


HARDNESS VIA DICTATOR VS

ÉÉAD"¥¥a¥e
Dictator Testing →

"

Flippedview:
"
mustbeadictator

lnpn-t.it#ble access to af :{± I }
"
→g-it}

appropriate probdisth

Eal : 1)Choose of points☒ ,
✗3 . - ,×

"

2) Apply some cheek
to the g points

& accept or reject accordingly .

ELOPE :DEvery dictator passes the check
with some large probability -7C

2) Every function that
is fortran

a dictator passes the check w
-

p
-

E s .

farfranditator = All coordinates
have small influence

"

Defcc-degreet-nfluence-T-nf.ECf) = £
,
,sÉÉ5



Avoids the somewhat an intuitive phenomenon
that there can be many

coordinates of

large influence
.C e-g. PARITY function)

lamina : Let f-
. { -1 , I }

"

→ fi , ☐ ←
this slight
generality
will beuseful .

Hi I T-nf.ECf) ZE} Is
E-

proo-fisi.info?--§ E
ÉCsis c-§§cs5sc

57 i

ISIIC

By Markov 's inequality ,
# i : Inficf)7

E E E
t

How does this relate to hardness
reductions?

EI . A 2 query
tester

1) Choose x
C- {-1-1}

"

uniformly at random

2) choose µ ,
-
-
.µn

: eachGord = -1 w- p . I-Is
+ I w-p. ItIs

3) Accept if fcxs-tfex.ie)



Remind you
of something ?

(Xiy) → edge disthen
the hypercube

rounding gap example for¥
, Max-Cut .

Cheek → K Is edge chip cat
"

.

What's the probability that
dictators

pass the
cheek ?

Lamine [ Dictators
on 2- query test

Lett f- : { -1 , ie
"

→ { -1,1 } be a dictator
.

Then f passes the
test up. I - E.g.

PTI : ¥g, [ fix
> tfyD= Pr [Dian

Cky> +Dig5)

¥4,1K
' -1-9;] = E-Eg .



So analyzing the test
~ proving

that if f is farfran_a

Ettore, then itmust pass the test

with a much smaller probability
.

EI. MAB (4) By B)

passes the
test with prob . I -3gg-£53

Low Influence Functions?

What about MAJN
= signCsixi) ?

Lemma_ : Eso
,

n large enough

Pr [ MAJn passes] Iak-E.cl#+ss-kd-ohof-proof:
Test picks In {-1-1}

"

uniformly



µ→n {-1-1}^4-1
w - p . Yikes

vina
+1 w -

p . 2+119

T& tests if < z.ge> & < Iii , 1>
"

"

Exi Lie , Irn)

have different signs E- Ñfrn .

Imagine picking µ→ first
and fixing

toatypicalvalue .
it
,
In particular, this fixes

the

inner product jfixi.yi-tf.fi?ui---nsiro
~ S

'

Conditioned on y→ , test
looks like

É → {±Ñ u.a.ir.

check if < I,I >
& <I ,I

'

> have

different signs .



Notice that new Eib are fixed Early
☒ is random .

Kia :
central Limit theorem

<a→,✗→ >=f⇒i✗i → gaussian
with same

mean& variance

to I
< I ,I >

=#Eifiixi → Nco, 1) .

Better way
to statethe same fact

<age > dÉt < at ,g→ >
to a

uniform on standard
gaussian

vector
{-1-1}
"

<BE > Ist
"

<I, g→ >



lNVARMNcEPRiNClP
"
2- D

"

CLT dist
"

⇐ Is> (67×3)×(675%4753)
joint distr

what's Pr [ signkaig-D-signkb.IE >D
if

.

<at,F > =p ?

arc-u.ES# ! !

FAC-to.IS#issd.gassian
vector

,
then F- is uniformly distributed

118112
on the unit sphere .



It turns out that you
can greatly

generalize such
"Invariance Principles

"

to say formally
that

F P, E , F
E
,
8>0

If Inf!Ef) s I ti ,
then

Prffcii ) # figs]
s-P-rcfcg-3-1-fcg.it
/ + e.

Max-Cut value on f-corr
. sphere

graph .

SS

Analysis of Feige
- ScheckIman

Integrality gap .



