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We assume that an n-element array (where n > 1) has been al-
located at location I. These variables will be used throughout our
program but never assigned to. We will also use the variables

f number of free elements
b number of busy elements
I,ir,1; pointers to oldest free element
J»ifsJp PoInters to oldest busy element
x,y values to be placed in or removed from buffers

Without mentioning it explicitly in our assertions, we assume that

the variables i, i¢, iy, j, j 7, Jp Will range over the integers between
| and | 4+ n — 1 inclusive.

We write x =, y when x and y are equal modulo n. We write &
for the modular addition operator such that z & y =, x + y and
|<zPy<|4+n.



We introduce resource free(f, iy, ] ), with the invariant

Rlfee =0 <f<nAjr=nis+fAO L ®k) — —.
Then
{((emp Ai=if) * Rlge) ANf > 0}
{(((i— =) Ai=1if) *
O<f—1<nAjr=nif@®@1+f-1AQ_L(ifBk) — —)}
f:=f—1;if::if@1
{(im )Nl = if) * Rlfree},
so that
{femp Ai=ir}
getfree = with free when f > 0 do
(fi=f-1i;:=ip®1)
{im )AL=}



Rlfee =0 <f<nAjr=nis+fAO L ®k) — —
Also,
{CG—= =) A] :Jf) * Rlgee} (1)
{(emp Aj=jf) *
O<fH+1<nAj®Ll=nis+f+1A (2)
Of—olif ® k) = =)}
fr=f4+1j,=jr01
{(empAj® 1 :Jf) * Rlgee},
To justify f 4 1 < nin (2), we must show that (1) implies f # n.
Assume the contrary and n > 1. Then

O LG @k) > — implies O'ZL(i; @ k) > —
implies iy +— — * true
jf=nif+f implies jr=nif-+n
implies _]f:If
(since | <js,ip <1+ n—1),so that
(= =)Aj=jp) Njp=iyimpliesis— —
and thus
(1) implies (if — —) * (if — — * true)

But this is false.



Rlfe =0 < < n/\jf =n If—|—f/\®{(_:10(lf@k) — —.
Also,

{((JH_)/\J:Jf) * Rlgee} (1)
{(empAj=j;) =
O<fH+1<nAj®Ll=nis+f+1A (2)
Of—olif ® k) = =)}
fr=f4+1j,=jr01
{(empAj® 1 :Jf) * Rlgee},
so that
{G=—)Aj=]r}
putfree = with free when true do
(f:=f+1;jr:=jrd1)
{empAj® 1=}



Next we introduce resource busy(b, j, i), with invariant

Rl =0 <b<nAiy=nj, +bAOPZLGy @ k) — —.
Then
{((emp A j = jp) * RIbusy) Ab >0}
{(G=)ANj=]p) =
(0<b—1<nAip=njp®1+b-—1AO G &k — )}
b::b—l;jb::_]b@l
(= )Aj@1=jp) * RIbusy}a
so that
{emp A j = jp}
getbusy = with busy when b > 0 do
(b::b—l;jbizjb@l)
{G—= )N 1=y}



Rlpyey =0 <b<nAiy=nj, +bAOPZLGy @ k) — —.
Also,

{((— =) Ai=1p) * Rlps}
{(emp ANi=p) x
(O<b+1<nAip@l=njp+b+1AOP_oGpr®k) — —)}
b:=b—+1;ip:=i,d1
{(emp Aid1=1ip) * Rlbusy}a
so that
{(i— ) Ai=ip}
putbusy = with busy when true do
(b:=b+4+1;ip:=ip®1)
{emp Ai P 1 =ip}.

Note the symmetry: The second resource, its invariant, and its
critical regions can be obtained from the first (or vice-versa) by
interchanging free and busy (both as region names and as sub-
scripts), interchanging f and b (both as variables and as sub-
scripts), and interchanging i and j (as possibly subscripted vari-
ables).



Next, our first process is

{emp Ai=isAi=iy}
p1 = while test; do
({femp Ai=ipAi=1iy)
Produce x ;
getfree ;
{(i==)ANi@1=ifANi=ip}
[i] :=x;
{(il—>—)/\i@1:if/\i:ib}
putbusy ;
{emp ANi®©l=irANidD1l =y}
i=1d1
{femp Ai=i;Ai=1iy})
{emp Ai=is ANi=i, A testy}.
Here we can use the resource variables i and i, in assertions,
since they will not be set by the second process p», which will
only execute the critical regions getbusy and putfree.



