


The Arora Raovazirani algorithm for

sparsest cat

Reca GCVIE) : undirected graph
on n vertices,

m edges .

fs , ④G)=lEcs,s#
151-151

TQCG) = min QTCS)SEV ↳ Sparsity
of thecat

Quadraticprogramm.tn#yFzeEXi-xj5 guess.

EQi-xj5-p.fs.t.tt#jsnrX,EC-
{-1-1} .



For illustration today, wewill

assume that ,,
@

of = 2151 Cn
-151) .

= 0 . I n2

This is equivalent to assuming
that the optimal set

is roughly

balanced, i.e.IS/--n-1sl--rcn3
.

This also happens to be
the hardest

case & the general case can be
reduced to it .



vectorprogram-imih-F.ge#i-B- HE
IN.cl/i--1 Hi§ Envoy . "i=¢0¥¥ Isi,j<_n

Vjk : Wi
-4<112311%-415

+ llvj -4<151
SQUARED TRIANGLE

INEQUALITY.

Caution : Arbitrary vectors vi. Vj ,Vk
satisfy the triangle inequality

:

" Vi -4<112111Vi-Y
- 1kt /Nj -4<11-



This does not eiydy the squared
triangle inequality

.

Why is this
SDP feasible ?

Let 5¥ V be the sparsest
cut

such that 215*1 .cn -15*1
) of .

Let vi.= (
'

g) if i
c- s*

{[§ ) it i¢s* .

Tien :-#Eggnlwi-vj.IE
= 2-15*1

Cn- 15*1)

= § >



and f-¥iµENi
-vjlk
= I F-Csx,5*31 .

= ☒ (G) of .

WillE- I f i ✓

what about squared triangle inequality
?

4¥ any a ,b,c c- {-1-1} ,

@- b)2£ (
a-c)7- G-b5

trivial if a =
b.

if not
one
of a=/ C or

b =/c.
☐ .

SI . the vectors areso satisfy the

squared triangleinequality .



MAlNTHE0REM_

Thm:_ Let G be agraph that
admits a sparsest outof size

215*1 Cn -15*1 ) =p
. Let 11 , - . .vn

be unit vectors
such that

I LIVE Vj I[= C and

¥4,j } c- F-
satisfying the

constraint system ①

Then ,
there's a randomized rounding

algorithm that outputs
a cat

s st
.

ECS ,5) I

1skntsD→ 0¥)
.

.



HIGt-LEVE-OVERVIEWDef-e.freach ij s n , let

dci
,j )
= ¥11 Vi-VjHE

Then
,
dci,j>s

dci ,K)+ dc Kj) Hii ,
K .

Thus
,
d is a

"metric
"
.

In fact , it's a
" squared Euclidean

"

metric in a special kind
ofmetric

often also
called

"metric of negative

type
"

.

SI , onecan
view SDP a refinementof

Leighton Rao LP
that corresponds

to d being an arbitrary metric .



How aught you want
to round ?

Suppose you try
to do

"

GW -style
"

rounding .

Let gu
Nco , Dh : std . gaussian

vector.

Let Xi = sign (Lg ,vi.D.
Hi

Lemm_a:[ Gaussian Rounding
]

Pr [ sign i,gD= sign csvj ,gB

= . ②FED .



Proffer familiar 2D analysis .

#Vi- Vj 11¥ 8 csay) .

Then E- firing
. > = 5

or <vi.Vj >
= 1- 2.5 '

Vi

Thus

Pr [ signkgp.is/--signk9i, ¥

= arc-cos¥_
~ ¥8 ~ 0-(11%-4112) -

= -0 (Fiji ) .

dci,j ) is a # beth
021

and can be
, say ¥1m .



then Fiji
-

= >>

gn)¥i
Sq GW rounding separatesshor-tedges-ci.e-dciip-p.ggD

with

too large a probability
'

ldea2_ :( Region Growing)

DEI : For any AEV ,
& i EV

dci
,
A) = min dcij )

jeA
"

distance of e- from nearest point in A
"
.



Then
, triangle inequality for d

empties that
dci
,
A) sdcij > +dcj,A) .

lemmaCRegionG-row.mg
Let A C- 11 be any

set of

vertices .

