Some exposition of

“The Exponential Time Hypothesis Is False’”*

October 30, 2026

1 Goal and outline of the proof

We explain the sparse-permanent approach to the supplied manuscript [OAI26]. The main result is an exact
deterministic algorithm for the permanent of an n X n rational matrix with O (1) nonzero entries in each row and
column, running in time

O(n(loglogn)z)
2\ Vieen (1.1)

Classical linear-size reductions give the same bound for counting satisfying assignments of a 3-CNF with n vari-
ables and O (n) clauses. The main text proves this sparse case. Appendix A gives polynomial space. Appendix B
extends the argument to arbitrary 3-CNFs by a randomized reduction, with running time 2€ ((loglogn) *[\logn)

The algorithm will recover per(A) by interpolating the univariate polynomial P(t) = per(A(¢)). The
construction of A(¢) and the computation of its permanent are separate parts of the argument.

1. Compute structured permanents. Ryser’s formula or subset dynamic programming computes an arbitrary
permanent in 22 time. For a rank-r matrix, a dynamic program recording r type counts takes

poly(n,r) (n * r) =n9)
r

time. The two ideas combine: if B has diagonal blocks with at most s rows and columns each, and
rank(E) < r, then per(B + E) costs 2°)n?) up to polynomial factors. The same bound holds for every
square submatrix.

2. Compute derivatives from submatrix permanents. Suppose every square submatrix permanent of A(zg)
costs at most 7. For 1 < h < n/2, we can compute

P(10), P’ (t0), ..., P""V(19) intime T poly(n)(n/h)°™.

The derivative matrices need not be structured. The permanent addition formula keeps the large permanents
inside submatrices of A(¢g).

3. Construct a family with many easy points. For sparse A, construct a matrix polynomial satisfying

A(0) = A, deg A(r) < d = O({/logn). (1.2)
At each of the £ = O(logn/loglogn) points i = 1, ..., ¢, the permanent of every square submatrix of A(i)

should be computable in time Ty = 29/ log"n) Here the degree of a matrix polynomial is the maximum
degree of an entry. The special-point algorithm comes from a decomposition A(i) = B; + Eqyt, with small
blocks in B; and low rank in Ey;.

*Produced by odonnell@cs.cmu.edu through interaction with LLMs. The idea of focusing the exposition on permanent came
thanks to a Bluesky post of Nutan Limaye. Thanks to Bernardo Subercaseaux for telling me about his result on NTIME(T). Thanks to
Ewin Tang for discussions about notation.
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4. Interpolate using derivatives. Since deg P < nd, derivative orders 0, . . . , h— 1 at £ distinct points determine
P whenever ¢h > nd. Taking
log1
:Fq+1:02£§%£
t vlogn

gives total time
n(loglog n)2 )

2O (n/log" n+hlog(n/h)) _ 20( Vioin

The interpolation itself has only polynomial cost. Thus the saving comes from d /¢ < 1, which keeps the
required derivative order well below n.

5. Give rows and columns word labels. Use labels in [¢]¢, where ¢ = [(logn)'] and Q = ¢ is roughly v/n,
up to a factor of g. A balanced greedy labeling ensures that each ordered pair of labels contains at most one
nonzero entry, and that the two labels of every nonzero disagree in every coordinate.

6. Factor through copies of the Boolean cube. The intermediate coordinates are ordered word pairs that
disagree everywhere. Their number is

M =(q(qg-1)" <0*=0(nlog”n).

Fixing the unordered symbol pair at each position leaves ¢ orientation bits. Hence the coordinates split into
copies of {0, 1}¢, and

A=LJR, J =1c® X%, X=((l) (1))

The set C indexes the copies. We first explain the complete factorization when ¢ = 1, starting with A = LR,
inserting /, and only then reversing the labels in R.

7. Leave one coordinate alone. Call K i-nice if it has the form I, ® B after moving coordinate i to the first
tensor factor. Replacing X®¢ by such a K makes

L(Ic ® K)R'

block-diagonal after independently grouping rows and columns by their ith label symbol. There are g blocks,
each with O(n/g) rows and columns.

8. Allow a low-rank correction. It is enough to construct a local matrix polynomial J(¢) with
J(0) = X%, J(i)=K; +E, K;i-nice,  rank(E) < 2¢/¢'%.

Indeed, setting A(t) = L(I¢ ® J(t))R’ gives an output correction of rank at most M /¢!, The same E
works at every special point, and the correction is computed exactly, not discarded.

9. Obtain the polynomial from parity. There is a rational polynomial p of degree d = O (/¢ 1log{) such that
p(x1 + -+ + x¢) equals x; - - - x¢ on all but an £7'%0 fraction of {—1,1}¢. Let X; flip bit j. The required
family is

14 14

J(t) = X% + p 2(1 —t/)X; |- p ij . (1.3)

Jj=1 J=1

At t = i, the middle term does not involve X;, so it is i-nice. A Hadamard change of basis identifies the
remaining error’s rank with the number of inputs where p fails to equal parity.
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2 Computing structured permanents

We begin with the algorithms needed at the interpolation points. They do not use sparsity.

Conventions. All logarithms are base two, except In. In informal descriptions the exponent is n/+/log n with
powers of log log n suppressed; displayed running-time bounds retain them. All matrices in the algorithm have
rational entries. Arithmetic-operation bounds suppress polynomial factors; for polynomial-bit input, the numbers
used below have polynomial bit length. We work with sufficiently large n; bounded input sizes can be handled
directly.

2.1 Ordinary permanent and the addition formula

The permanent is the weighted sum of perfect matchings in a bipartite graph:

per(A) = Z ﬁAu,nw)-

eSS, u=1

The usual subset dynamic program processes the rows and records the set of columns already used. It takes
O(n2") arithmetic operations. Ryser’s inclusion—exclusion formula gives the same bound [Rys63]:

per(4) = ) (—1)”"S'ﬁzAw. @1
]

Sc[n u=1veS

For later use, expanding each selected entry of B + C according to its source gives

per(B+C) = Z per(B[S,T¢]) per(C[S,T]). (2.2)
S,TC[n]
[SI=IT]

Here S,T are the rows and columns matched using C. The remaining endpoints are matched using B. The
permanent of the empty matrix is 1.

