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1 Treewidth

Last lecture, we talked about the pathwidth of a graph, and used it to construct some dynamic
programming algorithms. We defined the pathwidth of a graph as one less than the width of the
narrowest possible path decomposition of the graph. Today, we will generalize these notions, and
these algorithms, to trees.

Definition 17.1 (Tree decomposition). A tree decomposition of a graph G = (V,E) is a tree of N
nodes x1, . . . , xn, with a set Xi ⊆ V corresponding to each node xi, such that:

(1) Every vertex of G belongs to at least one set.

(2) For every edge in G, there is a set containing both its endpoints.

(3) For every vertex v in G, the set of bags containing v induces a connected subgraph. Formally,
if v ∈ Xi ∩ Ck, then v ∈ Xj for all nodes x on the xi → xk path.

We will consistently use the notational convention that the set corresponding to a node labeled
with a lowercase letter, say y, will be denoted Y . It is worthwhile to note that simply replacing
every instance of the word tree by the word path in the above definition gives the definition of a
path decomposition. Figure 17.1 gives an example.

The definitions of width of a decomposition and treewidth of a graph now follow analogously:

Definition 17.2. The width of a tree decomposition is the maximum size of a bag.

Definition 17.3. The treewidth of a graph G is one less than the minimum width of any tree
decomposition of G.

Observation 17.4. The treewidth of a graph is at most its pathwidth.

Proof. Paths are trees.

Figure 17.1. An example of a graph and a tree decomposition.
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Observation 17.5. Trees have treewidth 1.

Proof. Behold!
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In particular, balanced binary trees have treewidth 1.

Fact 17.6. Balanced binary trees have pathwidth Θ(log n).

Thus, the treewidth can sometimes be strictly smaller than the pathwidth.

Fact 17.7. The only graphs of treewidth 1 are forests.

2 Nice Tree Decompositions

As in the last lecture, we will also need the notion of a nice tree decomposition.

Definition 17.8. A nice tree decomposition is a rooted tree decomposition, where each node x is
of one of the following forms.

(1) a leaf node: x has no children, and its corresponding set X is empty.

(2) an introduce(v) node: x has one child x′, and X = X ′ ∪ {v} for some v /∈ X ′.

(3) a forget(v) node: x has one child x′, and X = X ′ \ {v} for some v ∈ X ′.

(4) a join node: x has two children x1 and x2, and X = X1 = X2.

Any tree decomposition can be converted into a nice tree decomposition in time (at most) O(k2n),
where k is the width of the decomposition, and n is the number of nodes in the decomposition. We
provide an example of this conversion in Figure 17.2, and leave the details of the algorithm as an
exercise.

3 Maximum Independent Set, Revisited

In the last lecture, we saw an algorithm that solves the maximum independent set (MIS) problem
in FPT time parameterized by the pathwidth; in particular, we devised an algorithm with runtime
O∗(2k) on graphs of pathwidth k. Today, we will generalize this algorithm to work on graphs of
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Figure 17.2. An example of a conversion of a tree decomposition into a nice tree decomposition.
The node bdg was arbitrarily chosen as the root. The dashed lines indicate sequences
of forget nodes that forgets in turn each element of the parent node. For example,
egh - - - ∅ indicates egh — eg — e — ∅.
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treewidth k, with the same runtime. Let G be a graph, and consider a nice treewidth-k decom-
position of G. For each node x in the tree decomposition, define Vx to be the set of vertices of G
included in node x or any of its descendants. Formally,

Vx =
⋃

x′ descendant of x,
or x′ = x

X ′.

Claim 17.9. Let x be a node in the tree decomposition, and x∗ be its parent. Then X∗\X∩Vx = ∅.

This follows from property (3) of a tree decomposition. An illustration is provided in Figure 17.3.

For each node x in the tree decomposition, and each independent set S ⊆ X, let DP(x, S), be the
maximum set of an independent set S∗ ⊆ Vx, subject to the constraint that S∗ ∩X = S. If S is
not an independent set, define DP(x, S) = −∞. Observe that DP obeys the following recurrence:

(1) (Base case) If x is a leaf node, then X = ∅, and DP(x, ∅) = 0

(2) If x is an introduce(v) node with child x′, then X = X ′ ∪ {v}, so

DP(x, S) =

{
DP(x′, S) if v /∈ S

DP(x′, S \ {v}) + 1 if v ∈ S
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Figure 17.3. An illustration of Claim 17.9 and the definition of Vx
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(3) If x is a forget(v) node with child x′, then X = X ′ \ {v}, so

DP(x, S) = max

{
DP(x′, S),
DP(x′, S ∪ {v})

}
where we exploit the convention that DP(x′, S ∪ {v}) = −∞ if S ∪ {v} is not independent.

(4) If x is a join node with children x1 and x2, then X = X1 = X2. In this case, we simply have

DP(x, S) = DP(x1, S) + DP(x2, S)− |S|

where we must subtract |S| because we have double-counted it: once as part of X1, and once
as part of X2.

