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tattme : the GW algorithm
.
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ofunit length
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, gn) - Std . gaussian
vector

3) set Ku= sign Csg, Zu>) for all Kuen
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Equivalently ,
SDP assigns vectors

of unit length
to each vertex inV.

u→ u→ .

SDP value = I- Em I LUIÑ >
{UN }EE

= I -I E <ñni>
{um}uE
f

uniformly random
edge

General helpful tip :
set← uniform distribution

on the set .



SDP value
11

Ñ= I - I Eat:P>{4N}EE

Recoil: Iffi, P , then

SDP : I- tlñ E- Is

rounding:#⇐- 1-zaixd-arc-c.ES#.
↳ rounded

{-1-1} -word .

.

vector

f☒ -

. minimizerofareI#,_
E-Is

5*2-0.69 , min- value LGW 20.878
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Motivates : Is there a better algorithm?

Is there a better rounding of thesame SDP ?
Ex> love via

"

gaps
"
.



Integralitycoap :

"

how far
"

can the SDP(G)

objective value be from Max-cut (G) ?

Lenya(Qualitative Integrality Gap)
For every KEN ,

there's a graph Czkt , on
2k vertices such that

max-IY-ESDPCGK.DZ1- 04¥) - ¥€É%
,

but max-cutcczk.DE I - ¥+1

Piroof:
'

graph = 41<+1) - length cycle .

max-cut cczkt) = 1-¥ ,
YET
⇐¥
C

11

How do we prove
that SD-PCCzk.tl) is total ?

mustproduce feasible Sol
"

= unit vector assignment
to vertices -



⇐
{¥,eECñi% - (1-0%7) .

⇐ E CUTE> f- G- Octad .

{4N}€E must place endpoints of edges at as

largeanobtuseangleaspossibe
Isda : 20

# • •
•

•

•

the pie is divided into
.

.

.

-

•

•

equiangular, odd # 2141°F i (1)¥+4T
equal size sectors

-

; .

.

-5the construction ensures
• •

*z
that neighbors areatan zµ 1

angle of KOKH __ ¥5,I
"

2D unit sphere
"

- unitcircle
=Tt¥+ , iatheplane .

vertex g. → K)modzk-if.LY#anglej-j.k)mod2k-lisabijectionon
{ 0,1, - . ,2k} .



what's the SDP value ?

End point of all edges are at an angle
of ⇐¥, ) -

gu!¥El UTP 7
= cos ( it- ,

)

= - cos (¥,
) -

=
- jÉ¥

s-i-YE-o.EE#n-C-ock-.D
.

☐



The above example guts an integrality
gap that

matches the qualitative

approx
-

curve of GW .

Tighter example?

Cycle ~ embeddable
on 2D unit

sphere

T-eige-sche.ch/-man# :
'

A higher demi

generalization ofthe
2d construction

gives the exact
Low- E integrality

gap for every
E>o .

theoremft-eige-S-che.ch/-man] : For every
E>0
,

there is a graph G such that

Max-cutCG7s@gwtG.SDP (G) .

We will sketch the construction here
.



preliminaryconsiderat.ms#.
Suppose we construct GCV ,E)

with an

embedding V→ Sd
- '
→ un.itd.dem sphere

u→ Zu

s-t ' { uiv}EE ⇒ < ñ , i
'

>xp

Then SDPCG) = I-I g.

For integrality gap to be how
- 087%

we need Max
-cut (G) E dow CI-ES) .

But max-cutcgzalggwzar-c-E.SI
SI : we must have 9=9 * . and -

alggw a matcut(G) .

1-1
alggwxmax-cutc.ch SDPCG)



We will define a graph directly by giving
an

"embedding
"
on to the unit d-dim

sphere -

DII-e.EE?aaeddgedraFI#cv , is a weighted
graph such that HE d-dem

unit sphere
u→ Zu

for some d.

Let obj (G)
= IE www.CI-1-zsu-iv-3)
fun} c-F-

Pry : Obj (G) I SDP (G)
.

Proofs use 2-us to get feasible
SDP

solution of value = Obj (G) . ✓

I ensure Obj (G) ~ I
- IS * g

must ensure < ñii
'

> ~S* It
{ UN } C-E.



We'll construct an
"

infinitegeometric
graph

"
and then discretized.

Vertices = ☒
d- 1

:

t

all possible points on the
surface

of the unit sphere .

Edges as prob
dis thover pairs

of

unit vectors .

will be symmetric Ci .e. prob
of

,WD = prob of Cwz,w ,
) ) .

Then , Obj(G) = IE [E-
Eloi, I'D

{UN }
~E

what about max-cut(G) ?



Every cat is a subset of
vertices .

I 1=1 indicator

⇐ f- : Sd
- '
→ {-1-1} .

Thus
,

Max-catch
= Max Pr

[ feastfun]

f. ✓→ {-1-1}
{ UN}uE

[ overlooking the issue
of existenceof

the max]

EdgeDistnbuhm_:
'

uniform draw
_=
pick UTF uniformly

from E conditioned on

⇐it > £9 * '



Fact : Elicit> lsñii > text
-

Iifa , 79*-0%1
"

magic of high deingeometry
"

⇐ : we linimediateb ensure that

Obj (G) 7 42-429×1
- odd) .

what about max
-cute) ?

