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The time grow linearly with 
input size.

# of bits in numbers
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Even in standard 
representation, this is really 

useful for multiplication.
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So, we need to do 
this quickly….

10101010← ← ← ← ←1111← 0000
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← � 1 � 0   =   1
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• A♠B = C
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• ( A ♠ B ) ♠ C = A ♠ ( B ♠ C )
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• Addition on the integers
• Min(a,b)
• Max(a,b)
• Left(a,b) = a
• Right(a,b) = b
• Boolean AND
• Boolean OR
N�



In what we are about 
to do “+” will mean an 

arbitrary binary 
associative operator.
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$����-� F�����F����E�F���F�

0 �����- G�����G����E�G���G�

where
Y0 = X0

Y1 = X0 + X1

Y2 = X0 + X1 + X2

Y3 = X0 + X1 + X2 + X3

Yn-1 = X0 + X1 + X2 + X3 + … + Xn-1

...
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where

Y0 = X0

Y1 = X0 + X1

Y2 = X0 + X1 + X2

Y3 = X0 + X1 + X2 + X3

Yn-1 = X0 + X1 + X2 + X3 + … + Xn-1

...
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Modern computers 
do something slightly 

different.  This 
algorithm is fast, but 

how many 
components does it 

use?
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• 1 step to compute x values ( ←←←←←←←← 01 )
• 2 log2n - 1 steps to compute carries c

• 1 step to compute c XOR (a XOR b)

2 log2n + 1 steps total
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For a 64-bit word that 
works out to a 

parallel time of 22 for 
multiplication, and 13 

for addition.



@   
�����

���P
����

��


����
����%

��

��P�
����

�

��
�.��

�!��
�

����
����

��
��

���

��H��

����


�
��


���
��!%

4



	�
���

����

����)
1 !��

!�

�����

���!

�� �
��

��P�
����

�

�,
��
��

�!��
�

���0
)
��

��, �
�% ��

����


�
��


���
��!%

4



@ � ��!������!�1 ��  ������1 ��8��
�����% % �����
��!���E44

��3�&�����%

�3��@ 
�!�

O��S��S�

�
�����H��&��������



$���� ������!�� 
��
��������
�  �����'��.���������
1 �������D����% �
�% ����
�����������������4�4�

���/

�������

���S��3����



@   �������2��1 ��
��% .����1 ��8���!��
��% ��1 ���)����% �������
�
��2
�1 ,4

�������

���S��3����



# �������������% .����
2
������!��2�����.����
�� ��  ��4

�������

���S��3����

�������

���S��3����

�������

���S��3����



# �������������% .����
2
������!��2�����.����
�� ��  ��4

+�H�2
��)+,�/���4

� ����+�/�2
��)+,H�4

�������

���S��3����



	������% �����������
�1 �D����% �
�% ����
������������������
���2��% ���������
�  �������� �
��.��������4



" �� ��� �!��
�B �
�����

* * * * * * * * * * * * * * * 
* * * * * * * *

* * * * * * * *
* * * * * * * *

* * * * * * * *
* * * * * * * *

* * * * * * * *
* * * * * * * *

* * * * * * * *

* * * * * * * * * * 

��.�����2����������-
����.�������������������
�����H������!

θ)��
���,



Let’s see if we can 
reduce to O(n) by 

being clever about it.
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