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Recall :

Given G=CV ,E), Max
-cut(G) = Max IE¥ .

SEV

Notati Ecs) = edges with
both endpoints

in S
.

Goemanswdkamsoni There's
an algorithm that

takes input a graph G
and outputs a

cat SEV

such that
cut =

" satisfies :

1) If Max
-cut (G) 7 1-E

then cut 7 1- ONE ) .

2) cutCS) 7 Lgw - Max-cut (G)

for Lgw I 0.878 . . .

This algorithm is cool and uses semidefinite
programming . We also discussed why tinier



programs are not useful for approximating
wax-cut better than 1h.

Last week
,
new technique : Spectral Methods

Today : Spectral methods qualitatively
match the guarantees of Goemanmson

and provide a 0-6/1 factor approx .

~ 0-52 > 0-5

Lasttime:_ Sparsest cut via smallest eigenvalue
of Laplacian .

today : Max-Cut vré largesteigenvalue of

Laplacian
we will focus only on regular graphs

to

keep exposition simple
.

Then
,
m= n

-dlz



R-ecalt.fge.IR
""

(Laplacian)

V €1127 XTLG - ✗ = E Cxi -✗j5
{ i,j}EE

If ✗ c- {-1-1}
"

sit - Xi=/ ⇒ ies
/then,

XTLGX
= 4.11=-6,531

( i.e. ✗ indicates 5)

Thus
,
max-catch

= Max
n# KTLGX '

✗c- {-1-1}

=
Max

✗c- {-1-1}
"

Definition ( Ain) .

In =
Max ×tL
x : 11×112--10 11×11}
XEIR

"

f
the largest eigenvalue

of Lg .



Noticethat up b-
a scaling by Yzd ,

In differs from max-cut only via

dropping the
" Booleanitg

"

C KE {-1-1}
")

constraints .

As Xz& sparsest cat, we'd like

to relate in &Max
-cat .

In particular, would like
✗n large ⇒ max

-cut
is large .

Subtlety : Unlike ✗z , in is
less
" robust

"

in

that it may fail b-
notice all but a

very
small part of the graph

-

OBI : Xn Ed t d-r
alar G.

pro-of.tn4 m¥ " ithrow of L

Pry : If G is d-reg and has a connected
a

component that is bipartite
then

✗n= 2d .



proo-f.SE V.
Let s=L , #

→ right vertex set

s←
left vertex set

-1 if i c-R
Inentirely governedchoose Xi = { is by thebipartite
component .

Then
,

Lg . ✗ = I
cxi-5.5

{ i,j}EE

= I cxi -×j5
{ ij } C-ECS)

=4.IS#--2dlsl
Thus
, ×t¥g¥- = 24¥ = 2d .

☐

Since Xn Can be influenced by a small
"

almost-bipartite
" components, cannot hope

to directly relate wax
-cuter to in .



But can still hope to prove
a

" stable
"

converse of above proposition .

"

If ✗n z
2d a- E) , there

should be

a subsets of vertices
such that the

induced graph on S is almost bip, almost disc

almost bipartite = 7
L
,
R : LUR=s

s -t.lt#YsRY-ztocoE )
.

"

Det Cbipartiteness gap)

I 1 Yi +Yjl

PCG) =
Min

y c- {-1-1,0}n{"J}y,
f- { i ly ; = -11 } , L = {

i 1 Yi = -11 }

R= { i 19 i =
- I }



red = F-(5/5)

orange
__ ECR)

blue --Ec↳
"14€

g-
""R'HE fracof edges

incidenton S

S
g f

that are not

in cute, 127 .

FCG) = MinCLH2lECR)HEG)SEV 1st .de .

Npcs)
If G has a bipartite component ,
then bipartiiteness gap @ (G)

=0 '

Gwen prop ,
we may just hope

to relate por o
-th Tn .

Def pn=2-n .



Theorem [ Trevisan-09, - . > Soto
' 143

tent peas Fpn

Proof : Let ↳ be such that
- * LEX -_¥,¥i+×j5
For any ×,

fi,¥E -155+4 ;
- g.if

= E 2€45)
{ñj1EE
= 2d . 11×11?

So XTLGX -1 FLEX = 2d -11×15



thus , since Xn=¥%¥*o×t¥¥
Mein ELE ×

✗ ! 11×112--10 11¥
3 2d - 7-n .

Let S*= LUR minimize Pcs
)

Let yo = {
+1 if i c- L

- l if i c-R

0 OCW

E ait

iÉiÉ¥?÷2d - ins {ii}EF÷
£ 2 of# d

Divide by d throughout _Io2g%É
-d '

the first inequality



Let's now look at the 2nd inequality
Lety EIR

"

be such that

ytLÉy = (2d - inky 15

by scaling , we can assume
that

Maj yE=
1 .

Rounding : 1) Choose t c- [on]
uniformly at random

+ 1 if y.ie Tt
2) Set Kit { 1 if y.us -Tt

0 01W

Notice the contrast with cheeser

rounding .