Similarly, in the second process, we will be able to use the re-
source variables jr and j,, since they are not set by the first pro-
cess, which only executes the critical regions getfree and putbusy:

{emp Aj=j, Aj=jr}
p> = while testy do
({emp A j=jy Aj =]}
getbusy ;
{G— )Ni®1=j =]}
y == [
{G—)Ni®l=jA =]}
putfree ;
{empAj®l=j)Aj®&1=]}
=il
Consume y
femp Aj=j,Aj=s})
{emp Aj=j, Aj=js A\ testo}.
Except for the occurrence of “Produce” in one and “Consume” in
the other, the two process are symmetric in the same sense as
the two resources.



Finally, we have the main program

(O +K) — =}

f:=n;b:=0;

i:=|;if:=I;ib:=I;j::I;jfzzl;jbzzl;

{Rlfree * Rlpysy * (€mp Ai=ip Ai=p) *
(emp Aj=j,Aj=jp)}

resource free(f,ir,j¢), busy(b, jp, ip) in (p1 || p2)

{Rlfee * Rlpyey * (emp Ai=ip Ai =i, A testy) x
(emp Aj=j, Aj=]jp A testy)}.



Deleting assertions and putting everything together, we get
f:=n;b:=0;
i:=|;if:=l;ib::l;j:=I;jf:=l;jb::I;
resource free(f,ir,jr), busy(b, jp, i) in

(while test; do

(Producex;

with free when f > 0 do
(f:=f-1,ip:=if®1),

[i] :==x;

with busy when true do
(b:=b+4+1;ip:=i,®1);

i=i®1)

| while testo do

(With busy when b > 0 do
(b:i=b—1;j,:=j,®1);

y = [l;

with free when true do
(fi=f+1j,:=jr®1),;

j=j®1;

Consume y))



It is easy to see that i, i, s, ], are all auxilliary. Removing the
assignments to these variables gives:

fi=n;b:=0;i:=I;j;:=1;
resource free(f), busy(b) in
(while test; do
(Produce X
with free whenf >0dof:=f—-1;
[i] :==x;
with busy when truedob:=b 4 1;
=i®1)
| while testo> do
(with busy when b > 0dob:=b— 1]

y = [];
with free when truedo f :(=f 4+ 1 ;
=81,

Consume y))



Keeping Track of the Buffer Contents

We introduce the following sequence variables:

a the sequence of values that have been produced
B the sequence of values that have been consumed
~ the sequence of values currently stored in the buffer

along with predicates “produced” and consumed” satisfying

{produced o} {consumed (G}
Produce x and Consume y
{produced a-x} {consumed 3-y}

Then we add these variables to resource busy(b, j;, iy, , 3,7),
and modify its invariant:

RIbusyEO <b< nAl, anb—l-b/\
a= By N#Hy= b/\QE;%)(jb@k) — Y-
We also introduce

last 3-x
prev (3-x

|
X
|
X

first x-a
rest X-«

|
0

|
@



RlbusyEOSbSn/\ib:njb‘l'b/\
a=ByA#Y=bAOPZLGp B K) — Y.

Next, we modify the critical regions for busy. We have

{((emp A j = j, A consumed B) * Rl ) Ab> 0}
{((j — last(B-first v)) A j = jp A consumed 3) x
O<b—1<nAip=njp®l+b—-1A

o = B-(firsty)-(resty) A #resty =b — 1 A

Ot Gy @ k) = (resty)_1}
b:=b—1;j,:=j,P1,;pB:=0firsty;~v:=restry
{(#B>0A(jr—last B) Aj® 1 = j, A consumed(prev 3))

8 Rlbusy}a

so that

{emp A j = j; A\ consumed (3}

getbusy = with busy when b > 0 do
(b:=b—-1;j,=jpp®1;
B = [B-first v ; v :=rest )
[#8>0A G lastB) Aj@ 1 =],
Aconsumed(prev 3)}.




RlbusyEOSbSn/\ib:njb‘l'b/\
a=ByA#Y=bAOPZLGp B K) — Y.

Also,
{C(i = x) Ai =iy A produced ax) * Rl }
{(emp Ai =iy A produced a:-x)
(O<b+1<nAip@El=njp+b+1A
ax = BvyxAN#Eyx=b+1A @E:O(jb @ k) = (vx))}
b:=b+1,;ip: =i, ®l,a:=ax;vy =X
{(emp Ai® 1 =i, A produced ) * Rlp e},

so that

{(i— x) Ai =y A produced a-x}
putbusy = with busy when true do
(b:=b+4+1;ip:=ip,P1l;a:=ax;vy:=vyX)
{emp Ai& 1 = iy A produced a}.