2.2 Low rank: count colors, not subsets

Let E = UVT have rank at most r, so
Eij =) UidVja-
a=1

Think of each selected edge as choosing one of r colors. For a fixed color, its weight factors into a left-endpoint
weight and a right-endpoint weight. This lets us record color counts instead of endpoint subsets. A rank
factorization can be found by rational Gaussian elimination; the following is the dynamic-programming form of
the low-rank permanent algorithm [Bar96].

Rank one. If E;; = u;v;, every perfect matching has the same weight, so
per(E) = n! n u; l_l vj.
i J

Rank two: red and blue. Write E;; = u;v; + w;z;. To see the counting interpretation, first suppose the four
lists consist of nonnegative integers. Between left vertex 7 and right vertex j, place u;v; red edges and w;z; blue
edges. A red edge is specified by a label from [u;] at its left endpoint and a label from [v;] at its right endpoint;
blue edges are labeled analogously.
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Let Dy (j, k) count the ways to color and label the first j left vertices, exactly k of them red. Then
DL(()’O): 1’ DL(j,k):MjDL(j_l,k_1)+WjDL(j_l,k), (23)

with invalid states zero. Define Dg(j, k) by the same recurrence with v;, z;. Once the endpoints have been
colored and labeled, k red vertices on each side can be paired in k! ways, and the blue vertices in (n — k)! ways.
Therefore

per(E) = ) kl(n—k)! Dp.(n, k)Dg(n, k). 2.4)
k=0

The two tables have O (n?) states, so this takes O (n?) arithmetic operations. The identities remain valid for
arbitrary rational factors: the same computation is then a weighted sum, possibly with negative weights. Positivity
of E itself is not an assumption about the signs of a chosen rank factorization.

Rank r. For a vector v = (vy,..., v,) of nonnegative color counts, let Dy (j, v) be the total weight of colorings
of the first j left vertices with counts v. The recurrence is

,
DL(j,v) = D UjaDL(j=1,v—eq),  DL(0,0) =1,
a=1

and similarly on the right. Put v! = [, v,!. Matching separately within each color gives

per(E) = Z vID1(n,v)Dr(n,v). 2.5)

Iv|=n
The number of states over all layers is

Zn:(j+r—l) 3 (n+r)
= r—1 r

Thus, given the factors, the algorithm takes O (r("*")) arithmetic operations. For fixed r this is O (rn"); forr <n
itis n2("). Even r = n gives 22 time, although not the 2" base of Ryser’s formula.

n+r)
r

2.3 Small blocks plus low rank

Say that B has corresponding diagonal blocks of size at most s if its rows are partitioned into /1, ..., Ip and its
columns into Jy, ..., Jp, with

B[l,,J:.]=0 (a#+#c), 4], |Jal < s.

The corresponding row and column groups may have different sizes. If B alone has a nonsquare block, then
per(B) = 0; otherwise its permanent is the product of its block permanents.

Lemma 2.1 (Structured permanents). Let A = B + E, where B has corresponding diagonal blocks of size at
most s and rank(E) < r. The permanent of A, and that of every square submatrix of A, can be computed in

poly(n) 200"
arithmetic operations.

Proof. Factor E = U VT and use the r colors above. In each block 1, x J, choose subsets S C I,,, T C J, with
|S| = |T|. Match these endpoints using B, contributing per(B[S, T]). All remaining endpoints will be matched
using E; assign them colors and their corresponding endpoint weights.
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Let W, (v, €) be the total weight of these choices with left color counts v and right color counts ¢ among the
remaining endpoints. There are at most 22° choices of S, 7. For each choice, use subset DP for per(B[S,T]) and

the color-count DP for the remaining endpoints. This computes W,, in 29 n?") operations.

Combine the blocks by adding their count vectors, that is, by ordinary table convolution. Let W (v, &) be the
resulting table. Every table has at most (n + 1) entries, so even naive convolutions take n° (") operations per
block. Finally,

per(B+E) = ) vIW(v,). (2.6)

v

The factorials pair the still-unmatched endpoints within each color. Each term in the expansion of per(B + E) is
counted exactly once: its B-edges determine the local matchings, and its E-edges determine the endpoint colors
and final pairings.

Deleting rows and columns preserves the block partition and restricts the factors U, V without increasing
rank. Therefore the same algorithm works for every square submatrix. The rank-zero case is the ordinary block
computation. O

The two separately easy pieces B and E do not by themselves make their sum easy. The useful fact is that the
color-count tables can be combined one block at a time.

3 Derivatives and interpolation

Let A(t) be an n X n polynomial matrix and P(¢) = per(A(z)). The next lemma explains why efficient submatrix
permanents are the right hypothesis.

Lemma 3.1 (Derivatives from submatrix permanents). Fix ¢y and suppose every square submatrix permanent of
A(tp) is computable in time 7. For 1 < i < n/2, all values

P(t0), P’ (to), - . ., P""D ()

can be computed together in time T poly(n)(n/h)?", provided the polynomial entries have polynomial-size
descriptions and degree.

Proof. Write Ag = A(tg). The first derivative already displays the mechanism:

P'(ty) = Z A;,,(to) per(Ap with row u and column v deleted).

u,v

Thus it is the submatrix permanents of Ag, not the permanent of A’(#y), that matter.

