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Reminders	  

•  Homework	  1:	  	  
– due	  9/26/16	  

•  Project	  Proposal:	  
– due	  10/3/16	  
– start	  early!	  
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Outline	  
•  Motivation:	  

–  Choosing	  the	  right	  classifier	  
–  Example:	  Image	  Classification	  

•  Logistic	  Regression	  
–  Background:	  Hyperplanes	  
–  Data,	  Model,	  Learning,	  Prediction	  
–  Log-‐odds	  
–  Bernoulli	  interpretation	  
–  Maximum	  Conditional	  Likelihood	  Estimation	  

•  Gradient	  descent	  for	  Logistic	  Regression	  
–  Stochastic	  Gradient	  Descent	  (SGD)	  
–  Computing	  the	  gradient	  
–  Details	  (learning	  rate,	  finite	  differences)	  

•  Logistic	  Regression	  and	  Overfitting	  
–  (non-‐stochastic)	  Gradient	  Descent	  
–  Difference	  of	  expectations	  

•  Newton’s	  Method	  for	  Logistic	  Regression	  
–  Taylor	  Series	  approximation	  
–  Hessian	  matrix	  
–  Newton’s	  Method	  
–  Iteratively	  Reweighted	  Least	  Squares	  

•  Discriminative	  vs.	  Generative	  Classifiers	  
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Classifiers	  

Which	  classification	  method	  should	  we	  use?	  
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1.  The	  one	  that	  gives	  the	  best	  predictions…	  
–  on	  the	  training	  data	  
–  on	  the	  (unseen)	  test	  data	  
–  on	  the	  (held-‐out)	  validation	  data	  

2.  The	  one	  that	  is	  computationally	  efficient…	  
–  during	  training	  
–  during	  classification	  

3.  The	  most	  interpretable	  one…	  
–  in	  terms	  of	  its	  parameters	  
–  as	  a	  model	  

4.  The	  one	  that	  is	  easiest	  to	  implement…	  
–  for	  learning	  
–  for	  classification	  



Classifiers	  

Which	  classification	  method	  should	  we	  use?	  
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Naïve	  Bayes	  defined	  a	  generative	  model	  p(x, y)	  
of	  the	  features	  x	  and	  the	  class	  y.	  	  
	  
Why	  should	  we	  define	  a	  model	  of	  p(x, y) at	  all?	  	  
	  
Why	  not	  directly	  model	  p(y | x)?	  



Example:	  Image	  Classification	  
•  ImageNet	  LSVRC-‐2010	  contest:	  	  

–  Dataset:	  1.2	  million	  labeled	  images,	  1000	  classes	  
–  Task:	  Given	  a	  new	  image,	  label	  it	  with	  the	  correct	  class	  
– Multiclass	  classification	  problem	  

•  Examples	  from	  http://image-‐net.org/	  
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Example:	  Image	  Classification	  
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Figure 2: An illustration of the architecture of our CNN, explicitly showing the delineation of responsibilities
between the two GPUs. One GPU runs the layer-parts at the top of the figure while the other runs the layer-parts
at the bottom. The GPUs communicate only at certain layers. The network’s input is 150,528-dimensional, and
the number of neurons in the network’s remaining layers is given by 253,440–186,624–64,896–64,896–43,264–
4096–4096–1000.

neurons in a kernel map). The second convolutional layer takes as input the (response-normalized
and pooled) output of the first convolutional layer and filters it with 256 kernels of size 5⇥ 5⇥ 48.
The third, fourth, and fifth convolutional layers are connected to one another without any intervening
pooling or normalization layers. The third convolutional layer has 384 kernels of size 3 ⇥ 3 ⇥
256 connected to the (normalized, pooled) outputs of the second convolutional layer. The fourth
convolutional layer has 384 kernels of size 3 ⇥ 3 ⇥ 192 , and the fifth convolutional layer has 256
kernels of size 3⇥ 3⇥ 192. The fully-connected layers have 4096 neurons each.

4 Reducing Overfitting

Our neural network architecture has 60 million parameters. Although the 1000 classes of ILSVRC
make each training example impose 10 bits of constraint on the mapping from image to label, this
turns out to be insufficient to learn so many parameters without considerable overfitting. Below, we
describe the two primary ways in which we combat overfitting.

