1) A(irig,i1 * (D —*
(dag (ro/a — 7') (ig) Adag (t1/a — 7') (i1))))}
{r= (10 -11) N(D — (i~ ig,i1 * (*)
(dag (ro/a — 7') (ip) Adag (t1/a — 7') (i1))))}
{r=(r0-T)A
(D —+ dag ((10/a — 7") - (11/a — 7)) ()}
{D —xdag (t/a— 7)) (i)}




Skewed Sharing

Our definition of dag permits skewed sharing. For example,

dag ((1-2)-(2-3)) (i)

holds when
i O 1
O 2
3

Skewed sharing is not a problem for the algorithms we have
seen so far, which only examine dags while ignoring their shar-
ing structure. But it causes difficulties with algorithms that modify
dags or depend upon the sharing structure.



A Possible Solution

e We add to the state a mapping ¢ from the domain of the
heap to natural numbers, called the field count.

e When x := cons(eq,...,en) sets x to the address a. the
field count is extended so that
p(a)=n  Pla+1)=0 .-+ ¢(a+n—-1)=0.

e We introduce the assertion e 4l e/, with the meaning

s hoE et eliff

dom h = {[e]exps}t and h([elexps) = [€lexps
and ¢([ellexps) = [elexps:

e We also introduce the following abbreviations:

I Y where z’ not free ine or e

elﬂe’défel[—éle’ * true
€|i>61,...,€nd§f€|[ﬁl€1*€—|—1I[2l€2 DRI e—l—n—ll[glen
e;el,...,endéfe[ﬁlel>|<e—|—1[£]>62 S e—l—n—lLO]>en

. |
iff er—eq1,...,en * true.



Axiom Schema
[n]

€|—>€/:>€i—>€/

[m] [n]

e —> —ANe— — = m-=n

[n] 0]
2<k<nAes —=e4+ k-1 —
! !
e%el,...,em/\e’<—>e’1,...,e,’n/\e7&e’:>
! !
e e1,...,em * € €, ... e, x true.

(The last of these axiom schemas makes it clear that skewed
sharing has been prohibited.)



Additional Inference Rules
e Allocation: local nonoverwriting form (FCCONSNOL)

{emp} v := cons(e) {v LN e},

where v ¢ FV (e).
e Mutation: local form (FCMUL)

el Y= (e o).
e Lookup: local nonoverwriting form (FCLKNOL)

e vi=1[e] fo=1"A (e 0y,

where v ¢ FV (e, €).




A Problem with Deallocation

If one can deallocate single fields, the use of field counts can be
disrupted by deallocating a part of record. For example,

ji=cons(1,2);dispose j+ 1;k:=cons(3,4) ;i:=cons(j, k)

could produce skewed sharing if the new record allocated by the
second cons were placed at locations j+ 1 and j4-2. This would
make our new axiom schema unsound.

A solution is to replace dispose e with a command dispose (e, n)
that disposes of an entire n-field record — and then to require
that this record must have been created by an execution of cons
(ala C).



New Rules for Deallocation
e The local form (FCDISL)

{e LA —"1 dispose (e, n) {emp}.
e The global (and backward-reasoning) form (FCDISG)

{(e LN —") % r} dispose (e,n) {r}.

(Here —™ denotes a list of n occurrences of —.)



Exercise 1

If 7 is an S-expression, then ||, called the flattening of T, is the
sequence defined by:

la| = [a] when ais an atom
[(to - t1)| = |70l - [71].
Here [a] denotes the sequence whose only element is a, and the

“.” on the right of the last equation denotes the concatenation of
seqguences.

Define and prove correct (by an annotated specification of its
body) a recursive procedure flatten that mutates a tree denoting
an S-expression 7 into a singly-linked list segment denoting the
flattening of 7. This procedure should not do any allocation or
disposal of heap storage. However, since a list segment repre-
senting || contains one more two-cell than a tree representing
T, the procedure should be given as input, in addition to the tree
representing =, a single two-cell, which will become the initial
cell of the list segment that is constructed.

More precisely, the procedure should satisfy

{tree7 (i) * jr—> —, —}
flatten(; i, j, k)
{lseg |7] (J, k) }-
(Note that flatten must not assign to the variables i, j, or k.)



Exercise 2

Show that tree 7 (i) and 3. tree 7 (i) are precise.



Exercise 3

Show that tree 7 (i) = dag 7 (i) is valid.



Representing S-expressions by Back-Linked Trees

For 7 € S-exps, we define
bktree 7 (4, b, t)
by structural induction:
bktree a (¢,b,t) iff i — b, t,a, —
bktree (71 - ) (4, b, t) iff
Ji1,95. 7+ b,t,i1,1> * bktree 71 (i1,%,0) * bktree 7 (ir, 1
Then
copybktree(i, ) =
if isatom(i) then [j + 2] ;=i
else newvar i/, in
(" :==[i] ; // := cons(j, 0,0, 0) ; copybktree(i’, ') ; [j + 2] :=
/:=[i4+1];j ;= cons(j, 1,0, 0) ; copybktree(i,j’) ; [ + 3]
satisfies

{(pAdag7(i)) * j—b,t,—, -}
copybktree(i, )