For higher derivatives, put A(z) = A(fy + z) — Ag. Every entry of A(z) is divisible by z. The permanent
addition formula gives

n
P(ty+2)= > > per(Ao[S°,T¢]) per(A(z)[S.T]).
a=0 S,TC([n]
IS|=IT|=a
Since the last permanent is divisible by z%, an order-j derivative receives contributions only from a < j.
Explicitly,

J
POy =j1Y > per(AolS,T°]) [/] per(A()[S.T]). 3.1
a=0 S,Tc(n]
IS|=IT|=a
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For each a < h and each S, T, compute the large structured permanent in time 7. Compute the small a X a
permanent by subset DP or Ryser over Q[z]/(z"), costing 2°(®) poly(n). Accumulate its contributions to all
Jj < h. The total cost is at most

2
T poly(n) Y. 20 (Z) < T poly(n) (n/h)° ™.

a<h

3.1 Recovering the value at zero

If every entry of A(t) has degree at most d, then deg P < nd. A polynomial of degree less than ¢4 is determined
by its derivatives of orders 0, ..., 2 — 1 at £ distinct points: the difference of two candidates would be divisible
by ]_[f;l (t — )", and hence would be zero. Solving the resulting nonsingular linear system is ordinary Hermite
interpolation.

Proposition 3.2 (Recovery from structured values). Suppose A(0) = A and deg A(¢) < d. For every i € [{],
suppose A(7) is a sum of a block matrix of block size at most s and a matrix of rank at most r. Let
h = |nd/t] +1 < n/2. Then per(A) can be computed in

pOly(l’l) 20(s)n0(r) (n/h)O(h) — poly(n) 20(s+r logn+hlog(n/h)) (3.2)
time, assuming ¢, d and the exact input descriptions are polynomially bounded.

Proof. Apply Lemma 2.1 to all square submatrices at a special point, and Lemma 3.1 to compute the first &
derivative values there. Repeat for all £ points. Since {4 > nd, interpolate P and evaluate P(0). Polynomial
factors cover the number of points and the final linear system. O

More generally, any known upper bound D on deg P may replace nd: take h = | D/€] + 1 in the same proof.
Appendix B will use a degree bound substantially smaller than the matrix dimension times the entry degree.

We have now separated the algorithmic task from the algebraic one: construct A(f) with many structured
values and with d/¢ small.

4 A factorization that turns coordinate identities into blocks

The input is an n X n matrix with at most a fixed constant A nonzeros in each row and column. We first work
with ordinary colors. This is the entire structural idea in its simplest form.

4.1 One color per row and column

For this subsection take ¢ = ©(y/n), with a sufficiently large constant depending on A. An elementary greedy
procedure colors the rows and columns from [¢] so that each color occurs at most O (n/q) times on either side,
every nonzero has distinct endpoint colors, and different nonzeros have different ordered pairs of endpoint colors.
The proof is the £ = 1 case of Lemma 4.1 below.

Order the rows and columns by color. Then

0 Ap A - Ay
Ay 0 Ay - Ay

A=A A 0 - Az, 4.1
Ag Ap Ags o O
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Each block has O (v/n) rows and columns and contains at most one nonzero entry. The entries need not be 0 or 1;
only their locations matter for the coloring.

First, A = LR. Make one intermediate coordinate e for each nonzero A,,. Put A, in position (u, e) of L, and
put 1 in position (e, v) of R, leaving the rest of that column and row zero. Multiplying through e reproduces
precisely this entry, so LR = A.

Now name each coordinate by its ordered pair of colors (a, b). The names are distinct because each color
block contains at most one nonzero. Include a zero column of L and a zero row of R for each empty block. The
intermediate dimension becomes

M=q(qg-1), LeQ™  ReQ"™™"
For an entry A,, = w in block (a, b), our definitions say
Llu,(a,b)] = w, R[(a,b),v] = 1. (4.2)

In particular, column (a, b) of L uses rows of color a, while row (a, b) of R uses columns of color b.

Next, A = LIR. Insert the M X M identity and order the intermediate coordinates in pairs:

Thus I consists of 2 X 2 identity blocks, one for each unordered color pair. Nothing has changed yet.
Then, A = LI R’. Let

0 1 .
X=(1 O)’ g = diag(X,...,X).

Reverse every consecutive pair of rows of R, obtaining R’ = J R. Since J 2 = I, we have

\A:LR:UR:LJR.

(4.3)

The entry in (4.2) now appears as R’[(b, a),v] = 1. The middle matrix reverses the label back, so the product
still reconstructs the same entry of A.

Finally, replace J by /. Keep L and R’ fixed and define the new matrix B = LIR’. Its support is best read from
the following table:

Intermediate  Column of L: Row of R: Row of R’:
coordinate row color column color column color
(a,b) a b a
(b,a) b a b

After the reversal, L and R’ both use the first color in a coordinate’s label. Therefore

Buy = ) Llu, (a,b)IR [(a,b),v]

a+b

can be nonzero only when row u and column v have the same color. Hence

B, 0 --- 0
0 B, -+ 0

B=LIR =| . . e 4.4)
0 0 Bq
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These are new blocks, not the zero diagonal blocks of the original A. Each has O (+/n) rows and columns, so
per(B) is computable in 20(Vn) time. If any corresponding row and column counts differ, its permanent is zero.

One pair of colors, in ordinary matrix notation. Write A, = uabvz p and Apy = Upgy vza, using the weighted
row indicator and column indicator of the unique entry, or zero vectors for an empty block. The pieces for {a, b}

are T T
ugp 0 0 v v 0
Liap) = Riap) = ab) R =|"ba :
tab) ( 0 ”ba)’ tab) (Vza 0 ) taby ( 0 Vlb)

Consequently,

0 Ltava
L XR, = ab
{a.b} AR yy by (Mbavle 0 ’

T
LiapybRy, 4y = ( a()ba ubava)'
a

Summing these contributions over all unordered pairs gives (4.3) and (4.4). The identity pairs opposite blocks’
row and column data, so a contribution may disappear when the reverse block is empty.

One easy matrix is not enough. The permanent of B need not resemble that of A. A linear interpolation from
one matrix to the other has a permanent polynomial of degree up to n, ordinarily requiring n + 1 values. We
have woefully too few easy points. We will obtain more by replacing each color with a word. The resulting easy
blocks will be larger, but small enough for the algorithm.