We can thus fill in the entire DP table in time O(2k ·n), where k is the width of the tree decompo-
sition and n is the number of nodes in it. Finally, we recover the size of the maximum independent
set of the whole graph as

max
S⊆X

DP(x, S)

where x is the root node of the tree decomposition. Thus, the whole algorithm takes time O∗(2k).

4 Treewidth of a Planar Graph

Theorem 17.10. The treewidth of a planar graph on n nodes is O(
√
n).

Fact 17.11. A
√
n×
√
n grid has treewidth

√
n. Thus, Theorem 17.10 is tight.

Theorem 17.10 implies that many hard graph problems have algorithms with runtime 2Õ(
√
n) on

planar graphs, which is quite nice, since (at least, assuming ETH) many such problems do not have
subexponential algorithms in general.

We will not prove this theorem; instead, we will prove a weaker version: in particular, we will prove
an O(

√
n log n) bound on the treewidth.
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Figure 17.4. A visualization of the construction in the proof in Section 4. The colored regions and
dots correspond to graph separators. The black dots represent the remaining nodes in
each leaf of the recursion tree (at most

√
n per leaf).
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Proof. Let G be a planar graph. Recall the planar-separator theorem from Lectures 14 and 15,
which stated that any planar graph has a separator of size O(

√
n) that, when removed, separates G

into two smaller components that are smaller by a fixed constant factor, say, 2/3. Consider running
this algorithm recursively: first, run it on G, then recursively run it on each smaller component,
and so on—stopping when the components’ sizes fall below

√
n.

Now consider the tree decomposition constructed as follows: each node in the recursion tree gener-
ated by the above process is a node x in the decomposition. The vertices in set X are the vertices
in the separator at the node corresponding to x in the recursion tree, and the separators at all
ancestors of x. In addition, if x is a leaf node, X contains all the vertices left at the corresponding
leaf of the recursion tree. A visualization of this construction is provided in Figure 17.4.

Since the size of the graph is being cut by a constant factor at each layer in the recursion, the
tree has depth O(log n). Thus, the largest nodes in the decomposition—the leaves—have size
O(
√
n log n). It thus only remains to show that this is a valid tree decomposition. We show all

three properties in Definition 17.1.

(1) Every vertex of G belongs to at least one set. Indeed, every vertex either appears in a separator
or in a leaf node of the recursion tree, both of which will be included in the tree decomposition,
by construction.

(2) For every edge in G, there is a set containing both its endpoints. Suppose (u, v) is an edge. Let
xu and xv be the highest nodes in the tree decomposition that contain u and v respectively.

Claim 17.12. Either xu is a descendant of xv, or xv is a descendant of xu (or xu = xv).

This claim completes the proof of this property: if we assume WLOG that xu is a descendant
of xv, then by construction we have Xv ⊆ Xu, so u, v ∈ Xu.
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Proof of Claim. Let x∗ be the first common ancestor of xu and xv. We want to show that x∗

is either xu or xv. If (WLOG) u appears in the separator at node x∗, then we would have
u ∈ X∗, so x∗ = xu. If neither u nor v appears in x∗, then they must be on opposite sides of
the separator at x∗ (otherwise, one of x∗’s children is a common ancestor of xu and xv). But
this is impossible, by definition of separator.

(3) For every vertex v in G, the set of bags containing v induces a connected subgraph. If v was
never part of any separator in the recursion tree, then v is in exactly one leaf of the tree
decomposition. If v was part of a separator, then it appears in exactly all the nodes in the
corresponding subtree of the tree decomposition, which is connected.

We have proven all required properties and thus completed the proof.

5 Graph Minors

We finish this lecture with a short discussion about graph minors, which come up in various different
contexts in algorithm design.

Definition 17.13. A graph H is a minor of another graph G if H can be obtained from G by a
series of (1) vertex deletions, (2) edge deletions, and (3) edge contractions.

An example is given in Figure 17.5. We finish with a few properties about graph minors, all of
which can be proven by observing that the operations (1)–(3) in the above definition all preserve
these properties.

Observation 17.14. Every vertex of a minor H of G corresponds to a connected subgraph of G.

Observation 17.15. If G is planar, then so is every minor.

Observation 17.16. If G has treewidth at most k, then so does every minor.

Proof. Suppose we have a tree decomposition of G. Vertex deletions and edge deletions require no
changes to the decomposition. When contracting the two endpoints u, v of an edge into a single
node w, we may replace every instance of u and v in the decomposition with w. Observe that this
maintains the properties of a tree decomposition without increasing the width.

Figure 17.5. An example graph. Contracting the circled groups of red nodes, and removing the
single blue node, results in the complete graph on four vertices (K4); hence, K4 is a
minor of this graph. In fact, K4 is a minor of this graph in at least two different ways,
since the lower-left circled group is already an an instance of K4.
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