4.1 Data Augmentation

The easiest and most common method to reduce overfitting on image data is to artificially enlarge
the dataset using label-preserving transformations (e.g., [25, 4, 5]). We employ two distinct forms
of data augmentation, both of which allow transformed images to be produced from the original
images with very little computation, so the transformed images do not need to be stored on disk.
In our implementation, the transformed images are generated in Python code on the CPU while the
GPU is training on the previous batch of images. So these data augmentation schemes are, in effect,
computationally free.

The first form of data augmentation consists of generating image translations and horizontal reflec-
tions. We do this by extracting random 224⇥ 224 patches (and their horizontal reflections) from the
256⇥256 images and training our network on these extracted patches4. This increases the size of our
training set by a factor of 2048, though the resulting training examples are, of course, highly inter-
dependent. Without this scheme, our network suffers from substantial overfitting, which would have
forced us to use much smaller networks. At test time, the network makes a prediction by extracting
five 224 ⇥ 224 patches (the four corner patches and the center patch) as well as their horizontal
reflections (hence ten patches in all), and averaging the predictions made by the network’s softmax
layer on the ten patches.

The second form of data augmentation consists of altering the intensities of the RGB channels in
training images. Specifically, we perform PCA on the set of RGB pixel values throughout the
ImageNet training set. To each training image, we add multiples of the found principal components,

4This is the reason why the input images in Figure 2 are 224⇥ 224⇥ 3-dimensional.

5

CNN	  for	  Image	  Classification	  
(Krizhevsky,	  Sutskever	  &	  Hinton,	  2011)	  
17.5%	  error	  on	  ImageNet	  LSVRC-‐2010	  contest	  

	  
Input	  
image	  
(pixels)	  

•  Five	  convolutional	  layers	  	  
(w/max-‐pooling)	  

•  Three	  fully	  connected	  layers	  

1000-‐way	  
softmax	  
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CNN	  for	  Image	  Classification	  
(Krizhevsky,	  Sutskever	  &	  Hinton,	  2011)	  
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Input	  
image	  
(pixels)	  

•  Five	  convolutional	  layers	  	  
(w/max-‐pooling)	  

•  Three	  fully	  connected	  layers	  

1000-‐way	  
softmax	  

This	  “softmax”	  
layer	  is	  Logistic	  
Regression!	  

The	  rest	  is	  just	  
some	  fancy	  

feature	  extraction	  
(discussed	  later	  in	  

the	  course)	  
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Logistic	  Regression	  
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Data:	  Inputs	  are	  continuous	  vectors	  of	  length	  K.	  Outputs	  are	  
discrete.	  

D = { (i), y(i)}N
i=1 where � RK and y � {0, 1}

We	  are	  back	  to	  
classification.	  

	  
Despite	  the	  name	  
logistic	  regression.	  



Why	  don’t	  we	  drop	  the	  
generative	  model	  and	  

try	  to	  learn	  this	  
hyperplane	  directly?	  

Background:	  Hyperplanes	  
Recall…	  



Background:	  Hyperplanes	  

H = {x : wT x = b}
Hyperplane	  (Definition	  1):	  	  

w

Half-‐spaces:	  	  
H+ = {x : wT x > 0 and x1 = 1}
H� = {x : wT x < 0 and x1 = 1}

Hyperplane	  (Definition	  2):	  	  

H = {x : wT x = 0

and x1 = 1}



Why	  don’t	  we	  drop	  the	  
generative	  model	  and	  

try	  to	  learn	  this	  
hyperplane	  directly?	  

Background:	  Hyperplanes	  
Recall…	  Directly	  modeling	  the	  

hyperplane	  would	  use	  a	  
decision	  function:	  
	  
	  
for:	  

h( ) = sign(�T )

y � {�1, +1}



Using	  gradient	  ascent	  for	  linear	  
classifiers	  

Key	  idea	  behind	  today’s	  lecture:	  
1.  Define	  a	  linear	  classifier	  (logistic	  regression)	  
2.  Define	  an	  objective	  function	  (likelihood)	  
3.  Optimize	  it	  with	  gradient	  descent	  to	  learn	  

parameters	  
4.  Predict	  the	  class	  with	  highest	  probability	  under	  

the	  model	  
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Using	  gradient	  ascent	  for	  linear	  
classifiers	  
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Use	  a	  differentiable	  function	  
instead:	  

logistic(u) ≡ 1
1+ e−u

p�(y = 1| ) =
1

1 + (��T )

This	  decision	  function	  isn’t	  
differentiable:	  

sign(x)	  

h( ) = sign(�T )



Using	  gradient	  ascent	  for	  linear	  
classifiers	  
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Logistic	  Regression	  
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Learning:	  finds	  the	  parameters	  that	  minimize	  some	  
objective	  function.	   �� = argmin

�
J(�)

Data:	  Inputs	  are	  continuous	  vectors	  of	  length	  K.	  Outputs	  are	  
discrete.	  

