


KNAPSACK-ciscqtotalcapa.at
Given : Figc

"

Capacities
"

-

V
,
- -Vn

" value
"
non-neg

Goat : Max E. Vili

s -t - Eicixisc
Kitson} Hi

"
collect maximum

value while

being able
b- fit the

item in

your knapsack
"

NP-Hard to solve exactly .



Algo wuss assume :

Greedy:D ¥>, - - . > ¥n
"

density of value
"

2) take largest; st 9¥ ,
<C

& output { 1, . . ,j } .

¥ : Best of greedy andMax

value element achieves % approx
.

We will prove this by first
analyzing the natural LP relaxation

-

LI
Max E- Divi

s -t . Si Yi .Cisc

0EYE 1
.



tremma :
'

Max EYivi-OPT-m.IN/i
0<-9 , -

- -9ns /

EY-ici.SC ,

Pr±f : WLOG
,
assume : ¥7 -

-
- → ¥n .

Claim : If Yi
> 0 for some i > lgthen

WLOG Y ,=L
.

Prado : If not, set 91<-9
,-190¥

by ; -0

Iterating this argument , optimally
1 for is K-1

looks like Yi={c-§÷ frisk<If
0 0¢ .

thus , Eyivi < E Vit VK
i c-CK-D

E OPTCCN) -171¥ Vi



Anabzingltppvxtatio :
OPT E LP-VAL

£ GREEDY
-OPT

+ mg✗ re

£208T

Greedy gets Ya approx .

LP integrality gap £2 .

LPMs32-EKE>o-
egg . q=Cz= -

.
.
= ( n=L

C = 2- E

V
, =Vz=

- -
.
= Vnz I



Rt : 91=1 , yz= to

value= 2-E

'IET = 1 .

-

Better relaxations ? LPs ? SDPS?

Theory : For every Eog there is

a model time cts) - approx .

for knapsack

Multiple proofs. ① Dynamic Programming
② I'll show you a diff

method

→ introduction to
" hierarchies

" of

convex relaxations.



Strengthening Relaxations :
Sum-of -squares

Problem → basic relaxation → rounding
↳ integrality gap .

Suppose approx
. ratio = integrality gap .

whatdo we do ?

Prove hardness of approx
. eg

. Max -Cat

what if there's
a better algo ?

perhaps viabetter relaxation
?

E¥
"

triangle inequality
"

in ARY

for sparsest cut .

Today :
"

Mechanical
"

method to

construct stronger relaxations .



Can be thoughtof as adding extra
variables , additional

constraints →

often called
"

left Cadd vars
) &

project
!

Specifically , we will see
the

"

sum-of -

Squares
"

To do this , I want
to show you

a

slightly different way
to thinkercesar

about SDPS that helps
in mechanically

strengthening them
.

"
SDP solutions as relaxations

of

probability distributions
!



De_f ( Pseudo -distribution)

A pseudo
-
distr Don { -1,1 }

"

is

a function D: 9-41
}n→ IR s.tn ED4)=L

.

✗

( Analog of mass functions
of discrete

prob distributions
) .

For any f :{
-41 }^→ IR , the

pseudo-expe-d-atmoffw.int . a

pseudo
-
distribution D is

E~☐. f- = § fix> Dcx)

Exampte : let p : {-1,1 }
"
→ Rest .

§ pan
=L . Then

, p is
a

pseudo-distribution , with its pseudo



expectation being simplythe expectant
-

w- rte p .

We now want to forcesome non-trivial

constraints of beinga prob dis
th on

a pseudo
-distr D-

D-efcpseudo-distribuhanofdegd3.ltpseudo -
distr D: {-111 }

"
→ IR is

said to be of degree
d if for

allpdgnomialsf
of deg I § ,

☒
☐
f27 0

.

OBICLuiearity) : fig , É 4-+g) = FIFE
,



Nyt : The mass function
of a

proto
-distr is a pseudo-

distribution

of deg ¢21

Fact: Every function f
:{- in }

"
→ 112

is a polynomial
of degen

.

( proof : Fourier polynomial of f)
.

In fact this is a
characterization

of prob. distributions
.

Lemuria Cdeg 2h pseudo
-disth is a

prob - distn) .