4.2 Balanced labels by words

Now choose a smaller alphabet [¢] and assign row and column labels

a(u),pv) € [ql’,  Q=4q".
We require three properties:

(i) Each word labels at most D = [2n/Q7] rows and at most D columns.
(ii) Different nonzeros have different ordered label pairs (a(u), B(v)).

(iii) If A, # 0, then a(u); # B(v); forevery i € [{].

Thus A has a Q x Q grid of blocks with at most one nonzero per block. Moreover, a block is zero whenever its
two word labels agree in even one coordinate.

Lemma 4.1 (Balanced greedy labeling). For fixed A and sufficiently large n, the labels can be found determinis-
tically in polynomial time provided

4N <0 =q¢f <n, q > 4AL.

Proof. A word becomes unavailable on a side once it has been used D times; before the last vertex is labeled,
fewer than Q /2 words are full. Label the rows first, requiring any two rows sharing a nonzero column to have
distinct labels. A row conflicts with at most A(A — 1) earlier rows, leaving an available label.

Next label the columns. A column meets at most A rows, whose labels are distinct. For each neighboring row
label, at most AD column labels have already been paired with it. Avoiding repeated ordered pairs therefore
forbids at most A%D labels. Coordinatewise disagreement with the neighboring row labels forbids at most
ALQ/q < Q/4 further labels. Our bounds imply A>2D < Q/4 for sufficiently large n. Together with fewer than
Q/2 full labels, the exclusions leave a valid choice. Choose the first available word. O
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For each position i and symbol a, define

lia = {M : a'(u)i = Cl}, Jia = {V :ﬁ(v)i = a}'
There are Q/q words with a prescribed symbol at position i, so

il ial < 2|22 < 2122 3 @.5)
’ ’ q|Q q q

This coordinatewise balance, rather than the size of an individual word class, will control the easy blocks.

4.3 The intermediate coordinates are copies of a Boolean cube
Let
Q={(a,b) eql’ x[ql’:a; # b;foreveryi}, M =|Q|=(q(q-1))".

As in the one-color construction, use one intermediate coordinate for every possible label pair, including unused
pairs, and define

Llu, (a(u),B(v))] = Awv,  Rl(a(),B(v)),v] =1 (Au, #0).
All other entries are zero. Uniqueness of the ordered label pairs gives A = LR.

An element (a, b) € Q specifies ¢ unordered pairs

{alabl}’ ey {afebf}
and an orientation bit at each position. Give each unordered pair its increasing order; bit O uses that order and bit
1 reverses it. Hence

Q=cx{0,1), C= ([‘I])K IC| = (q)[ (4.6)
~ ng - ("7, -(2). .

Fixing the unordered pairs gives one Boolean cube. Reversing the two words complements every orientation bit
and never changes the cube.
Let
J =1Ic® X%, R =JR.
The notation /¢ ® K simply means a block-diagonal matrix with one identical copy of K for each cube. Since
J? = I, the same sequence of equalities gives

A=LR=LIR=LYJR. “.7

In particular, L stores an entry at its ordered word pair, while R’ stores the column indicator at the reversed pair.
All input dependence lies in L, R’; the middle blocks are identical.
4.4 The useful notion of i-niceness

Definition 4.2. A matrix K indexed by {0, 1}¢ is i-nice if, after moving tensor factor i to the first position, it has
the form /; ® B for some matrix B on the other £ — 1 coordinates. Equivalently,

K[x,y] = H{x; = yi} Blx_;, y]. (4.8)

Thus K preserves bit i and its action on the other bits is independent of that bit’s value. Grouping indices by
bit i gives two identical diagonal blocks:
B 0
K = ( ’ B) |

For ¢ = 1, these are exactly the scalar multiples of /. In particular, / is i-nice for every i, while X ®f s i-nice for
none.
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Lemma 4.3 (Niceness gives block structure). For every i-nice K, the matrix L(I¢ ® K)R’ has corresponding
diagonal blocks indexed by a € [g], with row groups /; , and column groups J; ,. Each block has at most 3n/q
rows and columns.

Proof. A potentially nonzero contribution to entry (u, v) uses a nonzero entry A,,» from L and a nonzero entry
A,y from R’. Their intermediate labels are

(@(),p(v'))  and  (B(v),a(u)).

The middle matrix stays within a cube, so at position i the unordered pairs agree. It preserves orientation bit 7, so
the ordered pairs agree. Comparing their first symbols gives

a(u); = B(v);.

Thus an entry vanishes unless its row and column have the same ith symbol. The size bound is (4.5). O

Only preservation of bit i was needed in this proof. The stronger identity-on-a-factor definition is convenient
because it is exactly what the polynomial construction produces.

Low rank survives the factorization. If K = K; + E, where K; is i-nice and rank(E) < £2¢, then
L(Ic ® K)R' = B; + Eqy, Eoiw=L(Ic ® E)R', rank(Eqyy) < eM. 4.9)

The rank bound follows by adding the ranks of the separate error blocks and then multiplying by L, R’. The
useful structure belongs to B;; only the correction has low rank.

5 The matrix polynomial

We now work entirely on a single copy of {0, 1}¢. The input matrix A plays no role in this section.

5.1 Why an exact low-degree deformation is impossible

An exact degree-{ construction is easy:
I
QR =1/)X + (¢/)h).
j=1
At zero it is X®¢, and at ¢ = i its ith factor is I>. But degree £ would require about  derivatives per interpolation
point, giving no useful saving.

In fact, exact niceness forces degree at least £. For any fixed x, the entry indexed by (x, X) must be 1 at zero and
Oateveryi =1,...,¢. Ittherefore has at least £ roots. The low-rank allowance is what lets us lower the degree.
Theorem 5.1 (Low-degree deformation). For sufficiently large ¢, there is an explicitly constructible matrix

: 262!
polynomial J(7) € Q[z] of degree
d=0(+{log?)

with
J(0) = X%, Ji)=K;,+E (i=1,...,0),
where each K; is i-nice and the same matrix E satisfies
£

2
rank(E) < 700"

The construction takes polynomial time in 2¢ and uses polynomial-bit rational coefficients. The exponent 100
may be replaced by any fixed constant, changing only the constant in the degree bound.