Analysisofko-md.mg:
Chaim : For every {ij }

c-E
,

E IXitxj Is 1 Yi + Yj ! ④ it -1lb;D

PLOOF : AssumeWLOG YIZZY,
?

CASI : Yi ,Yj have same sign
.

JEFFit
-1

If 9 ; 39J20 : possible rounding Clio
> or

CH) .

If Yi s yj so : possible soundings : C-1,0)
or

C-y-D

Either way :

F- I ✗ itxj 1=1 . Pr [ IF> tzyj}



+ 2 . Pr [ tsx;] .

= (4.2-95)-+2

.ly?--yE+yjElYitYjl(lYil-lYjl).Case-2:Yi,Yj
have opposite signs .

t →

xi-xj-o.tl#qyEIxi+xjt-0
t → Hit 1--1

E¢×i+✗jt = 1. Pr [ YE> tzyj
]

= YET,
?

= @ ityj ) (Yi-Yj )

flyi-yjldy.cl -114;D .



Summing up the above upperbound
over all edges :

I Elxitxjl
{ i,j}EE
£ Ilyi-yjlayil-IY-jD.si,j}EE

£§¥}eEbi+%Ñ+g-
µ ,

{ ij}EEµ,

I

2d-tnjllylIF.fi?j-FEi-Y--Td-nuyyif-FdE--fzF-F-d. 11915 .

-
④



And ,

E Ei Hit = Ii Pr [
teyi]

= E. yE= 11g HE
'

-④④

S
,
⑦ & ⑦☒ ⇒

FEI✗ i +Xjl EF¥?Ed F- F. Hit .
{ iyj}EE

⇒ 3- ✗ c- {-1-1,0}
" such that
(via prop . below)

I lxi-xjlsf-IEE.DE Hit
{ i,j } C-F-

Rounded distr is supported on at

most n possible explicit sets associated
to y . So can find✗ just like cheesev. . .



PIP : Suppose { Unity . -

,
4<3

{ V1 , . . > Ya }

{ w , ,
-
-

- ik )

are non
-

neg, Eui
=L .

then my ¥. £ Ew÷= avg

EEF : suppose not .

then
,

Ui > avg.ve
fi

→ Eui Ui > avg.su ivi

or §%? > avg - contradiction



Generalization to irregular graphs

Ln= D-
"?LjD%
E- normalized Laplacian

= (
O )%¥ -

-

.

¥
.

di = degree of
vertex i.

DefC# :

in Ln . =
Max ×t¥y÷
✗ c- Rn
✗1--0

= ×%¥o*☐÷¥



Generalization to Irregulargraphs

Ke#: measure sizes of sets

differently , length of
vectors diff

,

use a normalized Laplacian

→
nxn matrix

let D-
"
I (5%1*0) di -- desfan of vertexi

De_fCNormalized Laplacian)

Ln= D-Y? LG . D-
"~

.

Defi-I.ae#oYTEiE---efxnTh-en,xn--ñ☐%ÉE



EE%¥] = ma×g%¥÷i¥ÉiÉy : 41=0

So moving to normalized Laplacian

simply changes
the " la

"

lengthof ✗

b- a iocightedez
"

length .

Depf.cc?YItmtIYEf?---ax+ox-=cRn+*sis#SEVLUR--s(Esdid
LnR=¢ Heft slp

=
Min -

}ET

y c- {-1-1,0}
"¥¥!¥T



Observation:-.

If G has a bip component,
then

✗nc In) = 2
.

Prod : Let s = LUR be
the bip -

connected component .

Let yi = {
+1 if i c- L
- l if i c-K f i

0 %

then ,

YY.gl?-y--&isc-E--!;.-?F--4-1EsYj#--2
☐

Since s is bip,conn component Is Ip
= 211=-441231



DefHµn= 2- ✗ni
trop :

pn=
min
E ( Yi -1%5

yeyznsii%EF.gr
Prod :

Ed4it4j5tC4i-ypTsij3EE-2E@i2tYiJsiij3EE_2.E
;
di.GE - ①

& An .⇐di9E)=g§j}eEc4i%É②



Subtract ② from ① toget Prop .

thm-ftrevisardl-zofns-ofCGI-sfnr.TT
Pirof :
For①

E ⑨it9,5
pn-iytinsiii.E.FI

4=10

±
min

44+-1,0}n{É¥¥?¥5
f min

y c- {-1-1,0}
n {É%÷d?iyF= 2.peg



Farid,
let y

c-Rn be such
that

* 5,5¥. .

rescale if needed
to assure that

maxi yI= I -

choose b- c- [a D uniformly at
random .

Set Xi = 1 if ✗ i art

{-1 if ✗is - Tt

0 01W

Pry : El ✗ i-xjk-lyi-yjl.CI
Yi 1+19;D

it { iij } .



Proof : exact same as in regular
case .

Summing up over edges
.

F-
{¥µeEl×i+×jl
I §jeE Hi

+ Yi 1 ( 19,1+19;D

£F}eEC9ijfÉ+jÑ{ iij }EE

£FÉiT¥ÉiÉ
ftp.n.Eidi-YE



E E; Hild Ei Pr Its 953 di

= E. do 95

E.

