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A note on materials used in this module

q Sutton & Barto. Reinforcement Learning: An Introduction. 2nd edition.

q David Silver’s UCL course on reinforcement learning.

q Materials from UC Berkeley’s Deep RL course.

q Sergey Levine’s tutorial on RL and control as inference.

q Brian Ziebart’s PhD thesis (maximum causal entropy models).

2

http://www0.cs.ucl.ac.uk/staff/d.silver/web/Teaching.html
http://rail.eecs.berkeley.edu/deeprlcourse/
https://arxiv.org/pdf/1805.00909.pdf
http://reports-archive.adm.cs.cmu.edu/anon/anon/home/ftp/usr/ftp/ml2010/CMU-ML-10-110.pdf


Plan

Part 1: Intro to RL and Control as Inference Framework
q Intro to Reinforcement Learning (RL)
q RL and Control as Inference: The GM framework
q Connections to variational inference

Part 2: Max-entropy RL Algorithms
q Recap and an inferential approach to RL
q Classical Q-learning and policy gradient methods
q Soft Q-learning and soft policy gradients
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Recap: Control as Inference
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Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)
Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)
<latexit sha1_base64="TwMt/3z+eI9fR2qP9ksUCgn0m80="></latexit>

Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)

Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)

Optimality p(Ot = 1 | st, at)= exp(r(st, at))
<latexit sha1_base64="/R3l+9FXromncP1JD5I8v+e9KBs="></latexit>



Recap: Control as Inference
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Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)
Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)
<latexit sha1_base64="TwMt/3z+eI9fR2qP9ksUCgn0m80="></latexit>

In the classical RL setup, we have:

V⇡(s) := E⇡

"
TX

k=0

�krt+k+1 | st = s

#

Q⇡(s, a) := E⇡

"
TX

k=0

�krt+k+1 | st = s, at = a

#

<latexit sha1_base64="O+Z7vbibWvAD28ZE4Xe9qGVrC7E="></latexit>

⇡?(a | s) = �
⇣
a = argmax

a
Q?(s, a)

⌘

<latexit sha1_base64="FcLBci6GkGGXAS1ih1AZz8uDmqo="></latexit>



Recap: Control as Inference
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Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)

Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)

Optimality p(Ot = 1 | st, at)= exp(r(st, at))
<latexit sha1_base64="/R3l+9FXromncP1JD5I8v+e9KBs="></latexit>

Running inference in this GM allows us 
to compute:

p(⌧ | O1:T )
<latexit sha1_base64="DzJ22BrkrHgHAHaIDdC5V/mwQE8="></latexit>

p(at | st,O1:T ) = exp(Qt(st, at)� Vt(st))
<latexit sha1_base64="6YsRw0kuTj1uV+h1ivFDb0wIx9s="></latexit>



Recap: Control as Inference
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Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)

Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)

Optimality p(Ot = 1 | st, at)= exp(r(st, at))
<latexit sha1_base64="/R3l+9FXromncP1JD5I8v+e9KBs="></latexit>

Which objective does inference optimize?

Ø For deterministic dynamics, get it directly
Ø For stochastic dynamics, obtain it from 

the ELBO on the evidence

�DKL (p̂(⌧)kp(⌧)) =

TX

t=1

E(st,at)⇠p̂(st,at)[r(st, at)]+

E(st)⇠p̂(st)[H(⇡(at | st))]
<latexit sha1_base64="LuZ/o5gCaLIWHNk2om0SCY1V1O8="></latexit>



A unifying perspective on Imitation, RL, and Planning
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One of the key advantages of PGM is 
the unifying approach to learning 
base on likelihood maximization.

Start with the complete likelihood:
logP (s1:T , a1:T ,O1:T )

<latexit sha1_base64="vjxP2hJE8fMmuctELqLQyTHZ6jY="></latexit>

logP (a1:T | s1:T )

<latexit sha1_base64="YKxxbRulG6fRqAjP+U3+fhSgNj8="></latexit>

Imitation (Behavioral Cloning) RL

logP (O1:T )

<latexit sha1_base64="/WFuz4sENYaE6lDY+UaoXjxN8fs="></latexit>

Imitation (Inverse RL) & Planning

logP (s1:T , a1:T | O1:T )

<latexit sha1_base64="apdqUKcZ5Zne0r0Wdg39E5IXxbM="></latexit>



A unifying perspective on Imitation, RL, and Planning
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Imitation (Behavioral Cloning):
o Given: τ = (𝑠!:#, 𝑎!:#)