D = { (i), y(i)}N
i=1 where � RK and y � {0, 1}

Prediction:	  Output	  is	  the	  most	  probable	  class.	  
ŷ =

y�{0,1}
p�(y| )

Model:	  Logistic	  function	  applied	  to	  dot	  product	  of	  
parameters	  with	  input	  vector.	  

p�(y = 1| ) =
1

1 + (��T )



Whiteboard	  

•  Log-‐odds	  
•  Bernoulli	  interpretation	  
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Maximum	  Conditional	  	  
Likelihood	  Estimation	  
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Learning:	  finds	  the	  parameters	  that	  minimize	  some	  
objective	  function.	  
	  
	  
We	  minimize	  the	  negative	  log	  conditional	  likelihood:	  
	  
	  
	  
Why?	  

1.  We	  can’t	  maximize	  likelihood	  (as	  in	  Naïve	  Bayes)	  
because	  we	  don’t	  have	  a	  joint	  model	  p(x,y)	  

2.  It	  worked	  well	  for	  Linear	  Regression	  (least	  squares	  is	  
MCLE)	  

�� = argmin
�

J(�)

J(�) = �
N�

i=1

p�(y(i)| (i))



Maximum	  Conditional	  	  
Likelihood	  Estimation	  
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Learning:	  Four	  approaches	  to	  solving	  	  
	  

Approach	  1:	  Gradient	  Descent	  
(take	  larger	  –	  more	  certain	  –	  steps	  opposite	  the	  gradient)	  
	  
Approach	  2:	  Stochastic	  Gradient	  Descent	  (SGD)	  
(take	  many	  small	  steps	  opposite	  the	  gradient)	  
	  
Approach	  3:	  Newton’s	  Method	  
(use	  second	  derivatives	  to	  better	  follow	  curvature)	  
	  
Approach	  4:	  Closed	  Form???	  
(set	  derivatives	  equal	  to	  zero	  and	  solve	  for	  parameters)	  
	  

�� = argmin
�

J(�)



Maximum	  Conditional	  	  
Likelihood	  Estimation	  
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Learning:	  Four	  approaches	  to	  solving	  	  
	  

Approach	  1:	  Gradient	  Descent	  
(take	  larger	  –	  more	  certain	  –	  steps	  opposite	  the	  gradient)	  
	  
Approach	  2:	  Stochastic	  Gradient	  Descent	  (SGD)	  
(take	  many	  small	  steps	  opposite	  the	  gradient)	  
	  
Approach	  3:	  Newton’s	  Method	  
(use	  second	  derivatives	  to	  better	  follow	  curvature)	  
	  
Approach	  4:	  Closed	  Form???	  
(set	  derivatives	  equal	  to	  zero	  and	  solve	  for	  parameters)	  
	  

�� = argmin
�

J(�)



Gradient	  Descent	  
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Algorithm 1 Gradient Descent

1: procedure GD(D, �(0))
2: � � �(0)

3: while not converged do
4: � � � + ���J(�)

5: return �

In	  order	  to	  apply	  GD	  to	  Logistic	  
Regression	  all	  we	  need	  is	  the	  
gradient	  of	  the	  objective	  
function	  (i.e.	  vector	  of	  partial	  
derivatives).	  	  

��J(�) =

�

����

d
d�1

J(�)
d

d�2
J(�)
...

d
d�N

J(�)

�

����

Recall…	  



Stochastic	  Gradient	  Descent	  (SGD)	  

26	  

Algorithm 2 Stochastic Gradient Descent (SGD)

1: procedure SGD(D, �(0))
2: � � �(0)

3: while not converged do
4: for i � shu�e({1, 2, . . . , N}) do
5: for k � {1, 2, . . . , K} do
6: �k � �k + � d

d�k
J (i)(�)

7: return �

Recall…	  

We	  need	  a	  per-‐example	  objective:	  

We	  can	  also	  apply	  SGD	  to	  solve	  the	  MCLE	  
problem	  for	  Logistic	  Regression.	  