10
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5.2 Three elementary matrices

(ol A el 4

Direct multiplication gives H> = I, and HZH = X. For j € [£], put

Let

;=Y Vexerl,  z;=18V"Veze?"7.
The X; commute; X; flips bit j and leaves the others fixed. With H, = H®¢,
H/ZjH; = X; HZ® H, = X®°. (5.1)
Consequently, for any polynomial p and scalars ¢,

He p(Z C_ij) Hy = p(Z c;X;

J J

: (5.2)

This is just conjugation preserving addition and multiplication.
Functions as diagonal matrices. For g : {1, 1} — R, define D ¢ by
Dg[b’b] :g((_])bla---’(_])b[)’ be{o’l}f'

The joint diagonal entries of Zi,...,Z, run through {—1, 1} exactly once. Hence D, = g(Zy,....Zy),
interpreting g through its multilinear polynomial, and H, D H, = g(Xi, ..., X¢).
Two facts will be used. First, if g is independent of coordinate i, then, after placing that coordinate first,
Dg =1, ® Dy . It follows that
HiDgHp =1, ® (Hp-1Dg'He-1), (5.3)

which is i-nice. Second, since Hy is invertible,
rank(Hy(Dg — Dp)Hy) = [{x € {=1,1}" : g(x) # h(x)}. (5.4)

Thus agreement on most inputs becomes low-rank difference after a change of basis.

5.3 A polynomial agreeing with parity on most inputs
Let y(x) = x1 - - - x¢. If x has exactly k negative coordinates, then
X+ +xp=¢€-2k, (@) = (=D,
Setd = flOO\/éTgf'I. For sufficiently large ¢, interpolate
p(£=2k) = (-D)F (5.5)

for d + 1 consecutive integer values of k centered at £/2. This gives p € Q[z] of degree at most d. The chosen
interval contains every integer k with |k — €/2| < d/4. For uniform x, its number of negative coordinates is
distributed as Bin(¢, 1/2), so the elementary binomial tail bound gives

p(zxj

J

dZ
Py #x(x)| < Zexp(——) <710, (5.6)

8¢

This is exact agreement away from a small exceptional set, not a uniform approximation in value. On the
exceptional inputs, p may be large. Lagrange interpolation at the integer points in (5.5) yields rational coefficients
with polynomial bit length.

11
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5.4 Make one coefficient disappear at each special point

Define
£

T =p| > (0-1/px;|,  E=X-J(0), J@)=J0)+E. (5.7)
j=1
This is the formula (1.3). It immediately gives deg J(¢) < d and J(0) = X®¢.

Att =i, the coefficient of X; vanishes. Every remaining X; acts as the identity on tensor factor 7, as does
every polynomial in them. Therefore

K= T() = p(Z(l ~i/)X;

J#

is i-nice. More explicitly, if the ith tensor factor is placed first, the matrix inside p is I, ® S;, so K; = I, ® p(S;).
It remains to bound the rank of E. Conjugating by H, gives

HEH; = 7% - p(z zj) : (5.8)
J

This matrix is diagonal, with one entry
xpocexp = p(xr+ -+ x¢)

for each x € {1, 1}¢. By (5.6), at most 2¢ /£'% of these entries are nonzero. This proves Theorem 5.1.

The polynomial matrices can be formed directly from (5.7) by rational matrix arithmetic. The factors 1/V2
appear only in the proof of the rank bound, not in the algorithm.
6 Parameters and consequences

We now combine the construction with the permanent algorithms. Fix the input maximum degree A = O(1) and
choose

g = [(logn)'7, € =[log, (16Avn)], d = [100~/¢1log €]. (6.1)
Then 16Avn < Q = g° < 16Ag+/n, so the coloring lemma applies for sufficiently large n. In particular,
logn 2 20
(oemn). M <0 =00, d = 0oz

Construct L, R’ and the local polynomial J(¢), and put
A(t)=L(Ic ® J(1))R'. (6.2)

We have A(0) = A and deg A(¢) < d. Ateveryi € [{], Lemma 4.3 and (4.9) give

3 M
A(i) = Bi + Eouts § < —n, r:=rank(Eoy) < —=.
q £100

The same output correction works at all points. The quantitative bounds are

n(loglogn)!'%

— 10 —
s = O(n/log™” n), rlogn = O( (logn)™

) = o(n/loglo n).

12
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. . . 10 . .
Hence every special-point square submatrix permanent costs 27 (*/1°¢7 1) For interpolation take

- {ﬂJ 4126 nloglogn ‘
¢ ylogn

The derivative cost dominates, since

hlog(n/h) = O

n(loglog n)z)

ylogn

Proposition 3.2 now proves the main result.

Theorem 6.1 (Sparse permanent). For every fixed A, the permanent of an n X n rational matrix with at most A
nonzero entries per row and column, and polynomial-bit entries, can be computed exactly and deterministically
in time (1.1).

Exact arithmetic. The auxiliary dimensions and polynomial degrees are polynomial in n. The interpolant
P, its substitutions, and the factors L, R’ have polynomial-bit rational descriptions. Rank factorizations and
Hermite interpolation use rational linear systems of polynomial dimension, whose determinant bounds give
polynomial-bit solutions. The permanent DPs sum products of polynomially many such numbers; factorial
weights add only polynomially many bits. Common denominators can be chosen with polynomial bit length
throughout. Thus exact bit arithmetic contributes only polynomial overhead.

From sparse 3-CNF to sparse permanent. The weighted permanent reductions of Valiant and Ben-Dor—
Halevi [Val79, BH93] send a 3-CNF with n variables and O (n) clauses to a matrix of dimension O (n) with O (n)
nonzeros and bounded integer weights. Its permanent is a known nonzero multiple of the satisfying-assignment
count.