Imitation (Inverse RL):
o Given: τ = 𝑠!:#, 𝑎!:# , 𝒪!:#

Planning:
o Given: τ = 𝑠!:#, 𝑎!:# , 𝒪!:#

RL:
o Given: 𝒪!:#

argmax
⇡

logP (a1:T | s1:T )

<latexit sha1_base64="iWMKmJH7KeC4gk+KTm+4a/QPyt4="></latexit>

argmax
r1:T

logP (s1:T , a1:T | O1:T )

<latexit sha1_base64="3UTqMrtYdY5VAmhc176vPdmpBV8="></latexit>

argmax
⌧

logP (s1:T , a1:T | O1:T )

<latexit sha1_base64="kPG2XR/XGHLzAWo4H5t+uRS3Prg="></latexit>

argmax
⇡

logP (O1:T ) �

<latexit sha1_base64="A+KHGx6iGG+UbXBlloHBZAK6mzY="></latexit>

TX

t=1

E(st,at)⇠p̂(st,at) [r(st, at)] +

Est⇠p̂(st) [H(⇡(at | st))]

<latexit sha1_base64="CrBcKDY8a8+Kthi1GElW6jM0+uo="></latexit>



Policy Gradient Methods
[Barto & Sutton’s textbook; Sergey Levine’s lectures]
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How do we learn in RL?
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Generate samples 
(trajectories)

by running a policy
Fit a model / 

estimate the return Improve the policy

✓? = argmax
✓

E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#

<latexit sha1_base64="dhwJ6LaijVVTxdBzuFPHf6mmgFQ="></latexit>



How do we learn in RL?

13Video from Schulman et al. (2016). High-dimensional continuous control using generalized advantage estimation.



Types of RL algorithms
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l Policy gradients: directly optimize the above stochastic objective

l Value-based: estimate V-function or Q-function of the optimal policy
(no explicit policy; the policy is derived from the value function)

l Actor-critic: estimate V-/Q-function under the current policy and use it to 
improve the policy

l Model-based methods: estimate the transition model 𝑝(𝑠!"#|𝑠!, 𝑎!) and…
l Use it for planning (plug-in the model into the objective, optimize it w.r.t. a 

sequence of actions, pick the first action in the best sequence)
l Use it to improve the policy (e.g., MCTS distillation in AlphaGo)

✓? = argmax
✓

E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#

<latexit sha1_base64="dhwJ6LaijVVTxdBzuFPHf6mmgFQ="></latexit>
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<latexit sha1_base64="dhwJ6LaijVVTxdBzuFPHf6mmgFQ="></latexit>



Policy gradients
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✓? = argmax
✓

E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#

<latexit sha1_base64="dhwJ6LaijVVTxdBzuFPHf6mmgFQ="></latexit>

𝑱(𝜽)

J(✓) = E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#
⇡ 1

N

NX

i=1

TX

t=1

r(si,t, ai,t)
<latexit sha1_base64="HPB5c8jrl+bGtzKtTMZ8GnGHU7Y="></latexit>

r✓J(✓) = r✓E⌧⇠p✓(⌧) [r(⌧)] =

Z
r(⌧)r✓p✓(⌧)d⌧ =

Z
r(⌧)p✓(⌧)r✓ log p✓(⌧)d⌧

= E⌧⇠p✓(⌧) [r(⌧)r✓ log p✓(⌧)]
<latexit sha1_base64="Ld3LGCNoC0XjDPvkwniBRfr7c3A="></latexit>



Policy gradients
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✓? = argmax
✓

E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#

<latexit sha1_base64="dhwJ6LaijVVTxdBzuFPHf6mmgFQ="></latexit>

𝑱(𝜽)

J(✓) = E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#
⇡ 1

N

NX

i=1

TX

t=1

r(si,t, ai,t)
<latexit sha1_base64="HPB5c8jrl+bGtzKtTMZ8GnGHU7Y="></latexit>

r✓J(✓) = r✓E⌧⇠p✓(⌧) [r(⌧)] =

Z
r(⌧)r✓p✓(⌧)d⌧ =

Z
r(⌧)p✓(⌧)r✓ log p✓(⌧)d⌧

= E⌧⇠p✓(⌧) [r(⌧)r✓ log p✓(⌧)]
<latexit sha1_base64="Ld3LGCNoC0XjDPvkwniBRfr7c3A="></latexit>



Policy gradients
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✓? = argmax
✓

E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#

<latexit sha1_base64="dhwJ6LaijVVTxdBzuFPHf6mmgFQ="></latexit>

𝑱(𝜽)

J(✓) = E⌧⇠p✓(⌧)

"
TX

t=1

r(st, at)