Choose re co , ☐ uniformly at
random . and set

S = {kldck , A)
sr }

Then
, for every icj ,

Prcxitxj] I dcij) .



Proof : Suppose dei /
A) > dcj ,A) .

-

dci , A)- dcj , A) I dciij )
f

Triangle so Prlxitxj]
1^4""} =p, [ dci , A)yr >cdcjiAD

= Idci / A) - dcj /A)
I

£ dciij) .

£ E E HC×i=×j)
{ ij}EE
S Edcij.fi/j3EE
E C → SDP opt !



Why aren't we done ?

For all we know, S
= V !

But we need 21st Cn- ISD >I
O(EgD

why would 5 be too large
[ i. e.the cut be too imbalanced

?)

because somehow
most vertices

i ended lays near
the set A

Ci . e- dci,A) was
small) and

thus were put en s .



In order to avoid this ; we will

need that a significant fraction
of vertices be aseparated

"
or

far from the set A we choose
in region growing .

k€Éa : such a
setAexisf

Let's formalize this .



theorem [ ARV structure Theorem ]

[Arora-Rao- Vazirani
'

04 g Lee
'053

Let Y , ,
- .

, Vn be
unit vectors .

Let dcijt-klwi-vy.IE satisfy

triangle inequality .
Further

suppose I dcij
> 70in

?

" balanced{ i,j}C-In] case
"

Then
,
there exist sets A ,

BEV

s -t - ① 11-1,1131=52Cn) .

② min dcij ) z
TEA,JEB for D= Q#-)

Further, can find Ai Bas
above in

/ polynomial
time .



Obscene: Immediately done if
structure theorem is

true !

Use It to
"

region grow
"

Then , expected
IECS, 571

a- C.

while Elskn
- IsD= DC,n§p .

¥⇒.

⇐ !¥,¥¥% argon)s**

£005m) ☒G) .

☐



Will now focus on proving
structure theorem .

BSÉE : structuretheorem

has NOTHING to do with

graph . It's a statement

about existence of
"well

separated
" sets in a

"

G-squared
"

metric space where avg
.distances

are
. large .



Let's now proceed to proving struct thin
.

µ'snowdefnéadirected-graph H in termsofyz.s.tlhas vertices i. c- Cn] .ECtD={Ce,pecn]4dcij)
Def CVertex separator)
AÉABÉt separator
air H if no edgeof H goes

from A
toB

That is, ECTDA A -113=01-

We say
that a vertex separator

CAI B) is good if 11-1.1131=1
cñ) .



Then struct theorem is same as

saying that It has a good
vertex separator for D=#gf
-

Randomized Algorithm to find
vertex separators in H .

Let Yi = < g, vi. > t e-

Then
,
Ey ,

-2--1
g dcij )=¥EC9i-9,32

1. Choose subsets A°, 13° s
-t .

A°= { i I y.is - I } BE { jl 9,71
} .

2. Fund maximalmatching of Ecton A°✗B°

byÑÑÉessing edges In] ✗ In] in alphabeticalorder
.

3. Output A- AYVCM) , 13=134KM)



Node :D A°, B? A , B are all random
variables as they are functions of
the gaussian rectory .

2) edges of matching M are
directed .

In particular,
Ciyj) C- ECM)

⇒ Yj -Yi 22 .

Prep: CA ,B) forma
vertex sepia

H .

EEF : consider any edge
ein

F-CtDNA ✗B? If
it exists

in F- CH) A AXB, can
remove it,

add it to M and
thus M is not

maximal .



¥ : Mcg) = reverse
of Mtg) .

processing
orderofedges in greedy algo

is independentofy .

Lemma_ (Vertex Sep or Large Matching)
There's a const . d s

-t . if

F- 1 All B) < d. n' then IE 1141 >
dn .

absolute

PRIES Fix any ij , then, constant

Pr [ Dis -1 , Yj =D 7
c.dcij ) -

( similar proofas GW analysis .

Exercise ! I



thus
, EIAY -1137701.cn/AllBlZlA9-lB9- n - 1141

F- / ALIBI > ElA°l1B9
- n

- F- 1191

( I

0 - I - c. hf

⇐ if EIAHBKOÉÉ.nl
then IE 1Mt 70.05cm

.

☐

We will analyze Elm / and

prove it is small .