Proof : f z C- {-111 }
"

,
let

F-
z
: {-1 , I }

"

→ { on} be the



function such that ttzcx>=L

if & only if 2-
= × . and 001W .

Then
, z

isa polynomialof deg
n
.

Thus
, if D is a deg

Znpdisth

then
, É☐1É 70 '

Let pz= É☐1É
.

Then §Pz= É☐§ttÉ
- É☐k
= § DCD =L

.

So Pz gives you
a prob dist

"

on

{-1,1 }?



If f :{ -41 }
"
→ IR is any

function,

then f- (set E fc⇒1zc⇒ .

2- c-{-111 }
"

ZE {-1 , , }n£⇒lÉkz×Thus
, E-fcx> = E

= I fczipcz
2-c-{tin

=

Ep . f- ✓

⇐ É is really the expectation
w.r.li $ . →

So done .

This is an instance of
"

duality
"

between probdistributions and non-neg

polynomials
. Ingeneral, such results arestudied

algebraic geometry :

"

posit vsleilensatz "



temma Cauchy -Schwarz Inequality)
Let D bea p . d- of deg 72T

-

on { -111 }? ThenV-pdyfcgofdga-LEjf.gsFÉfTÉ5
Prod: First suppose lÉJ=0
Then E. f.g=É[Ef+qÉ-D

5- ¥# [if] -12*-751

⇒ Éfg EE.IE?f
'

take limits as c. → -0 :

Now suppose Éf? Ég
'

>0 .
-

Let 111-4E-Éf? IlgaF-Egf



f-= ¥1k , 8-= High

then

É[€-55320
I

ÉFFÉG
-

z.si#-Fs0r1E.f-g--1.0rE.f.g--llflk.llgk
TIP : Commit to the

"

language
" l ' "

oftencanguess true
results&evnpraathemÑ1?⃝g"
by first thinking what's trueofdistns .

D



Def C Pseudomoments)

The degree t pseudo
moments of

a pseudo -
deist
" D are

the set of

tts { lÉ☐. xs 1 Islet}

i. e ' pseudo- expectations
of monomials

of deg St
.

Notahan : ⇐F) = Eet
.

Lemuria

{Vs / Islet } , Voy =L are pseudo
moms

of a deg pseudo-list non {-41
}
" if

and only if the matrix Mt defiedby
**
e- CST )

- IÉXSDT

satisfies ME 70 .



troofi :

let VE 1R⇐t be vector .

Then

ÑM+U= £7s
'4- - IÉXSDT

- ⇐ Us - 4-ÉXSXT

=# §VSVTXSXT
= E-⑤ vs - ✗Ñ

Thus

VTMtV 20 fire 1k¥
)

⇐ Éfcx5zo ffofdgsytg



Thus checking if a gucci set
of €¥) Its form pseudomoms

of a deg £2T pseudo -disth if

& only if Mt (
the moment
matrix )

is positive semidefinite .

Corollary :[ deg2T Sum-of-squared

Let p bea deg e
t polynomial

.

Then og
Max

D: pseudodistn
IÉPCD

on {-1,13h of
deg=2t

is reducible to semidefinite
programming uitemé noCt!



Obse= : Since everydistnisap.se?fgmaxIE~,pqmaxEpP
D

D

distharfi.ie
"

pd - ofdgzt
on flat of deg 2T

11

Max pad
t.ES -11}

"

£0 deg 2T Sos program for

maximizing E~p is a relaxation
of the problem ofmaximizing

p over { -417
?



Example :

Let p = I- I §g⇐Eeig
for F- = edge set of graph Gon

In)

Then , the deg 2 Sos relaxation

is max E- pan
st . Flop ko

⇐ I- £§jeEMa¥P
St . Map 70
t

Goemans Williamson SDP !

Thus GW SDP is simply the



"

deg 2
"

Sos relaxation for Max- cut .

2nSosrH
E
"integral

"

problem
"

exact
'
"

proven ¥7B
"

•
,
deg2

Increasing degree → getting tighter
relaxations atthe
cost of larger
running times .

But any
OCD deg = poly tune .

.

"

Mechanical
"

way
to generate stronger

relaxations



cEg¥ainbuhm_.
A pseudo-distr D

on {-1 it }
" satisfies

of constraint qcx) 70 if

IÉ . p?qz O f p s
-t .

Zdegcp) + degcq
) E 2T .