E E I ✗it Xjl
{ iij }EE s Gn . E El Xitdi

⇒ Fan ✗ in the support
where

the alone ignobly holds
-

☐

[Can fend by searching
over the

n diff threshold cats]



Algorithm from - Trevisan's uiquality

Idea 1)Use Trevisan's aiquality
to get a

"

partial rounding
"

2) reverse .

L
'

ii.¥iiiÉÉ☒ ⇐⇒ .

R
'

S

SEE:
1) Apply Trevisan rounding

to G

to get s = LUK

2) Apply Trevisan RoundingtoEst )



to get L' UN .

3) return best of
¢04 Rory

& CLUE , RUL
'

) -

-heorem For any
G ,

Let Algc G)
= size of cut

output by Algo
above .

Then if Max-cut (G)
= I-E

then AlgcG) 7 1- HE

1-Best of greedy & Trevisan cut yields
a

3- approx . tomax-cut
.



Analysis .

Claim: If max-cut (G)= 1-E

then PCG) I ZE

Pro Let s * be an optimal
Max-cut in G

Choose S
= V

L = 5¥

12=5--1

They
, pcs) f

211=-15*711-2 /F- (5*31

z
.

No-t://ECS-el-IECSIX-IECS-x.SI/--mE.1ECS*1tlEC5*)lsm.E.



⇐ of £

zEI- = e-

From Trevisan's inequality ,

E- Gns of (G) spcs*)

Pn I ZE

Thus
,atppb.ly?gTrevisan'sRoandintF

a set s , partitioned into LOR

s.tpcs-21ECH-Y.EE?-1E--sE1fTz.zE--2f
.



I_d⑨ beat Yz in the ECHR)
cut

& F- (4K) cut

do
"
Ok

"

on Ecs,5) Ci
- e. cut

Ledges)

recarse on
ECS)

G
e

L

R R '

s 5

Max-cute) f Max
-cute F-CST)

+IECL) /+ IECR> It /
ECHR> I

1- IECS,5) I



How does the betterof

¢04 ROR
'

)

& CLOR
'

,
RUL

'

) do ?

0bservatxnCmergingiseasy)_
/Ecs ,5) 1=1 ECL,

4)1+1ECHR'd

+ I E-CR, 6) It
IECR ,

R' 31

og

Max { IECL,UNTIE041251 ,

I F-CHR
'

> It IECR,
L' 31 }

7 I 1 Ecs, 531

Thus
,
better of CLUL ! RORY

& ( LORI, RUL
'

) cuts > It Easy



edges from the cut Ecs,5) .

thus ,

AlgcG) 7 I F- CGR>
I

1¥ Ecs ,5) I

1- AlgCECJD .

Lemma If pcs) I 2Fe , then

1EC4 y, 1-2B .

I F-CDI -11 ECR) I

+ IEC412711-1 ECS ,
531

⇒ 2oz > pcD=2#↳H¥YHEcs



dlsl
= 2-IECL) / + 2) F-CRY -1211=-41271

+ IECS,5) 1

ofCDs 2B means that

211=-471-121124271+115-6,571
2 /ECL) / +2-1 ECR ) / +211=-141211

+ IECS,571

f 2fÉ

⇒ 1-¥¥¥:¥É-*#
+ I F- CS,5) I

£ ZTE .



OI

¥¥¥R=cµy I 1- are
+ £1Ecs, 531

add I IECS,5) I b- both

numerator & denominator only

increases the
ratio

÷¥¥¥¥¥¥÷¥¥-:⇒
7 I -2 Fe

☐



I
,

Alger)

74-2 4R)H=G5I/ Ecs)l-111=-6,5

+ Algc Ecs **✗

How much can Max-cutCECSD
be?

PY
: Max

- cut CECSD > 1- EYES

Proof : C-E)m= r@ax-cutcGD.m
IIECS7ltlECss53lt@ax-catCEC5D1EC5HSo_i.ma
*cut CECST)

7|E¥ E) [ IECS>1+11=-0,531+(5--071)
- IECSJI - IECS,5)☐



"¥⇒i[C-E) 11=-0531
- E.[ IECS> 1+11=-0,531

= 1-e- e. C⇒¥Y¥Y]
= 1- EYES> 1

Proof of Theorem
-

:

Let VCE)
= mine 1- Alg (G)

.

G : Max-cute

=L-E

Gona verts

suppose lE1--8 .

Then
,

.

VCE) f ZTECI- 8) + F. VCF) .

Inductively assume Vcs)s4E for graphs
n < n vertices .



VCEKZJECI-87+8.4

.gg?--2iECl-D-Fo.4feNow2oECl-8)--2rEC1t5).Cl-r
) .

=L
£4K Ctr ) .

Thus VCEK 4k as desired .

-

Approxkatio :
max {¥ ,

, ¥ }

egudate-f-q.at which each
is 33g