Let J(�) =
�N

i=1 J (i)(�)
where J (i)(�) = � p�(yi| i).



Optimization	  for	  	  
Linear	  Reg.	  vs.	  Logistic	  Reg.	  

•  Can	  use	  the	  same	  tricks	  for	  both:	  
–  regularization	  
–  tuning	  learning	  rate	  on	  development	  data	  
– shuffle	  examples	  out-‐of-‐core	  (if	  can’t	  fit	  in	  
memory)	  and	  stream	  over	  them	  

–  local	  hill	  climbing	  yields	  global	  optimum	  (both	  
problems	  are	  convex)	  

– etc.	  
•  But	  Logistic	  Regression	  does	  not	  have	  a	  
closed	  form	  solution	  for	  MLE	  parameters.	  
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GRADIENT	  FOR	  LOGISTIC	  
REGRESSION	  
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We’re	  going	  to	  dive	  into	  this	  thing	  here:	  	  d/dw(p)	  

Likelihood	  on	  one	  example	  is:	  

29	  
Slide	  courtesy	  of	  William	  Cohen	  



p	  

€ 

( f n )'= nf n−1⋅ f '
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Details:	  Picking	  learning	  rate	  

•  Use	  grid-‐search	  in	  log-‐space	  over	  small	  
values	  on	  a	  tuning	  set:	  
– e.g.,	  0.01,	  0.001,	  …	  

•  Sometimes,	  decrease	  after	  each	  pass:	  
– e.g	  factor	  of	  1/(1	  +	  dt),	  t=epoch	  
– sometimes	  1/t2	  

•  Fancier	  techniques	  I	  won’t	  talk	  about:	  
– Adaptive	  gradient:	  scale	  gradient	  differently	  for	  
each	  dimension	  (Adagrad,	  ADAM,	  ….)	  

33	  
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Details:	  Debugging	  
•  Check	  that	  gradient	  is	  indeed	  a	  locally	  good	  approximation	  

to	  the	  likelihood	  
–  “finite	  difference	  test”	  

34	  
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SGD	  for	  Logistic	  Regression	  
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We	  need	  a	  per-‐example	  objective:	  

We	  can	  also	  apply	  SGD	  to	  solve	  the	  MCLE	  
problem	  for	  Logistic	  Regression.	  

Let J(�) =
�N

i=1 J (i)(�)
where J (i)(�) = � p�(yi| i).

Algorithm 1 SGD for Logistic Regression

1: procedure SGD(D, �(0))
2: � � �(0)

3: while not converged do
4: for i � shuffle({1, 2, . . . , N}) do
5: for k � {1, 2, . . . , K} do
6: �k � �k + �(µ(i) � y(i))x(i)

k

7: where µ(i) := h�( (i)) = 1/(1 + (��T ))

8: return �



LOGISTIC	  REGRESSION:	  
OVERFITTING	  
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This  LCL  function  is  convex:  there  is  
only  one  local  minimum.

So  gradient  descent  will  give  the  global  
minimum.

Convexity	  and	  logistic	  regression	  

37	  
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Non-‐stochastic	  gradient	  descent	  

•  In	  batch	  gradient	  descent,	  average	  the	  gradient	  over	  
all	  the	  examples	  D={(x1,y1)…,(xn	  ,	  yn)}	  	  

38	  
Slide	  courtesy	  of	  William	  Cohen	  



Non-‐stochastic	  gradient	  descent	  

•  This	  can	  be	  interpreted	  as	  a	  difference	  between	  the	  
expected	  value	  of	  y|xj=1	  in	  the	  data	  and	  the	  expected	  
value	  of	  y|xj=1	  	  as	  predicted	  by	  the	  model	  

•  Gradient	  ascent	  tries	  to	  make	  those	  equal	  

39	  
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This	  LCL	  function	  “overfits”	  

•  This	  can	  be	  interpreted	  as	  a	  difference	  between	  the	  
expected	  value	  of	  y|xj=1	  in	  the	  data	  and	  the	  expected	  
value	  of	  y|xj=1	  	  as	  predicted	  by	  the	  model	  

•  Gradient	  ascent	  tries	  to	  make	  those	  equal	  

	  

40	  

•  That’s  impossible  for  some  wj    !
•  e.g.,  if  xj    =1  only  in  positive  examples,  the  gradient  
is  always  positive
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This	  LCL	  function	  “overfits”	  

•  This	  can	  be	  interpreted	  as	  a	  difference	  between	  the	  
expected	  value	  of	  y|xj=1	  in	  the	  data	  and	  the	  expected	  
value	  of	  y|xj=1	  	  as	  predicted	  by	  the	  model	  

•  Gradient	  ascent	  tries	  to	  make	  those	  equal	  

	  

41	  

•  That’s  impossible  for  some  wj    e.g.,  if  they  appear  only  
in  positive  examples,  gradient  is  always  possible.