To bound individual degrees, view the support as a bipartite graph. Replace a degree-k vertex by a path of
2k — 1 vertices, placing its original incident edges at the odd positions and giving each path edge weight 1. In
any perfect matching exactly one external edge is used: two used odd positions would leave an odd internal
interval, and no used odd position would leave an odd path. For each choice there is a unique internal completion.
Replacing vertices on both sides therefore preserves the weighted matching sum and gives maximum degree
three with linear size. Theorem 6.1 consequently counts sparse 3-CNFs within (1.1).

Standard counting sparsification already extends this to arbitrary 3-CNFs with a smaller logarithmic saving.

Appendix B gives a randomized extension with the same +/log n saving and one additional factor of loglogn in
the exponent.

A consequence for nondeterministic time. The schedule-conditioned encoding reported in [Sub26] reduces
accepting computations of a fixed-tape nondeterministic multitape machine running in time 7" to at most
20 (TloglogT/logT) formulas, each with O(T loglogT) variables and clauses. Applying the sparse-formula
algorithm gives, for the usual time-constructible bounds,

NTIME(T) < DTIME(20<T<loglog )’/ Vlog“) .

The nontrivial ingredient in this consequence is that schedule-conditioned encoding; it is separate from the
permanent algorithm proved here.

13
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A Polynomial space

The color-count tables in Lemma 2.1 may require superpolynomial space. We can evaluate the same counting
identity by numerical interpolation, one evaluation at a time. This preserves the time bound.

A.1 The counting identity as a polynomial pairing

Write A = B + UV with r columns in U, V. Introduce tuples z, w € Q" and linear forms

r r
ui(z) = Z Uiaza, vi(w) = Z Viawq.
a=1 a=1

For each corresponding block I, X Jp,, form

Fp(z,w) = Z per(B[S,T]) 1_[ u;i(z) l_l vi(w). (A1)
Sgllg,l;fﬁjl, ielp\S jedp\T

The coefficient of z*w¢ in F = [],, F}, is exactly the table entry W (v, &) from (2.6). Define a linear functional by

!$ =G,
L =" Ve (A2)
0, v#¢.
Then the structured-permanent identity is simply
per(B+UV") = £, (F). (A.3)

At fixed numerical z, w, evaluate Fj, by enumerating S, T in (A.1), using Ryser for the small permanent. There
are at most 2% pairs, so one evaluation of F costs 29*) poly () time and polynomial space. It remains to apply
L, without storing the coefficients of F.

A.2 Interpolate the functional, not the coefficient table

Every individual variable of F has degree at most n. Let

t—c
Aq(t) = l_l P (a=0,...,n)
0<c<n
c+a

be the univariate Lagrange basis, and precompute
Kab = Z KU TAG(0) (4105 (1), (A4)

Multivariate interpolation, followed by applying (A.2) separately in each coordinate, gives

L(F)= > }(I_IK

a,be{0,..., c=1

F(a,b). (A.5)

To verify this, expand F in the tensor-product Lagrange basis. The functional on A, (z¢)Ap, (We) 1S Ka,b,., and
the factorial pairing factors across coordinates.

There are (n + 1) grid points. For each point, compute its weight and F(a, b), add the product to an
accumulator, and discard the evaluation. The running time is 2°*) (") poly(n) and the space is polynomial. The
weights, evaluations, and accumulated sums all have polynomial bit length by the same degree and denominator
bounds used in the main algorithm.

14
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A.3 Space for the complete permanent algorithm

Use (A.5) for each large submatrix permanent in (3.1). Enumerate the special points and the row and column
subsets sequentially. The small perturbation permanent is computed by Ryser over Q[z]/(z"), storing only
polynomially many coefficients. Retain the £/ derivative values for the final interpolation, whose linear system
also has polynomial size. Thus Theorem 6.1 holds in polynomial space.

B Arbitrary #3SAT: keep the number of factors small

The permanent algorithm in the main text is sensitive to the degree of the polynomial it interpolates. This
appendix exploits that fact: a large permanent matrix can still have a low-degree permanent polynomial.

There are two reductions. First, replace a conjunction of many clauses by a short product of sparse cubics.
Second, encode the Boolean sum of that product as a permanent, with one choice of a monomial per factor:

R
#F — Z= Z l_[fj(x) —  27%perA.
xe{0,1}n j=1
The first arrow is randomized; the second is an exact identity over Q. The important parameter is R =
O(nloglogn). The matrix may have n polylog(n) rows, but its permanent will have degree only 4R in the entries
we deform.

Theorem B.1 (Arbitrary #3SAT). There is a randomized algorithm for 3-CNFs on n declared variables that
always returns an upper bound on the satisfying-assignment count and is exact with probability at least 3/4. Its
running time is

20(n(loglogn)3/\/logn)’ (Bl)
and its space usage is polynomial.

We normalize by deleting duplicate and tautological clauses; thereafter there are O (n°) clauses, so polynomial
factors are absorbed in the displayed bound. All arithmetic below is ordinary integer or rational arithmetic.

B.1 From many clauses to few factors

Counting sparsification, in its disjoint form [DHMTW 14, Appendix A] with the quantitative bounds of [CIP06,

Section 6], reduces us to 20(n/ Viogn) formulas on the original variables. In each formula, the clause count is
m = npolylog(n) and every variable has polylogarithmic occurrence. Use sparsification parameter 1/[+/logn].
Its precise value is not important: the number of leaves must fit our time budget, and the occurrence bound must
be a fixed polylogarithm. Process the leaves one at a time. Empty formulas and empty clauses are immediate; a
leaf with m < n is covered by the main theorem.

Fix a remaining leaf. Let v, (x) be the 01 indicator that clause e is violated. It is a product of at most three
literals x; or 1 — x;. For a set T of clauses, put

gr(0) =1 ve().

ecT
This is first-order inclusion—exclusion. It equals 1 if no sampled clause is violated, and O if exactly one is violated.
Therefore one sample isolating a violation suffices to kill a false assignment.