{p * bktree T (j,b,t)}

since



{(pAdagT(i)) * jr—=b,t,—, —}
if isatom(i) then
{(p Nisatom(7) AT
[+ 2] =i
{(p Aisatom(7) AT =14) * j— b, t,i,—}
else newvar i, j in

Z) *ijata_a_}

({371,7'2, i1,io. 7= (71 - ™) A
((pA (i in,in * (dagry (i1) Adag T2 (i2)))) * j > b, t, —,
i =i ;
{311, 10,in. 7= (711 -T2) A
((pA(i—1ip = (dagmy () Adag 2 (12)))) = bt —, -
i’ :==comns(j,0,0,0) ;
{311, 10,i. 7= (711 -T2) A
((pA(i—1ip = (dagmy () Adag 2 (12)))) = bt —, -
« ' 0,0,—,-)}
{371, m0,ip. 7= (11 -T2) A
((p/\ (i— —,in» x dag 7 (in)) A dag 71 (i’)) * ' —],0,—, —
* | b,t,—,—)}
copybktree(i’, ') ;
{3711, 10,i0. 7= (71 - T2) A
((p/\ (i— —,in» * dag ™ (|2))) + bktree 71 (j/,j,0) * j+— b, t
[+2]:=J;

{p * bktree 7 (j,b,t)}.



{(pAdagT(i)) = j— b,t,—, —}

{371, 72,J1,i0- T = (71 T2) A
((pAG— —,in = dag 75 (i2)) ) * bktree 71 (j1,j,0) * j — b,
"= [i+1];
{31, 72,j1- T = (11 T2) A
((pA (i~ —,i" * dagmo (i) = bktree 71 (j1,j,0) * j — b,t
i/ :==cons(j,1,0,0) ;
{31, 72,j1- 7= (11 T2) A
((pA (i —,i" * dag 7o (")) * bktree 71 (j1,j,0) * j — b,t
* ], 1,—,—)}
{311, m2,j1- 7= (11 -T2) A
((pAdagmo (i) % j —j,1,—, —
* bktree 71 (j1,j,0) * j— b, t,jq, —)}
copybktree(i’, ') ;
{3, m0,j1.- 7= (11 -T2) A

(p * bktree 7o (j,j, 1) * bktree 71 (j1,j,0) * j— b, t,j1,—)}
[+ 3]:=]

{3711, m0,i1,j2. 7= (71 - ™) A

(p * bktree 75 (jo,j, 1) * bktree 71 (j1,j,0) * j+— b,t,Jlajz)}:
{p * bktree 7 (j,b,t)}.



Substitution in Back-Linked Trees

We first note that
bktree 7 (i, b,t) =
Jk. i — b, t, k, —
A (isatom(k) =7 =k Ai— b, t,k, —)
A (—isatom(k) = 371, m0,i0. T = (71 - ™2) A
(i — b, t,k,io> * bktree 71 (k, I, O) x bktree 1o (iQ, l, 1))
Then
subst3(a,j, i) =
newvar k in (k =[i+2];
if isatom(k) then
if k = a then copybktree(j, i) else skip
else (subst3(a,j, k) ; k:=[i + 3] ; subst3(a, |, k)))
satisfies
{bktree 7 (i,b,t) * (pAdag7 (j))}
subst3(a, j, i)
{bktree (7/a — 1) (i,b,t) * p}



since

{bktree 7 (i,b,t) * (pAdag7 (j))}
newvar k in (k =[i+ 2];
{(i — b,t,k,— A (isatom(k) =7 =k Ai+— b, t, k,—)
A (—isatom(k) = 37y, m0,i0. 7= (71 - ™) A
(i— b,t,k,io * bktree 71 (k,i,0) =* bktree 75 (i,i,1))))
« (pAdag 7' (j))}
if isatom(k) then
{(isatom(T) AT =kAi—b,t,k,—) * (pAdag7 (j))}

if k = a then
{(isatom(T) AT =aAi— b, t,k,—) = (pAdag7 (j))}
{(T/a — Tl) — 7-/ A (I = b7t7 —, T ¥ (p A dag 7-, (J)))}

copybktree(j, i)
{(t/a— ") = 7" A\ (bktree 7/ (i,b,t) * p)}

else
{(isatom(7) AT #aAT=kAi— b, t,k,—) * p}
{((r/a— 7)) =7 ANisatom(T) AT =k Ai— b,t, k,—) *
skip

{bktree (/a — 7') (i,b,t) * p}



{bktree 7 (i,b,t) * (pAdag7 (j))}

else

({31, 7210 7 = (71 - 72) A
(i — b, t,k,io> * bktree 71 (k, 1, O) x bktree 1o (iQ, l, 1)
« (pAdag 7' (j) Adag 7' (j)))}
subst3(a, j, k) ;
{311, m25i2. T = (71 - T2) A
(i — b, t,k,io> * bktree (11 /a — 1) (k,i,0) * bktree 75 (io
« (pAdag 7 (j)))}
k:=1[i+3];
{371, 72,01 T = (71 T2) A
(i— b,t,iq1, k * bktree (11/a — 7) (i1,i,0) * bktree 75 (k
« (pAdag 7 (j)))}
subst3(a, j, k)
{371, 72,01 T = (71 T2) A
(i — b,t,i1,k * bktree (71/a — 7') (i1,1,0)
* bktree (190/a — 77) (k,i,1) * p)}))
{bktree (t/a — 7') (i,b,t) * p}