•  Using  this  LCL  function  for  text:  practically,  it’s  
important  to  discard  rare  features  to  get  good  results.



Slide	  courtesy	  of	  William	  Cohen	  



This	  LCL	  function	  “overfits”	  
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•  OverCitting  is  often  a  problem  in  supervised  learning.
•  When  you  Cit  the  data  (minimize  LCL)  are  you  Citting  
“real  structure”  in  the  data  or  “noise”  in  the  data?  

•  Will  the  patterns  you  see  appear  in  a  test  set  or  not?



Error/LCL	  on	  
training	  set	  D	  

Error/LCL	  on	  an	  
unseen	  test	  set	  Dtest	  

more	  features	  

hi	  error	  

Slide	  courtesy	  of	  William	  Cohen	  



NEWTON’S	  METHOD	  FOR	  
LOGISTIC	  REGRESSION	  

Iteratively	  Reweighted	  Least	  Squares	  (IRLS)	  

43	  



Newton’s	  Method	  
•  From	  linear	  regression,	  we	  know	  that	  we	  can	  
find	  the	  minimizer	  to	  a	  quadratic	  function	  
analytically	  (i.e.	  closed	  form).	  	  

•  Yet	  gradient	  descent	  may	  take	  many	  steps	  to	  
converge	  to	  that	  optimum.	  	  

•  The	  motivation	  behind	  Newton's	  method	  is	  to	  
use	  a	  quadratic	  approximation	  of	  our	  function	  
to	  make	  a	  good	  guess	  where	  we	  should	  step	  
next.	  
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Background:	  Taylor	  Series	  
How	  can	  we	  approximate	  a	  function	  in	  1-‐dimension?	  
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f(x) = f(v) +
(x � v)f �(x)

1!
+

(x � v)2f ��(x)

2!
+

(x � v)3f ���(x)

3!
+ . . .

The Taylor series expansion for an infinitely differen-
tiable function f(x), x � R, about a point v � R is:

f(x) � f(v) +
(x � v)f �(x)

1!
+

(x � v)2f ��(x)

2!

The 2nd-order Taylor series approximation cuts off the
expansion after the quadratic term:



Background:	  Taylor	  Series	  
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https://upload.wikimedia.org/wikipedia/commons/c/cc/Sine_GIF.gif	  	  



Hessian	  Matrix	  

Definition:	  the	  Hessian	  of	  a	  K-‐dimensional	  
function	  is	  the	  matrix	  of	  partial	  second	  
derivatives	  with	  respect	  to	  each	  pair	  of	  
dimensions.	  	  
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Hf ( ) := �2f(x) =

�

������

�2f(x)
�x2

1

�2f(x)
�x1�x2

· · · �2f(x)
�x1�xK

�2f(x)
�x2�x1

�2f(x)
�x2

2
· · · �2f(x)

�x2�xK

...
...

. . .
...

�2f(x)
�xK�x1

�2f(x)
�xK�x2

· · · �2f(x)
�x2

K

�

������



Background:	  Taylor	  Series	  
How	  can	  we	  approximate	  a	  function	  in	  K-‐dimensions?	  
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The Taylor series expansion for an infinitely differen-
tiable function f( ), � RK , about a point � RK

is:

f( ) = f( ) +
( � )T �f( )

1!
+

( � )T �2f( )( � )

2!
+ . . .

The 2nd-order Taylor series approximation cuts off the
expansion after the quadratic term:

f( ) � f( ) +
( � )T �f( )

1!
+

( � )T �2f( )( � )

2!



Background:	  Taylor	  Series	  
How	  can	  we	  approximate	  a	  function	  in	  K-‐dimensions?	  
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f( ) � f̃( ) := f( ) +
( � )T �f( )

1!
+

( � )T �2f( )( � )

2!

