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Disclaimer

* [am not a biologist!

e My work focuses on differential geometry & numerical methods
* Please forgive me if I sound naive about cell biology...

e ...But: there is an awful lot of geometry in cells

— can probably learn a lot from each other!




Motivation: Nonlinear Data Analysis

Standard statistical tools give meaningless answers for many kinds of data.
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Motivation: Statistical Shape Analysis

Shape data also lives on a curved shape space. ..
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Key idea: obey the geometry of the space where the data lives




Riemannian Shape Spaces

shape configurations <> points in /M shape space
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M = {all functions x: § —» R"}

Key idea: each of a shape viewed as a in a “curved space”



Riemannian Shape Spaces

shape configurations <> points in /M shape space

shape trajectories <> curves on /M

x(t) :[0,1] > M



Key idea: shape space is not just a set!
ust assign a cost to small deformations. ..
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Key idea: shape space is not just a set!
ust assign a cost to small deformations. ..
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Riemannian Shape Spaces

shape configurations <> points in /M shape space
shape trajectories <> curves on /M

small deformations < tangent vectors

cost of small
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Data Analysis in Riemannian Shape Space

Data analysis can now be " e 5
expressed in language of W / \ #

differential geometry. X1 O
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Data Analysis in Riemannian Shape Space
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Question: what's the “right” for

representing / analyzing high-resolution cell data?



(plenty I'm not thinking about!):

1. Need good continuum models

— e.g., dynamics, growth, evolution, ...
2. Incorporate data beyond shape (e.g., chemical concentrations)
3. Empirical data should inform shape space definition
4. Need good numerical discretization

— handles large shearing

— allows topology changes

— models non-local forces (e.g., electrostatic repulsion)



Some Common Shape Space Frameworks
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video: Allen Integrated Cell

If we have 3D cell data, shouldn’t our
shape space model 3D configurations?



configuration space: embeddings of thin elastic shell

Riemannian metric: penalize viscous dissipation

e.g., “cheapest” path (geodesic)

start , , end

discretized
via fine mesh

Heeren et al, “Exploring the Geometry of the Space of Shells” (2014)



Shape Space of Elastic Shells

configuration space: embeddings of thin elastic shell

Riemannian metric: penalize viscous dissipation

e.q., “cheapest” path (geodesic)

end

via fine mesh

Also: elastic shells are a natural
model for many biomembranes!

-
* uses full 3D geometry +
e handles fine structures/close contact +/
¢ casy to augment w/ additional data +

Heeren et al, “Exploring the Geometry of the Space of Shells” (2014)



Challenge — Shearing

* Macroscopic shell: hard to shear; easy to bend (e.g., paper)

* Biomembrane: hard to bend; easy to shear (e.g., bilipid)




Challenge — Shearing

* Macroscopic shell: hard to shear; easy to bend (e.g., paper)

* Biomembrane: hard to bend; easy to shear (e.g., bilipid)




Challenge —Topology Changes

* Macroscopic shell: shouldn’t merge when in close contact (e.g., hand)

* Biomembrane: merging / splitting is critical (e.g., vesicle fusion)

~_ should not

fuse




Challenge —Topology Changes

* Macroscopic shell: shouldn’t merge when in close contact (e.g., hand)

* Biomembrane: merging / splitting is critical (e.g., vesicle fusion)

P []B ~__ should not

Again: shape space assumes
fixed mesh connectivity




Challenge — Data Beyond Geometry

* Macroscopic shell: state determined by geometry (positions in space)

* Biomembrane: geometry interacts w/ chemistry (mechanochemical)

geometry: Riemannian metric ¢(u,v) comes
from Hessian Of elastic potential
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Challenge — Nonlocal Effects

¢ Many phenomena depend on interaction between distant points
— macroscopic shells: contact modeled as a repulsive potential

— biomembranes: electrostatic repulsion, heat transfer...
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Challenge — Nonlocal Effects

¢ Many phenomena depend on interaction between distant points
— macroscopic shells: contact modeled as a repulsive potential

— biomembranes: electrostatic repulsion, he Challenge: how do you |
incorporate a nonlocal potentia

° ® 7
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Nonlocal Forces— Naive Approach

One idea: simply add repulsive potential to cost of any path
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Nonlocal Forces— Naive Approach

One idea: simply add repulsive potential to cost of any path

viscous total potential
dissipation | over time

path
energy 1
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Graph Manifold

* Alternative: imagine “graphing” potential ® over shape space M

— defines a new shape space — graph manifold M®

— Intuition: hiking along a mountain trail graph
manifold

L

physical motivation:
Occam’s razor

/ original
Sassen, Schumacher, Rumpf, C. hO 8
“Repulsive Shells” (2024) - (X, (I)(X)) ‘ x € M } snape space



Naive vs. Graph Manifold
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Shortest paths in oraph manifo.ld
correspond to “more likely” motions.




Graph Manifold — Interpolation (Geodesics)

Task: given start/end configuration, determine likely trajectory

Basic building block for other \

statistical operations...

™

elastic shell repulsive shell



Task: given several poses, find a (weighted) average




Graph Manifold — Averaging (Fréchet Mean)

Task: given several poses, find a (weighted) average

repulsive shells

(intersection-free)
e




Graph Manifold — Extrapolation (Exponential Map)

Task: predict how a small /motion deformation might continue/evolve

extrapolation
initial motion (small twist) (purely elastic)
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Graph Manifold — Extrapolation (Exponential Map)

Task: predict how a small /motion deformation might continue/evolve

extrapolation
initial motion (small twist)
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Graph Manifold — Extrapolation (Exponential Map)

Task: predict how a small /motion deformation might continue/evolve

side view

Very different tfrom linear
eXtrapolation!

Key point: Riemannian perspe.ctive
enables us to make highly nonlinear,
physics-based predictions.




Graph Manifold — Extrapolation (Exponential Map)

Task: predict how a small /motion deformation might continue/evolve

Very different tfrom linear
eXtrapolation!

cells: model growth /

Key point: Riemannian perspective restructuring under different
s us to make highly nonlinear, conditions/ assumptions?




Graph Manifold — Path Planning

cells: vesicle transport, R

microcirculation...?




Motion in Near-Contact
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Motion in Near-Contact
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biomembranes: highly folded structures
mitochondria, golgi apparatus, ER, ...) :




Packing Sheets in Tight Spaces

above




Final Challenge— Incorporating Data

e Q: How to incorporate data into shape space—and physical priors in learned models?
* Two complementary possibilities:

1. use data to help “learn” shape space metric?

2. use shape space metric to regularize learned latent space?

—e.., straight lines in latent space should have small path energy

input reconstruction shape
space
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Summary

e [sit valuable to develop high-resolution Riemannian shape spaces for cell data?

— Certainly useful for visualization (human-centric understanding). ..

* Have some good tools to lean on

e In general lots to explore, many challenges

e Which phenomena should we try to model?

e Are there suitable continuum models?

e Can we cook up a good numerical discretization?
— many challenges

* How do we incorporate empirical data?

I understand only small pieces of this puzzle—glad to chat more!



Thanks!
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