Polynomials

Corollary : For anyÑÉn ,
the task of finding a deg

2T

p
-d- on { -HT that max ITÉP
while satisfying {Eiko }iI ,

is

reducible to an SDP of size

poly Cm , not
'

) in tune poly Cm, n°147.



LOW-degreetransformat.ro#
Suppose D is a pseudo

-distr on {- in}h

of deg 2T
.

Define a pseudo-distr
# {on }" as
r

follows: ÉµXi= É☐CH¥
lÉ☐,

-✗s=É☐¥s ' )

and extend linearly .

Then
,
D
'
is a pseudo-distr of dgzt

on { on }h

More generally, holds for
"

low -dy poly

transformations
"

- Often referred to as

the
"

basis invariance
"

of Sos relaxations.



Localtistnbirtons

Leinma : Suppose D is a pseudo
-dsth

on {-111 }h of deg 72T
. Consider the

restriction of ☐ to any
£ t vars s .

Then
,
there's a prob di stripe on {-1,1 }s

5.t - t TES , IÉDXT = Erik
'

(D locally agrees
with actual

prob distributions)

Lumina: suppose
D is a p

-d. on

{ on }n of deg
72 .

then É Xiao

× '

É ✗ i = É Xiao '

Ploof :



Algo for knapsack .

In particular, too ,
can get ④c)

approx
.

may
to knapsack in h0%

' time

Needs 2 basic sample facts
about p.cl .

Leinma : suppose I ✗
C- { oil }

"

,

Kiki E- C ⇒ Exist
.

e.g.ct-cz-IC-2.cl
,
1<=2xEza⇒

Then , for every pseudo
-distr of

deg 321<+2 satisfying Eci C
,

it holds that ITI ✗5-of 1st 21×+1 .



Why is this
true if pd.is a disk ?

Under the hyp , any
distr on ✗ ,

restricted to S, must
have support

of size E K .

Thus, the prob
that Xs

-4 if 1st>K

must be 0 .

Let's how prove it for p
.d.s .

All we will use here is
that

locally on all
small sets G- Kt 1)→

the p
-d- is eai fact an actual

dist?



Piroof: suppose s is such
that É¥s>0

and 1st> 1<+1 . Consider local
distr

on S
, say µ

.

Then
,

it must have

✗ i =L
ties in

its support - But

for any
such × , Ecixi

> c.

its

NI É☐. Ecixi

= E~DE.esCixi + É☐F¢i
> C 20

> C
→☐cannot

satisfy
Ecixioc



Lemond : of dog 721<+2

Suppose D
is a pot on {on]

"

s.tn
F 1517kt og

Ñ=Xs=0 . Then
,

there's a g¥tnµ on {oil }
"

5.t
' ÉjXs= Epi Xs

f s '

(that is D is an
actual

probdist7.pro#-.F1sK-2kt2gsetlEuXs--ExsV-1Sl72kt2
,
set EµXs=O

.

enough to prove
that

Epicfit 30
F f :

-5m€
→ 112 .

write fcxr-fsfzzkfzs.is?!s?+sFzk+fEXs)



squaring & taking Er :
2 A>Énce

lEµ . fix} = Ej fsmau →Éifsmau
+ EµfIy→e=°

✗0
+

Epi _fTayÉfsmall
-

theorem: In Knapsack Instance .

For every pd
. Don Xi - - Xu c- {-1-1} of

deg 72T satisfying Exi
-Cisco

É☐ . Eivixi.SC#)oPT
Thus

, lnteg gap of not
> time dgzt Sos

SDP is at most (1-1%-1) -



PI: Let s
= { it via } .

( large value items
.

Then , clearly , if Eiesxi >it

then E. a- ✗i > C

(as otherwise can
collect value>OPD.

€ ,
Eci ✗ is c

⇒ Exist
-

lies
D

Thus
, for any p-d.no

f deg > 2T

sat Eci ✗c-← c , it
must hold

that E~jx-q-OV-TC-sofsi.az
e

ITI It



Thus
,
D restricted to s is a

globalist
? Note that 1st canbe

→ 2T and this
still holds → so

this is not the
vanilla local p.cl .

property :

Let Ds = { Cpu , U) } yes
↳ prcu]

Ds

Let fs
, y CX)

= 1 if Xi =L f

icy

&Xi=°i¥sµ{0 Yu
Tien
,

fs
, ycx>

= 1 .