#
⇡ 1

N

NX

i=1

TX

t=1

r(si,t, ai,t)
<latexit sha1_base64="HPB5c8jrl+bGtzKtTMZ8GnGHU7Y="></latexit>

r✓J(✓) = r✓E⌧⇠p✓(⌧) [r(⌧)] =

Z
r(⌧)r✓p✓(⌧)d⌧ =

Z
r(⌧)p✓(⌧)r✓ log p✓(⌧)d⌧

= E⌧⇠p✓(⌧) [r(⌧)r✓ log p✓(⌧)]
<latexit sha1_base64="Ld3LGCNoC0XjDPvkwniBRfr7c3A="></latexit>

For more on how to compute derivatives of stochastic objectives see:
Schulman et al. (2015) Gradient Estimation Using Stochastic Computation Graphs.
Foerster, Farquhar*, A.* et al. (2018) DiCE: The Infinitely Differentiable Monte-Carlo Estimator.
Mohamed*, Rosca*, Figurnov*, Mnih* (2019) Monte Carlo Gradient Estimation in Machine Learning.



Policy gradients
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r✓J(✓) = E⌧⇠p✓(⌧) [r(⌧)r✓ log p✓(⌧)]
<latexit sha1_base64="UMTJCyNI5Xg8rKzixP0pAuILwVI="></latexit>

r✓ log p✓(⌧) = r✓

"
log p(s1) +

TX

t=1

log p(st+1 | st, at) + log ⇡✓(at | st)
#

<latexit sha1_base64="MoZ+C87GmJcCG/rcKRWTKgk7MPI="></latexit>

r✓J(✓) = E⌧⇠p✓(⌧)

" 
TX

t=1

r✓ log ⇡✓(at | st)
! 

TX

t=1

r(st, at)

!#

<latexit sha1_base64="HLNMU6ZM3cu6tUsqGWps6BqsPSg="></latexit>

r✓JML(✓) = E⌧⇠pexpert(⌧)

"
TX

t=1

r✓ log ⇡✓(at | st)
#

<latexit sha1_base64="xITamWsiDHCYlsjDnoxp5AV12sM="></latexit>

Figure adapted from Sergey Levin’s slides.



Policy gradients
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r✓J(✓) = E⌧⇠p✓(⌧)

" 
TX

t=1

r✓ log ⇡✓(at | st)
! 

TX

t=1

r(st, at)

!#

<latexit sha1_base64="HLNMU6ZM3cu6tUsqGWps6BqsPSg="></latexit>

Generate 
samples

Estimate 
the return

Improve 
the policy

REINFORCE algorithm:

1. sample {⌧i}Ni=1 under ⇡✓(at | st)

2. Ĵ(✓) =
X

i

⇣X
t
log ⇡✓(ai,t | si,t)

⌘⇣X
t
r(si,t, ai,t)

⌘

3. ✓  ✓ + ↵r✓Ĵ(✓)
<latexit sha1_base64="Ce1igWre52SQqoy3bvhpJhexRUY="></latexit>

r✓J(✓) ⇡
1

N

NX

i=1

" 
TX

t=1

r✓ log ⇡✓(ai,t | si,t)
! 

TX

t=1

r(si,t, ai,t)

!#

<latexit sha1_base64="f9Vs/kNlkuQ4R17wcKcgIA7yv0U="></latexit>



Policy gradients: Summary
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Generate 
samples

Estimate 
the return

Improve 
the policy

REINFORCE algorithm:

1. sample {⌧i}Ni=1 under ⇡✓(at | st)

2. Ĵ(✓) =
X

i

⇣X
t
log ⇡✓(ai,t | si,t)

⌘⇣X
t
r(si,t, ai,t)

⌘

3. ✓  ✓ + ↵r✓Ĵ(✓)
<latexit sha1_base64="Ce1igWre52SQqoy3bvhpJhexRUY="></latexit>

l Represent a policy with a parametric function (e.g., neural net) and learn it by 
optimizing the REINFORCE objective

l Relationship between PG objective and MLE objective: rewards reweight the samples

l REINFORCE gradients are often extremely high-variance →
make use of action causality + value estimators to reduce the variance
(look up Sutton & Barto’s textbook, Ch. 13 or check out a deep RL course)



Q-learning
[Barto & Sutton’s textbook; Sergey Levine’s lectures]
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Can we get rid of the dependence on the policy?