The 2nd-order Taylor series approximation cuts off the
expansion after the quadratic term:

Taking the derivative of f̃( ) and setting to 0 gives us
the closed form minimizer of this (convex) quadratic
function:

f̃( ) = � (�2f( ))�1�f( )

The addend � nt = �(�2f( ))�1�f( ) is called
Newton’s step.



Newton’s	  Method	  
Goal:	  	  
1.  Approximate	  the	  function	  with	  the	  2nd-‐

order	  Taylor	  series	  

2.  Compute	  its	  minimizer	  

3.  Step	  to	  that	  minimizer	  

4.  Repeat	  
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� = f( )

f( ) � f̃( ) := f( ) +
( � )T �f( )

1!
+

( � )T �2f( )( � )

2!

Taking the derivative of f̃( ) and setting to 0 gives us
the closed form minimizer of this (convex) quadratic
function:

f̃( ) = � (�2f( ))�1�f( )

The addend � nt = �(�2f( ))�1�f( ) is called
Newton’s step.� � (�2f( ))�1�f( )

Also	  called	  the	  	  
Newton-‐Raphson	  method	  



Newton’s	  Method	  

Intuition	  
A.	  
	  
	  
B.	  	  
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If f( ) is quadratic, x + �xnt exactly maximizes f .

f̃( ) is a good quadratic approximation to the function
f near the point . So if f( ) is locally quadratic, then
f( ) is locally well approximated by f̃( ).



Whiteboard	  

•  Example	  in	  1D	  
•  Comparison	  with	  Gradient	  Descent	  
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Newton’s	  Method	  for	  Log.	  Reg.	  

Now	  we	  can	  apply	  this	  to	  MLE	  for	  Logistic	  
Regression.	  
We	  just	  need	  the	  gradient	  and	  Hessian.	  
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Algorithm 1 Newton-Raphson Method

1: procedure NR(D, �(0))
2: � � �(0) � Initialize parameters
3: while not converged do
4: � �J(�) � Compute gradient
5: � �2J(�) � Compute Hessian
6: � � � � �1 � Update parameters
7: return �



Logistic	  Regression	  
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Learning:	  finds	  the	  parameters	  that	  minimize	  some	  
objective	  function.	   �� = argmin

�
J(�)

Data:	  Inputs	  are	  continuous	  vectors	  of	  length	  K.	  Outputs	  are	  
discrete.	  

D = { (i), y(i)}N
i=1 where � RK and y � {0, 1}

Prediction:	  Output	  is	  the	  most	  probable	  class.	  
ŷ =

y�{0,1}
p�(y| )

Model:	  Logistic	  function	  applied	  to	  dot	  product	  of	  
parameters	  with	  input	  vector.	  

p�(y = 1| ) =
1

1 + (��T )

Recall…	  



Maximum	  Conditional	  	  
Likelihood	  Estimation	  
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Learning:	  finds	  the	  parameters	  that	  minimize	  some	  
objective	  function.	  
	  
	  
We	  minimize	  the	  negative	  log	  conditional	  likelihood:	  
	  
	  
	  
Why?	  

1.  We	  can’t	  maximize	  likelihood	  (as	  in	  Naïve	  Bayes)	  
because	  we	  don’t	  have	  a	  joint	  model	  p(x,y)	  

2.  It	  worked	  well	  for	  Linear	  Regression	  (least	  squares	  is	  
MCLE)	  

�� = argmin
�

J(�)

J(�) = �
N�

i=1

p�(y(i)| (i))

Recall…	  



Maximum	  Conditional	  	  
Likelihood	  Estimation	  
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J(�) = �
N�

i=1

p�(y(i)| (i))

= �
N�

i=1

h�( (i))y(i)

(1 � h�( (i)))(1�y(i))

= �
N�

i=1

y(i) h�( (i)) + (1 � y(i)) (1 � h�( (i)))

= �
N�

i=1

y(i) µ(i) + (1 � y(i)) (1 � µ(i))

where µ(i) := h�( (i)) = 1/(1 + (��T ))



Gradient	  /	  Hessian	  for	  Log.	  Reg.	  
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:= �J(�) =
N�

i=1

(µ(i) � y(i)) (i)

= T (µ � )

:= �2J(�) =
N�

i=1

µ(i)(1 � µ(i)) (i)( (i))T

= T

where = diag(µ(i)(1 � µ(i)))

J(�) = �
N�

i=1

y(i) µ(i) + (1 � y(i)) (1 � µ(i))

where µ(i) := h�( (i)) = 1/(1 + (��T ))



Newton’s	  Method	  for	  Log.	  Reg.	  