We use a sparse specialization of the classical probabilistic polynomial for OR of Beigel-Reingold—Spielman
and Tarui [BRS91, Tar93]; see also [BHMS18, Section 2]. With probability at least 3/4, we can choose
ro = O(nloglogn) sets T; such that every false assignment has an isolated violation in some T, every set has
polylogarithmic size, and every clause occurs in O (log ) sets. The last two conditions are efficiently checkable.

15
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The sampling argument. Choose a dyadic pg = ®(logm/n), and successively halve it down to order 1/m. At
each rate take Cn independent samples, for a sufficiently large constant C. There are O(1 + log(mlogm/n)) =
O(loglogn) sampling rates. A rate-p sample isolates an element of a fixed w-element violation set with
probability wp (1 — p)* L.

If wpo < 1, this probability is Q(w py); failure in all first-rate samples is m~%(C*)_ Union-bound over the at
most m" sets of size w, and then over these small w. If wpy > 1, some rate has wp € [1/2, 1]. Isolation then
has constant probability, so failure after Cn samples is exp(—£(Cn)); union-bound now over the at most 2"
assignments. Finally, a sample has expected size O((m/n)logm), and each clause participates in an expected
Cn Y. ; pj = O(logm) samples. Chernoff bounds give the stated size and participation bounds. Increasing C and
the checkable thresholds gives the joint success probability above.

The log log n number of scales affects the running time. Sample sizes and occurrence bounds, in contrast, may
be any fixed polylogarithms. The guarantee concerns all violation vectors realized by assignments, not the entire
punctured m-dimensional Boolean cube.

Now square the product:
4]
G =[]ern’ z= >, Gw. (B.2)
Jj=1 xe{0,1}n

For every trial, G = 1 on satisfying assignments and G > 0 everywhere, so Z > #F. A successful trial has
G = 1F, hence Z = #F. Regard each square as two copies of its cubic factor, giving R = 2r( factors.

Expand each cubic separately into monomials, using xl.z = x; on Boolean inputs:

R
z= Y J]r®.  £e=D xS IS5l <3, (B.3)

xe{0,1} j=1 M

A clause indicator expands into at most eight monomials, so this changes only constants. Each factor has
polylogarithmically many monomials, and each variable belongs to polylogarithmically many monomial
occurrences. We do not expand the product of the factors.

B.2 An ordinary permanent for a short product

Expanding the product in (B.3) means choosing one monomial from each factor. If the chosen monomials
together use the variable set S, exactly 271! assignments make them all equal to 1. Thus

R

z= 3 [ Tem 205wl (B.4)

For example, the two terms of f(x) = 2 — x;x; contribute 8 and —1, giving Y, f(x) = 7. We encode these
choices by a Valiant-style permanent reduction [Val79, BH93]. The explicit construction also gives the degree
bound we need.

The monomial-choice matrix W. Make one selector s; for each factor. For every monomial of f;, make three
private positions, labeled by its variables and padded with 1’s. Join them into a cycle

§j—> 01 — 03 — 03 — §j. (B.5)

Put the monomial coeflicient on the first edge and weight 1 on the others. Alternatives share only their selector.
Let W be the adjacency matrix of these cycles.

The zero-variable matrix V. For each variable x;, cyclically join all positions labeled x;, with weight 1 on
every edge. Selecting this cycle will mean x; = 0. An unused variable gets one isolated extra position with a
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weight-one loop; it has no W-edges. Give every selector a loop of weight —1. Padding positions have no V-edges.
Both matrices are indexed by the same set of a = n polylog(n) positions and selectors.

To combine the choices, use the single block matrix

I+v 0 I O
0O W o0 I
A(V,W) = 1111 (B.6)
1 I 1 -1
Its basic identity is
27“per A(V,W) = > perV[I,I] perW[J,J]. (B.7)
1,JC[a]
INJ=2
In words: choose a collection of V-cycles and a collection of W-cycles, with disjoint vertex sets.
Why the identity holds. The entire local calculation is
I+ g1 O
0% 6 0 11]_
perl T =2(1+a+9). (B.3)
1 1 1 -1

Expand (B.6) according to the entries selected from V and W, then sum the remaining entries separately at
each index. The complementary minors recorded in (B.8) allow an index to be used by V, by W, or by neither,
with internal weight 2 in every case. Simultaneous usage, or taking the incoming edge from one matrix and
the outgoing edge from the other, gives zero. This proves (B.7), including its validity for arbitrary rational or
polynomial edge weights.

Why this counts the Boolean sum. If a W-cover omits a selector, selecting or omitting that selector’s —1 loop in
V gives canceling contributions. Thus every selector must be used by W: precisely one monomial is chosen per
factor. A variable cycle may be selected in V exactly when no selected monomial uses that variable. Each such
variable has two choices, while a variable used by a monomial is forced to 1. This is exactly the factor on-IS|
in (B.4). Therefore

\perA(v, W) = 24Z. \ (B.9)

The —1 loops are simply inclusion—exclusion enforcing that every selector is used. The weight-one loops for
unused variables supply their factors of 2.

B.3 The degree is controlled by the number of choices

Every selector has level 0; a monomial’s three positions have levels 1,2, 3. All W-edges go
0—1—>2—053—0. (B.10)

Unused-variable positions are outside these levels. Allow the entries of W to change arbitrarily, provided they
keep these four transitions. Equation (B.7) remains valid, and the selector-loop cancellation still forces every
selector into the W-cover.

A cycle cover on a subset of these four levels gives a bijection between each level and the next. Hence the four
selected counts are equal. There are exactly R selectors, all selected, so such a cover uses exactly 4R entries of
W. We have proved

‘degt per A(V,W(t)) <4Rd whenever deg W(t) < d and W (¢) keeps the four levels. (B.11)
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This is a polynomial identity after the cancellations in (B.7); no bound on individual uncancelled covers is
required. The deformation may mix different monomial alternatives. Padding was only to make every alternative
have the same constant length; degree-k factors would use k + 1 levels.