Sytosummarize ,
the test

D In war
. { ± i }

"

a) Ñ - I -Ep
: -1

It Eg :
1

completeness
3)Acc fcx-it-fc-x.li ) .

T

D dictators pass a p . I-Is = C

2) All f- where all; have low f-
inf

pass up . ~ soundness of integrally
gap

-

⇐ arc-F#+ E



Theoremf.Reduch.cn#
Suppose 3-a dictator test with

following properties
(f :{±iY→{±c })

1) all ndictators pass up
. 4C .

2) if he :{ -11 }
"
→ {-413 sit

Inf.fr/-1s-cghPasseswp.ss+q .

3) checks of the test are
of

the form p.CH/I...,x5-- 1
d

"predicate
" where

PEFI
familyof
predicates

then, Max - P problem is Coy , sty
NP-Hard assuming the AGE .



We discussed sucha test for

P = 4=1
" pred =

"

max-cut
"

type

We'll prove
Max -cat hardness using it .

But the construction & analysis is

general to any P
.

-

Instances = MAX 24N Cp) -

1) A bipartite , d-rg.at# graph G

2) A be = big. c-
{011 . - , p- I } for every

edge Sig
'

} of F- .

We need to take
this instance and

produce a grapht → max
-cutinstance



Vertices = n - 2P .

For each v c- Vg , we
will have

21
'

vertices →
" hypercube

"

for eachVevo

ETF ETF
↳
☒ dime

p

Od

p

•

Edg_es? We'll use the
tester to design

an edge
distribution .

Before that, note
that any Ert

of

H is described by

{fr :{ -1,1 }P→ { -1117 } ✗ c-Vg .

t
which vertices of v-th hypercube are in



Idea: use tester to
" check

" that

the UG constraints are
satisfied .

that way passingthetest will
be related to

value of the input

UG Instance .

In fact, we will
liketo ensurethat

we can learn a good assignment for
UG instance by loft a large
cut { fu } reVG

t

Intended assignment : fr- Die

for some i. C- { 0,1,
- -

, p- I } .

H0PF this encodes
that u should

get assigned the table
i .



Suppose all firs are dictators .

How should we check
that they are

" correct
" dictators?

Need that if ✓ is assigned i
w is assigned j

& { viw] is sat,
then

j = it bijmodp

De-f.CZ#COpinionofv-snbrsJ-
For war in G, let

JJ:{-1 , I }P→ { -1,1} by
→

Cp] → p sperm .

gY= two of→ w whether Est,

,,byw- i
of→w CX) = Y : Yi = "or→wci)



Notice that if fv = Di

fw = Dj
& Cr,w) is sat by Li,j)

then JJ = fwo F→w = fr '

⇐ if D fr are dictators

2) that encode
sat assignment

to a hbr pair { viw}

then gY = f-✓ .

If not, then JJ may not
be

sensible
.

- - .



TEST= Edge distributor will

1) pick VEV uniformly
at random

2) pick 2 random nbrs

W
, ,Wz

Of y

3) Apply
Tester to grw '

& gY-
"

1)generate x
at random

from V - s hypercube

2) generate µ
.

.

Yoke -1

42+429 I

3) add check = girl coos
+ gTLD



✓
"¥¥÷

;-w¥ÉI
Caution : The edge

distribution

generates edges that are typically
between vertices of twodiffrnt

hypercubes ( corresponding
to 2

diff nbrs of v7

NEME : Completeness,
Soundness,

discussions of generalization to
other

predicates P.



AnalysisoftheReduo.li#.LemmaC6mp-eteness)
Suppose the

U .G- instance G is C- X
)

Satisfiable .Then
,
there's an assignment

{ fr }very for
vertices the of H

that

cuts 7 @- 2×3
↳ completenessof

dictator test

PII : Let It be assignment
that

satisfies C-☒
- frae of constraints

.

We'll give an assignment
{fr } to

VH . and analyze
its performance

on the edge distribution
of VH .



→ fu = ☐
Aw, ←

dictator on

Acv) - th
bit .

Analysis : distribution of { yw , }
& { v ,wa } individually

is

uniform overall constraints of
G.