For	  Logistic	  Regression:	  

58	  

Algorithm 1 Newton-Raphson Method

1: procedure NR(D, �(0))
2: � � �(0) � Initialize parameters
3: while not converged do
4: � �J(�) � Compute gradient
5: � �2J(�) � Compute Hessian
6: � � � � �1 � Update parameters
7: return �

� �1 = �( T )�1( T (µ � ))



Newton’s	  Method	  for	  Log.	  Reg.	  

For	  Logistic	  Regression:	  
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Algorithm 1 Newton-Raphson Method

1: procedure NR(D, �(0))
2: � � �(0) � Initialize parameters
3: while not converged do
4: � �J(�) � Compute gradient
5: � �2J(�) � Compute Hessian
6: � � � � �1 � Update parameters
7: return �

� �1 = �( T )�1( T (µ � ))

Question:	  How	  does	  Newton	  
step	  compare	  computationally	  
to	  solving	  Least	  Squares	  in	  
closed	  form	  



Newton’s	  Method	  for	  Log.	  Reg.	  
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(Iteratively	  Reweighted	  Least	  Squares)	  

� � � � �1

= � � ( T )�1( T (µ � ))

By substituting in and

= ( T )�1
�
( T )� � ( T (µ � ))

�

By factoring out the inverse term

= ( T )�1 T ( � � (µ � ))

By factoring out T

= ( T )�1 T
�

� � �1(µ � )
�

By factoring out

= ( T )�1 T

where = � � �1(µ � )

Question:	  How	  does	  
Newton	  step	  compare	  
computationally	  to	  
solving	  Least	  Squares	  in	  
closed	  form	  



Recall LMS 
l  Cost function in matrix form: 

l  To minimize J(θ), take derivative and set to zero: 
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The	  above	  update	  yields	  the	  minimizer	  for	  the	  weighted	  
least	  squares	  problem:	  

Newton’s	  Method	  for	  Log.	  Reg.	  
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(Iteratively	  Reweighted	  Least	  Squares)	  
� � � � �1

= ( T )�1 T

where = � � �1(µ � )

Question:	  How	  does	  
Newton	  step	  compare	  
computationally	  to	  
solving	  Least	  Squares	  in	  
closed	  form	  

�� �
�

( � �)T ( � �)

=
�

N�

i=1

Sii(zi � �T (i))2

where Sii is the weight of the ith “training example”
consisting of the pair ( (i), zi).



Newton’s	  Method	  for	  Log.	  Reg.	  

For	  Logistic	  Regression:	  
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Algorithm 1 Newton-Raphson Method

1: procedure NR(D, �(0))
2: � � �(0) � Initialize parameters
3: while not converged do
4: � �J(�) � Compute gradient
5: � �2J(�) � Compute Hessian
6: � � � � �1 � Update parameters
7: return �

� �1 = �( T )�1( T (µ � ))

Question:	  How	  does	  Newton	  
step	  compare	  computationally	  
to	  solving	  Least	  Squares	  in	  
closed	  form	  

Answer:	  It’s	  solving	  a	  weighted	  
version	  of	  the	  same	  problem.	  
Hence	  the	  name	  “Iteratively	  
Reweighted	  Least	  Squares	  
(IRLS)”.	  



Newton’s	  Method	  for	  	  
Linear	  Regression	  

Newton’s	  method	  applied	  to	  Linear	  
Regression	  (or	  any	  convex	  quadratic	  function)	  

converges	  in	  exactly	  1-‐step	  to	  the	  true	  
optimum.	  

	  
This	  is	  equivalent	  to	  solving	  the	  Normal	  

Equations	  
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Matching	  Game	  

Goal:	  Match	  the	  Algorithm	  to	  its	  Update	  Rule	  
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1.	  SGD	  for	  Logistic	  Regression	  

2.	  Least	  Mean	  Squares	  

3.	  Perceptron	  (next	  lecture)	  

4.	  

5.	  

6.	  