23

l Recall that if we have access to an optimal 𝑄⋆ (𝑠, 𝑎), it gives us right away 
a corresponding optimal greedy (deterministic) policy:

l If we don’t have access to an optimal 𝑄⋆ (𝑠, 𝑎), we can still try:

⇡?(a | s) = �
⇣
a = argmax

a
Q?(s, a)

⌘

<latexit sha1_base64="FcLBci6GkGGXAS1ih1AZz8uDmqo="></latexit>

r✓J(✓) ⇡
1

N

NX

i=1

" 
TX

t=1

r✓ log ⇡✓(ai,t | si,t)
! 

TX

t=1

r(si,t, ai,t)

!#

<latexit sha1_base64="f9Vs/kNlkuQ4R17wcKcgIA7yv0U="></latexit>

at = argmax
a

[Q⇡(a, st)]
<latexit sha1_base64="GTtZ37Fv7c+90u2+1Jj5LQfw+FU="></latexit>



Policy iteration

24

l Can we learn a Q-function through interaction with the environment 
without a policy?

Generate 
samples

Fit a model 
to returns

Improve 
the policy

Fit 𝑄𝝅 (𝑠, 𝑎)

𝝅 ← 𝝅′

Policy iteration:

1. evaluate Q⇡(s, a)

2. update ⇡  ⇡0
<latexit sha1_base64="BjCf4OaCjbLy3ePYaVCOZGBApJI="></latexit>

⇡0(at | st) = �
⇣
at = argmax

a
[Q⇡(a, st)]

⌘

<latexit sha1_base64="oH5EtaSDVGp3dUU7MB9P5f+hKhs="></latexit>



Policy iteration via dynamic programming
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Policy iteration:

1. evaluate Q⇡(s, a)

2. update ⇡  ⇡0
<latexit sha1_base64="BjCf4OaCjbLy3ePYaVCOZGBApJI="></latexit>

= r(s, a) + �Es0⇠p(s0|s,a) [V⇡(s
0)]

<latexit sha1_base64="aeua+7Y3GQ7dSZep6+zACZkjJqE="></latexit>



Policy iteration via dynamic programming
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Policy evaluation:

V⇡(s) r(s,⇡(s)) + �Es0⇠p(s0|s,⇡(s)) [V⇡(s
0)]

<latexit sha1_base64="3aWkusRuHXXkwEbdeuhIVMY38TY="></latexit>

Policy iteration:

1. evaluate Q⇡(s, a)

2. update ⇡  ⇡0
<latexit sha1_base64="BjCf4OaCjbLy3ePYaVCOZGBApJI="></latexit>

Generate 
samples

Fit a model 
to returns

Improve 
the policy

Q⇡(s, a) = r(s, a) + �Es0⇠p(s0|s,a) [V⇡(s
0)]

<latexit sha1_base64="7MOiOgfNmKNjzJbLdlggw6LOHlM="></latexit>



Policy iteration
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Slide from David Silver’s lecture



Policy iteration
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Slide from David Silver’s lecture



Policy iteration

29

Slide from David Silver’s lecture



l Can we get rid of the policy?

Value iteration

30

Generate 
samples

Fit a model 
to returns

Improve 
the policy

Value iteration:

1. set Q(s, a) r(s, a) + �Es0⇠p(s0|s,a)[V (s0)]

2. set V (s) max
a

Q(s, a)
<latexit sha1_base64="WTLhprZ3YQ1NkyNkSUXF8Z/T2bo="></latexit>

⇡0(at | st) = �
⇣
at = argmax

a
[Q⇡(a, st)]

⌘

<latexit sha1_base64="oH5EtaSDVGp3dUU7MB9P5f+hKhs="></latexit>



l If the state space is high-dimensional, let’s represent 𝑄%(𝑠, 𝑎) with a 
parametric function instead of a tabular representation.

Fitted Q-iteration

31

Generate 
samples

Fit a model 
to returns

Improve 
the policy

Fitted Q-iteration:

1. set yi  r(si, ai) + �Es0⇠p(s0|s,a)[V�(s
0
i)]

2. set � argmin
�

X
i
kQ�(si, ai)� yik2

<latexit sha1_base64="3IaXry2lIM5pcQRfzCpf3qwYtZ4="></latexit>



Fitted Q-iteration

32

l Here’s our policy-independent algorithm:

1. collect a dataset {(si, ai, s0i, ri)} under some policy

2. set yi  ri + �max
a

Q�(s
0
i, a)

3. set � argmin
�

X
i
kQ�(si, ai)� yik2

<latexit sha1_base64="J75utjZAyqNpPWlLIwa+MpIii68="></latexit>



Fitted Q-iteration
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l Here’s our policy-independent algorithm:

1. collect a dataset {(si, ai, s0i, ri)} under some policy

2. set yi  ri + �max
a

Q�(s
0
i, a)

3. set � argmin
�

X
i
kQ�(si, ai)� yik2

<latexit sha1_base64="J75utjZAyqNpPWlLIwa+MpIii68="></latexit>



Soft Policy Gradients and Soft Q-learning
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Recap: Control as Inference
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s1 s2 s3 s4

a1 a2 a3 a4

O1 O2 O3 O4

Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)

Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)

Optimality p(Ot = 1 | st, at)= exp(r(st, at))
<latexit sha1_base64="/R3l+9FXromncP1JD5I8v+e9KBs="></latexit>

Which objective does inference optimize?