Now set B = A(V,0). It has small diagonal blocks: group the four copies of each variable’s positions together,
and group the four copies of each selector and its padding positions together. There are b = n+ R = O(nloglogn)
groups, each of polylogarithmic size. Only the W-entries connect different groups, and each group is connected
to polylogarithmically many others. Thus

A(V,W)=B+C, N = 4a = npolylog(n), (B.12)
where B has small fixed blocks and C is sparse between those blocks. The powers hidden in these polylogarithms
are immaterial. The quantity that must remain small is R.

B.4 Create the same easy points as in the main proof
We need only the following grouping variant of the main construction.

Lemma B.2 (Keep small groups together). Suppose B, C € QV*N have a common partition into b groups, each
of size at most K = polylog(b). Suppose B is block-diagonal in these groups, and each group is connected by C
to at most A = polylog(b) other groups. One can deterministically construct a polynomial C(#) with

c0)=cC, deg C(r) = d = O(+/logb), ¢ = O(logb/loglogb)
such that, ati = 1, ..., ¢, the matrix B + C(i) is block-diagonal plus low rank, with
s+rlogN = O(b/log?b). (B.13)

Here s bounds the new block size and r the error rank. A prescribed constant number of row-type/column-type
restrictions can also be preserved, including the four levels above. Fixed polylogarithmic powers affect only the
constants.

The point of the lemma is compatibility: color entire groups. The new blocks at a special point are unions of
those groups, so the fixed matrix B automatically respects them. There is no new permanent algorithm.

Proof. Let A > 1 be a degree upper bound. Color the graph of groups by words in [¢]¢, with Q = ¢¢, so that
each word is used at most [2b/Q] times, adjacent words disagree everywhere, and different edges have different
unordered pairs of words. The main text’s greedy argument works with the additional rule that vertices at distance
at most two receive different words. Besides fewer than Q/2 full classes, the forbidden words number at most

A%+ A’[2b/Q7 + ALQ/q.

The terms prevent distance-two conflicts, repeated edge-label pairs, and coordinate agreements. For Q > 16AVb
and g > 8A{, their sum is less than Q/2 for sufficiently large b. Choose the first available word.

Keep within-group entries of C fixed. Each ordered word pair now specifies at most one K X K block. Factor
that block as itself times an identity, padding to inner dimension K. The scalar factorization of Section 4 becomes

Cou=LIc® X @ IK)R', M =K(q(qg-1)) <KQ>.

Replace X®¢ by the same J () from Theorem 5.1, with exceptional fraction £~4. At ¢ = i, its nice part connects
only groups with the same ith symbol. Each new block contains at most 35 /¢ old groups. Consequently,

s <3bK/q, r<MJ/EA.
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Both the fixed part and the nice part respect these very same blocks.

Choose ¢ to be a sufficiently large fixed power of log b, and take the least £ with g¢ > 16AVb. Then
0 < 16AgVb, so M = bpolylog(b) and £ = O(log b/loglog b). The choice of ¢ makes s small; choose the
fixed constant A afterwards to make r log N small. This proves (B.13), with d = O 5(+/€1log{) = O(+/logb).
The power 2 in (B.13) is only convenient slack; any larger fixed power is equally possible.

Finally, preserve the levels by deleting forbidden entries. If C (¢) is the family just constructed and IT; projects
onto level j, set

3
C(t) = ZH]'C([)H]'+1, Iy = Iy.
=0

The projections are zero outside the choice indices. They preserve every block partition, keep C(0) = C, and
multiply the error rank by at most four. Degree is unchanged. The same argument handles any fixed list of
permitted row-type/column-type pairs. All matrices and rational coefficients have polynomial-size descriptions,
as in the main construction. O

B.5 Finish by permanent interpolation

Apply the grouping lemma to (B.12), and let P(z) = per(B + C(t)). Its level-preserving deformation gives
P(0) = 2%Z and deg P < 4Rd. Every square submatrix permanent at a special point costs 20) NO() poly(N).
These are exactly the hypotheses needed by Section 3. Choose

_ {4RdJ 1.0 Rloglogn ‘
4 Vlogn

The permanent addition formula computes the first & Taylor coefficients at every special point; Hermite
interpolation recovers P(0). We use the actual bound on deg P, not the generic estimate Nd. For sufficiently
large n, h < N/2, and the time is

20(s+r log N+hlog(N/h)) _ 20(R(10g10g n)z/\llog n)

— 20(n(10g log n)3/4/logn) ]

Indeed, b = n + R = O(nloglogn) makes the easy-point cost (B.13) negligible, and N = n polylog(n) gives
log(N/h) = O(loglogn). Divide by 2¢ to obtain Z.

The three logarithmic factors have distinct sources: sampling uses log log n scales; d /¢ = O(loglogn/+/logn)
determines the derivative order; and enumerating derivative terms contributes log(N/h) = O(loglogn). Any
fixed polylogarithmic increase in matrix size, group size, or interaction degree is harmless. Increasing the number
of factors R directly increases the exponent.

For each sparsification leaf, initialize an estimate to 2”. Perform O(n) independent sampling trials, ignore
those failing the checkable size or participation bounds, and take the minimum of the exactly evaluated values Z
and the initial estimate. Every value is an upper bound and each trial has constant probability of being exact. A
union bound over the leaves gives total success probability at least 3/4. Repeat the whole trial; do not enlarge its
product of factors. The leaf count and this polynomial repetition overhead are absorbed in (B.1).

All matrix constructions and evaluations after the clause sampling are deterministic. Use Appendix A for
the structured permanents and process leaves, trials, and derivative terms sequentially; exact arithmetic has
polynomial bit overhead and the space remains polynomial. A deterministic extension is possible with additional
counting and coding arguments [OAI26]; we do not develop it here.
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