A.	  1=5,	  2=4,	  3=6	  
B.	  1=5,	  2=6,	  3=4	  
C.	  1=6,	  2=4,	  3=4	  
D.	  1=5,	  2=6,	  3=6	  
E.	  1=6,	  2=6,	  3=6	  

�k � �k +
1

1 + exp �(h�(x(i)) � y(i))

�k � �k + (h�(x(i)) � y(i))

�k � �k + �(h�(x(i)) � y(i))x(i)
k

h�(x) = p(y|x)

h�(x) = �T x

h�(x) = sign(�T x)



DISCRIMINATIVE	  AND	  
GENERATIVE	  CLASSIFIERS	  
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Generative	  vs.	  Discriminative	  
•  Generative	  Classifiers:	  

–  Example:	  Naïve	  Bayes	  
– Define	  a	  joint	  model	  of	  the	  observations	  x	  and	  the	  
labels	  y:	  

–  Learning	  maximizes	  (joint)	  likelihood	  
– Use	  Bayes’	  Rule	  to	  classify	  based	  on	  the	  posterior:	  

•  Discriminative	  Classifiers:	  
–  Example:	  Logistic	  Regression	  
– Directly	  model	  the	  conditional:	  	  	  
–  Learning	  maximizes	  conditional	  likelihood	  
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p(x, y)

p(y|x)

p(y|x) = p(x|y)p(y)/p(x)



Generative	  vs.	  Discriminative	  

Finite	  Sample	  Analysis	  (Ng	  &	  Jordan,	  2002)	  
[Assume	  that	  we	  are	  learning	  from	  a	  finite	  
training	  dataset]	  
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If	  model	  assumptions	  are	  correct:	  Naive	  Bayes	  is	  a	  more	  
efficient	  learner	  (requires	  fewer	  samples)	  than	  Logistic	  
Regression	  

If	  model	  assumptions	  are	  incorrect:	  Logistic	  Regression	  has	  
lower	  asymtotic	  error,	  and	  does	  better	  than	  Naïve	  Bayes	  



solid:	  NB	  dashed:	  LR	  

69	  
Slide	  courtesy	  of	  William	  Cohen	  



Naïve	  Bayes	  makes	  stronger	  assumptions	  about	  the	  data	  
but	  needs	  fewer	  examples	  to	  estimate	  the	  parameters	  
	  
“On	  Discriminative	  vs	  Generative	  Classifiers:	  ….”	  Andrew	  Ng	  
and	  Michael	  Jordan,	  NIPS	  2001.	  

70	  

solid:	  NB	  dashed:	  LR	  

Slide	  courtesy	  of	  William	  Cohen	  



Generative	  vs.	  Discriminative	  
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Learning	  (Parameter	  Estimation)	  

Naïve	  Bayes:	  	  
Parameters	  are	  decoupled	  à	  Closed	  form	  solution	  for	  MLE	  

Logistic	  Regression:	  	  
Parameters	  are	  coupled	  à	  No	  closed	  form	  solution	  –	  must	  
use	  iterative	  optimization	  techniques	  instead	  



Naïve	  Bayes	  vs.	  Logistic	  Reg.	  
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Learning	  (MAP	  Estimation	  of	  Parameters)	  

Bernoulli	  Naïve	  Bayes:	  	  
Parameters	  are	  probabilities	  à	  Beta	  prior	  (usually)	  pushes	  
probabilities	  away	  from	  zero	  /	  one	  extremes	  

Logistic	  Regression:	  	  
Parameters	  are	  not	  probabilities	  à	  Gaussian	  prior	  
encourages	  parameters	  to	  be	  close	  to	  zero	  	  
	  
(effectively	  pushes	  the	  probabilities	  away	  from	  zero	  /	  one	  
extremes)	  



Naïve	  Bayes	  vs.	  Logistic	  Reg.	  
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Features	  

Naïve	  Bayes:	  	  
Features	  x	  are	  assumed	  to	  be	  conditionally	  independent	  
given	  y.	  (i.e.	  Naïve	  Bayes	  Assumption)	  

Logistic	  Regression:	  	  
No	  assumptions	  are	  made	  about	  the	  form	  of	  the	  features	  x.	  	  
They	  can	  be	  dependent	  and	  correlated	  in	  any	  fashion.	  	  



Summary	  

1.  Discriminative	  classifiers	  directly	  model	  the	  
conditional,	  p(y|x)	  

2.  Logistic	  regression	  is	  a	  simple	  linear	  
classifier,	  that	  retains	  a	  probabilistic	  
semantics	  

3.  Parameters	  in	  LR	  are	  learned	  by	  iterative	  
optimization	  (e.g.	  SGD)	  

4.  Regularization	  helps	  to	  avoid	  overfitting	  
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