The first process becomes

{fempAi=ifAi=i,A produced’ o}
p1 = while k;y < N do

({emp/\ =i A=A produced’ o A k; < N}
Produce x ; k1 :=k1 + 1;
getfree ;
{(i— —=)ANi®1=irAi=1i,Aproduced a-x}
[i] :=x;
{=x)ANIDL=ifAi=ipA produced” a-x}
putbusy ;
{emp/\i@l=if/\i691=ib/\produced’a}
1=1d1
{femp Ai=irAi=i,A produced’ a})

{femp Ai=iANi=iA produced’ oo A k; = N},

Here the variable k1 keeps track of the length of «, and

produced’ & = produced o A #a = ky A ky < N.

The while command terminates when k4 reaches N.



The second process becomes

{femp Aj=j, Aj=js A consumed’ 3}
po = while ko < N do

({emp Nj=ipNi=Iyf A consumed’ B A ko < N}
getbusy ;
(#6>0NGlast B Aj®L=jyAj =]

A consumed’ (prev 3) A ko < N}

y :=1[l;
(G —)Aj@1=jnj=];
A#B >0 Ay = last B A consumed’(prev 3) A ko < N}
putfree ;
fempAj@l=jAj@1l=]
A#B >0 Ay = last B A consumed’(prev 3) A ko < N}
J=j®1;
Consumey ; ko :=ko 4+ 1
{emp Aj=j,Aj=];
A#B >0 Ay = last B A consumed’((prev 3)-y)}
{femp Aj=jAj=]jrA consumed’ 6})
{emp A j=j, Aj=js Aconsumed’ 3 A ko = N}.

Here the variable ko keeps track of the length of 3, and

consumed’ 3 = consumed B A #8 = ko A ko < N.

The while command terminates when k> reaches N.



Finally, we have

{@E;%('-l-k) — — A produced € A consumed €}
fi=n;b:=0,a:=¢;8:=¢;v:=€;k; :==0;ky:=0;

== == g =1y i=1
{Rlfree ¥ Rlpyey x (emp Ai=ipAi= ip, A produced’ ) *

(empAj=jANj= A consumed’ 3)}
resource free(f, if,jf), busy(b, jp, ip, @, B,7) in (p1 || p2)
{leree * RIbusy *

(emp Ai=is Ai=i,Aproduced’ a Ak; = N)

(emp Aj=j, Aj=js A consumed’ 8 A ko = N)}
{aa = By N #a = #3 = N A produced a A consumed 3}
{a = B A~ = € A produced o A consumed (5}




Deleting assertions and putting everything together, we get
f:=n;b:=0;,a:=€¢;8:=¢;v:=€; k1 :=0;ky:=0;
i |If—||b—|J—|Jf—|Jb—|
resource free(f,ir,jr), busy(b, jp, iy, @, 8,7) in
(while ki <Ndo
(Produce x:ky i =ky+1;
with free when f > 0 do
(f:=f-1,ip:=if®1),
[i] :==x,
with busy when true do
(b:=b+4+1;ip:=ip,®1l;,a:=ax,;v:=79Xx%),;
=i®1)
| while ko < N do
(With busy when b > O do
(b:=b—1;j,:=jp®1,; B :=pBHirst(y) ;v :=rest(y));
y == [i];
with free when true do
(fi=f+1j,:=jrd1),;
j=j®1;
Consumey ; ko := ko 4 1))




In addition to i, iy, | f, jp, the variables «, 3, and v are auxiliary.
Once these auxiliary variables are removed, we have the pro-
gram

f:=n;b:=0;i:=1;j:=1,k; : =0, ko:=0;
resource free(f), busy(b) in
(while k; < N do
(Producex; ki =k—+1;
with free whenf >0dof:=f—-1;
[i] :==x,;
with busy when truedob:=b 4 1;
=i®1)
| while ko < N do
(with busy when b > 0dob:=b— 1

y =[] ;
with free when truedo f :(=f+4+ 1 ;
=681,

Consumey ; ko :=ko 4+ 1))



Further Comments

e free and busy are super counting semaphores. In the case
where n = 1 our buffer program reduces to the O’'Hearn’s
split binary semaphore example (taking | to be 10).

e Variable Permissions

b i iy jr iy o v B ki ko
1 1

free | 1 3

busy | 1 13143

T S A T
b2 A S

e Heap Permissions (All 1)

tree [ipt0jr—1
busy | jptoip — 1
p1 |iptoip—1 (0 or 1 elements)

po |jftojp—1 (0or1elements)