Ø For deterministic dynamics, get it directly
Ø For stochastic dynamics, obtain it from 

the ELBO on the evidence

�DKL (p̂(⌧)kp(⌧)) =

TX

t=1

E(st,at)⇠p̂(st,at)[r(st, at)]+

E(st)⇠p̂(st)[H(⇡(at | st))]
<latexit sha1_base64="LuZ/o5gCaLIWHNk2om0SCY1V1O8="></latexit>



Soft policy gradients
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𝑱(𝜽)

✓? = argmax
✓

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)]
<latexit sha1_base64="GEqoDJGWt1YUsufMHUs4kYsBDSA="></latexit>

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)] + E(st)⇠p̂(st)[H(⇡(at | st))] =

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)� log ⇡(at | st)]
<latexit sha1_base64="0TUuF5Md8vxaGyKXUdSe89e3I1Y="></latexit>

Generate 
samples

Estimate 
the return

Improve 
the policy



Soft policy gradients
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𝑱(𝜽)

✓? = argmax
✓

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)]
<latexit sha1_base64="GEqoDJGWt1YUsufMHUs4kYsBDSA="></latexit>

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)] + E(st)⇠p̂(st)[H(⇡(at | st))] =

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)� log ⇡(at | st)]
<latexit sha1_base64="0TUuF5Md8vxaGyKXUdSe89e3I1Y="></latexit>

Generate 
samples

Estimate 
the return

Improve 
the policy



Relationship to Q-learning
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r✓

TX

t=1

E(st,at)⇠p✓(st,at)[r(st, at)� log ⇡(at | st)]
<latexit sha1_base64="tjtd+FPC7tlTalDHwbfiXSob/6A="></latexit>

⇡ 1

N

NX

i=1

TX

t=1

r✓ log ⇡✓(at | st)
 
r(st, at) +

 
TX

t0=t+1

r(st0 , at0)� log ⇡✓(at0 | st0)
!

� log ⇡✓(at | st)� 1

!

<latexit sha1_base64="rgvZen93kLaD4wx21nLeLnkLlQA="></latexit>

≈ 𝑸(𝒔𝒕&𝟏, 𝒂𝒕&𝟏)

⇡ 1

N

NX

i=1

TX

t=1

r✓Q✓(st, at)

✓
r(st, at) + softmax

at+1

Q✓(st+1, at+1)�Q✓(st, at)

◆

<latexit sha1_base64="4J0jyisDATTeov3QMxWAb2+g0ZA="></latexit>



Soft Q-learning
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Adapted from Sergey Levine’s slides.

1. collect a dataset {(si, ai, s0i, ri)} under some policy

2. set yi  ri + �max
a

Q�(s
0
i, a)

3. set � argmin
�

X
i
kQ�(si, ai)� yik2

<latexit sha1_base64="J75utjZAyqNpPWlLIwa+MpIii68="></latexit>



Soft Q-learning

40

Adapted from Sergey Levine’s slides.

Haarnoja et al. (2017)



Benefits of soft optimality
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l Improves exploration and prevents entropy collapse

l Empirically, policies are easier to finetune for more specific tasks

l Better robustness (due to wider coverage of states)

l Reduces to hard optimality (by increasing the magnitude of the rewards)

l Good model for human behavior



Summary & Takeaways
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Takeaways
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Ø PGM provides a unified perspective on 
sequential decision-making problems 
(RL is just MLE in a corresponding 
probabilistic model).

Ø Recursive optimality relationships in RL 
have “soft” analogs that come from 
message passing in a graphical model.

Ø Probabilistic formalism yields new “soft” 
algorithms that work well in practice.

s1 s2 s3 s4

a1 a2 a3 a4

O1 O2 O3 O4

Initial state s0 ⇠ p0(s)

Transition st+1 ⇠ p(st+1 | st, at)

Policy at ⇠ ⇡(at | st)

Reward rt = r(st, at)

Optimality p(Ot = 1 | st, at)= exp(r(st, at))
<latexit sha1_base64="/R3l+9FXromncP1JD5I8v+e9KBs="></latexit>
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