⇐ up .# -2×3 over
the choiceof

random ve two
random nbrs wig

ofVg A satisfies
Cviwi )

&( 404 .

Condition on this
event .

In this case , note
that %4=gjEE

& fr is a dictator
.

I , dictator
test on v14 ,we passes

up . Z C
.



thus
,
in total , the testpasses

up 3 C -C 1-2×7

⇒ frac of edges cat 7
Ccl-4)

-

LemmaCSoundnes)
Suppose { fr } passes

the test up .

7, sty
.

Then ,
there's an

assignment A
that satisfies

constraints .

%
↳ depends on y,z

butnot
p .

PIF :
gY ' , gjr

-

pass
the check .

w- p -



= E- IE¥,µ[ sina.gi-cx.fi'D

{ fr }s pass the
checks up . 75+4

This means that

s-irf-EE-IE-z.lsikx-i.IT#iBYWl1Wz=ECI-± !¥Esik⇒¥¥¥
↳EEE -①

DIFCAverage Opinion
about v)

h✓=¥✓[ of] - interval
✓ insteadof

NITE : hv :{-1,1 }P→[- 1,1] {til} .



Stys E (E
- E hiE) .hr#ED

YEP \ /
-⑦

average opinion
.

FACT-caverag-ingsnpposezisar.ir.
.
such that

12-1<-1 & F-2-75+2
.

Pr [ 2-75+1=17.12
ri

Pro

Sty
I EZS Pr

[Zest# EstE)

1- Prftzs+E) -1

0rpr[ZzstE]7¥-



Let's apply averaging
to the v.v .

E [I-l-zhvcx-3.hu/cx-?piB54fe
( where randomness

is over v3 .

ten averaging gives
that for

¥ frac of ✓ ,
it must hold

that

St Is ¥¥,
[E- three, .hr rip

call such v GOOD -



From Strongsoundness of the
test
,

we must have] •

→ th÷:n¥,bean

Inf 1.2 variable

I £InfÉEE )

= E
'ñ✓Cs5

÷÷%Éisñ=
E

151<-48

⇐ ¥.
"É5ÉÉs5

f 1$48

Cauchy
-Schwarz inequality



None, gY=fw°F→w
so
, £7s> = Er CEiwCsD .

E
, E IT

5- i
w¥É%5]

'"

1¥ [§¥
,

GiantsD)

= Iv
I Fwc -15
TF Fuji) , ITI -4s
↳ raids .

AHiriall.ee#-rEInfri!wciffwD



Averaging for % frae war,
Yr

Infor
→wci ,

Cfw) 7¥?
GOOD
NBRS

Here
,
wehave that

①-1 V are
GOOD .

,
hvhasaninf .

✓aV
'

② for an infra
✓ in hug

¥ nbrs of ✓ ,
have an

influential var of→wci
) .

Cig of →wci )) is a good

assignment for edge Chasin
UG

instance G '



So
,

" '

returning a random
influential)

variable should be agood assignment
if # in f- vars were small .

This necessitates
" low-deg influence

"

Decodeigchme:

for any ✓

Let Candcv)

= { is Inficfv) >
I
,

or

Infiichv) >2}

Then-gkandcnk.IT#



⇒ :

forv:assignACv)=random\elementof Caridad .

-

Analysis
For GOOD

- GOOD nbrs , random

choice iaagrces up 7 (¥y
= 5¥

GOOD-GOOD Nbrs are 7 I frac

E
,
in

' all RIfrac constraints



of UG are satisfied .

Choose p large enough so
that

✗ < g.z
?g-

-16
.

Then we have a contradiction .

☐ .

-

Whatdid we use about
the

Max-Cut problem here ?

① dictator test

② soundness for① low -deg influence

&② Eli B - valued functions.



RagharcndraG8- : Let P
be any

predicate , i
- e
,
P : { -1,1 }

"

→ { on}

eg
.
PCX , /Xz ,✗D=

Xiv ✗N ✗3

↳ 35AT

pred .

There's a natural generalization of

GW SDP for Max
- P problems.

TIM : If there
is a CC,D-

integrality gap for
this SDP ,

then there is a
dictator test

w
- the completeness c-y

& soundness

sty t Po
-