Éh: F T : 11-1<-21--1 , ties
Es

E~oxT.xi-O.pro#:LetT,C-Tbeofsizet .
Then IÉ . ✗

T.xi-E~xtixtkixis-EF.xi.EE/-m-ii:DefC#fL)
: lnshorttedfl .

For any polynomial fog f=§ft×T,

define : Red (f) =
I ft-XT-Ef-t.lt
T.MS/st T:

ltnsl >t

Red Cfs,u) has
-

-
.

Intern : can replace fs , u by Red Cfs , a) - - .



Élan : Red is a linear operation

Enna:[Red Cfs,a) =L .

yes

PIF : E Red Cfs,a) = Red (Efsa)
YES

YES

=Red (1) =/

Lenya : E Red Cfs,D. xé
UES
= see if i

PIF Red (EsfSir XD
= E Red ftp.xi
UES

= 1. ✗ i = ✗ i



Define yI= E~oci.Redcfs.at/ETRedCfs,u)-
Intuition : " gill is the conditional

expectationof ki
conditioned on

fs
,
u=/ .

"
.

Lem_ma : ①0<-9%1 ti

② E II.cis c- Eci
"

IEU

for every UES

we will use the following lemma
-

Ha : TUES, É -Redctqu
? Xi

= IÉ -Red Cfs ,u5 .



Eef:

Observe : fsiii-fs.u.li Hi
Kees

Thus Redcfsiixi)= Redcfsiixi )
"

⇒ Red ( ftp.t/i--RedCfs,uJXi

To show the lemma, we heed
.

E. Redcfspxi-E-Redlfs.nl?xiN-ote:RedCfs,aJ--RedCfsFe)
E-High -degree

degree >it
From Iemma before #Xt - Xi -04 TES

ltlzt .



Thus
,

IÉ - High-degree •✗ i=0 -

☐ .

%eÉ¥É.

1) Let's prove
that

If E~Redcfquj-o-E~Redcs-s.at/i=E?RedCfs,u#.EFxF--
FFE-EDE-F-iz-oy.EE/T--Rd-suxi--E.Red--s-xi

1ÉRedCfsµ ) ÉRed⑤
,
a) .

Usingthe lemma above :/
wehave -

ERedcfs.ie?C-Xi)--E~Redfs,u)?C-2xi--xF)



= ÉRedCfsµ)?ctx-520
.

Thus E~pnedlfqufzE~Redlfs.at?Xi
or yihsl .

2) Next ktsprouethatye.TO
E'Redcfs,u)=ÉRedCfsµ570
E~Redctquxi-F-Redfs.ci?xF

20
. ☐ .

3)E~Zic-sxi.ci.Redcfs.ie)
= EEsciixi-fs.ie → ☒

M
= E.c-uci.EE/2edCfs,D .



Otoh,

É¥nji .ci
. Redcfqu)

=É{xici.Redcfs.at
itch

Now note that Redcfquj.is
asqueneofa degree d- poly

.

Thus
, E~jredcfs.ie?CC-Eengixi )
30 ↳ pseudo-distr

satisfying
constraint !

6- CE~Redcfqujhz.EE/iRedcs-siDE~ReIdCfs,u
)

ion]
-**



Subtracting * from ** ,

E~ERedcfquj.xi.ci
icts

f C- ÉRedCfsµ
- ⇐c-uCi)ÉReckfsid

¥ :

Ey ; - CEE@ Eieaci)



complel-iykaapsackltnaly.is/T-=iEixi-ni--E~ERedCfs
,
a) -Ei Viii

UES

= Éag§[¥ Red Cfs ,uC×DViki

1- E Red Cfs,K×DVi
ifs

consider E.= HÉRedCfsuW
①these are a- I E- Redfs

, y



② satisfy Eiciiyns@-¥

§ : EYi.vis-OPTG-Eu.ci,
its v15

1- OPT

So

2-(Redcfsia ) -Eiesxiri
"⇒
t ;¥Red(fsµc×DXiVi)

f{E~redtffn%CE-uvi-OPTG-Euxi.us)
UES

+ 01¥]



Ect¥) opt (§⇒Éred§i)
= 4¥70PT