Lemma :(Main Tech Lemma)
¥5me abs . const - c>0 ,

CF-hm-JSEmi.a.jo; -Yi
3-2lognÑ

lnwoids, we will analyze
the

Expectation of maximum
of

{ 9j-y.nl is i.jsn}

By standard results this
in atmostfg.it

OTOH, we'll
shoo that if 7a

large matching then expected
maximum of yj -Yi is large

.



Rearrange:
F- 1141s-n.gg.is#

If > O(logÑ ,
RHS < c

'

n . so done !

Fa±ÉÉ¥
Suppose Z ,

- -
. . Zz are jointly

gaussian with F-2- i =0 & IEZTEI

for all i .

Then IE m.EE Zi f 2nF

Apply this to {9j-y.is .
to get

RHS -



Max yj -Yi : Max
of a

ij bunchof jointly
"gaussian {gaussian random
process

"
. variables

-

Proofofthaeirtechemma
Idea of the proof :
"

large matching implies
that

there's an j ,i s
-t -

Yj -yi
"

is



large .

why? matching edge i→j

⇒ Yj -Yi 22 .

matoh¥-
.→#afluff

chain together edges
edges

"

and show that we can form

long paths .

Then endpoints of the path
mustbe very far !
we'll run this argument

"
in
average

!



tyke ;) = setof vertices
reachable fromi from
at most K- steps in It

.

* Zick! max Yj -Yi .

JEHKCI )
n

* YCK) = ¥
,

Ezio?

Then, notice
that

44¥ SIE mi,aj×9j
-Yi

LÉÉafE⇒



large if Mis
LemmaChaining lemma) µ large marg .

t-orsomec-TYCK-DZY.lk)-14-11=-1191
y,

- C.n.mu/CE&--yI)ic-Cn3aJc-Hk+Ei)#
error/ noise /

variance

term ⇐

Proof of MainTech lemma assuming

chainineoinyi.yjj-dci.PK#/Triangle
£ K-D inequality

so 44<+17> VICK) -111=-1191
-Cn

Wb



so for every ksko=¥⇒÷Ñ
YCK-11) > YCK) -1 D.

Ins
, 7¥73tz.ko.CF-lnkl-jse~CKD-z.sc#---nDI
/



Factored : Z, - . .Zt mean 0, jointlygaussian .

Var [max Zi . -2-+7

I 04 ) . Max { Varen, - - ,
Varc⇒} .

Borell 's Inequality , can be proved via
"Lipschitz concentration

" / Sadakov
Tsirelson

'

74

-

Proofofchainighemmafuses Borell)

2-I
"

> Zjktxj -Xi-①
for every Cij ) C- F-CH)

.



This is because forany rc-tg.lk
:-D

there's a £ ktl length pathfrom i.

"

Fluff edges
"

letNE [a)✗ Cn] : arbitrary matching
of vertices not in th . Thus

,

V-ci-j-I-Zik-tlzzj-ZV-ciipc-N-iz-zik-Y-lzzg.ltI

7 I ziktlzzj!

-

total of ¥ inequalities .



Add the inequalities , take exp .

F-£ Zikt! Li ZEÉZJK. Rj -121Mt
F- I j-4

↳ twhere would like EZÉ
"

{ outgoing edge
into

without Lis .⇐ ÷: :.÷÷:÷÷÷d
in ta

done -

0 if i is an incoming
edge min

.

Ri = {
1 if i has an

oncoming edgein M

I if i is notmatched
inM

o if i has anoutgoing
edge rim

.



Records: Pr [ i has an incoming
edge in M]

= pr[ i
has an

thus. Eli -_ £ outgoing edge
in my

IE Ri = £ .

error incurred it

# by EZF+ !
Eli

/ F- Zikt ! Li - Ez?É+.it#j.jEZi+ki--/IElZik+t1EZik+Y.lLi-1ELil/
s¥¥÷÷÷É÷FEi

→
Since Li04)jmq¥;,EÑ I ¥ . is inari]



Similarly,

IEZjk.Rj-EZjk.IE/2jlfOCD-maxEYj-Yi#jEHKi
)

Thus
, re

YCK)

FIE Zik
"
> Ej? ,EZik
1- 41191t

YCK-iD-amj.mg#-y!FYitiTTCerroruicurred-
☐