Say optimal
cutis CA,E) for

A c- ☒
d- !

fractional
"

# vertices
"

= surface areaof A
.

in A
= a csaep .

Mpf A) = frac
of edges crossing A-



µ g.(A)
= Pr [ Aca) =/ AUD
{UN}uE

cohere Abu) -4 if f- a c- A.

hardestpartofproof:

Thm_ I Fix 059<-1 & Ozpz -1
.

Then , Max
of jug (A)

where A

ranges
overall measurable

subsets

of sit
'

of frac surf area
a is

attained for
"

cap
"of surfarea a.

Lap ? points on one side of some
hyperplane cut

-

= { ñkñ,hire}



Feige-Schechtman argue in fact
that MplA) is maximized

at

hemispheres . any point
I.

.
.
.
.

-1¥: peak
\

'

'

,

has more

' edges going
•÷

. -

-

i

-

÷ .

.

.

-

.

outof H

than into c.
So adding p
to can't hurt

'

all hemispheres have same size
cuts by symmetry .



Observateur : cut output by
GW algo is a hemisphere

.

g : Cg ,
. . . gn) u std . gaussian

vector

cut ={it I say , it > zo} .

-

hemisphere !

¥ GW outputs optimal cats in

the graph→ & they
havethe

value ~ arI
Final construction : vertex = regions
of sphere of frac surfarea= E.



This yields an integrality gap
of 0 - 878 t E -

Node : On
instances that achieve

the integrality gap , GW also

outputs optimal cuts
!

So the algorithm actually does
as well as

it possibly could
-

ltgihmiap .

Are there instances G where

AlgGws@owtE.max
-cut (G) ?

for arbitrarily 1-my ex .



In this case, clearly ,

SDP (G) = max
-cut (G)

Max-cat (G)

(G)

Alggw is a function of the SDP

solution -→
there are multiple

SDP solutions of optimal
value .

In particular, the integral
sol" !

Clearly , Alggw cannot
be

5- 2GW max- cut (G) if
SDP solution is integral opt



Theoremfkarbfft For all E >0,
there is a graph G and

an optimal

SDP solution {U→u→}uc→
sit .

SDP (G) f Max
-cut (G) + E &

alggw (G) F④wt E) Max
-catch .

Piof : wewill again define
the graph together with

an

Coptimal) embedding .

Our graphEmbedding)={-1¥ ,-¥}d
"

hypercube
"with labels normalized



to be of length= 1 .

As before we must
add edges

between pairs where
the inner

product is x 5*
.

E-dgedist.tn 8D pick I
uniform {±¥}d

2) negate each
coordinate

uidep w . p . E- IS *
- to

get J
?

3) output (ATI )
.

E Lui ,F)
= d-E. IE vii.Fi

it
,
it

= IT -E.⇐+ Ied -E-
= ex - ✓



Obj (G) = IE IE-Eat,ñD
{UTF }EE
= E- I "¥ÉÉÑ>
= E-±e* ✓

Fa_t : Pr [Kui,ñ > - ed > Era]
{ u→Ñ}EE

s 2-
Oct) .

(Chernoff bound) .

I mostedges mi fact
have

the corresponding inner productg.



£
,

GW will output a cut of

value ~ are-cos(e
't)

⇒
-t od d)
I

→ 0 as

d→ as

Wewill prove,
however

,
that

there are cuts of value I
-Ee * .

Dictators :

Do= { it I E-¥} .

what's the size of these
cats ?

Pr [ Di Cui> =/ Dic I'D

{ ñ,
F } EE



= Pr [ ith cord . of ñ is flipped]

= E -Ee* . ✓
☐

Are we done?

We've shown : Obj (G) - Ya
-Ya*

alg GWCG)s arc¥

& wax-cat (G) 3 kik* .

Need to show our embedding is

optimal . That is
,
there is

no other better SDP solution .



This needs some very
basic

Fourier analysis that we
will

see ina later
class .

F-actDL-atorisstab.es/-)-:
Let f :{ ± i }

"
→ IR .

Let

§ = d¥y,Ifan
- fcyI

~ E

Then Sp Cf ) 7 9 . 1¥fact

How does this help ?

Let Z :{ - in }
"

→ ☒
d- ' be the

SDP embedding .



then
,
let Fjcx be

the jth coordinate of 2-4) . for

every ✗
C- {-1-1}? Then Eid , Fjcx5--1 .

then
, ¥y,uEFjc×)

- Fjcy) 75.11=-5.1×5
✗

Add from j =L b- d & use
that

Eid
,T-jcx5-l.lt ×

.

Comments

* Hypercube vs sphere

rounding seems
to behave the same

but hypercube has special large
dictator cuts - Sphere doesn't

.



4- Can we strengthen theSDP

relaxation so that sphere
is

no longeran integrality gap
?

YES !
"

degree 4 sum-of- squares
"

-

Does it help eiuprove Goremains

Williamson? We do not know.


