10-704: Information Processing and Learning Spring 2015

Lecture 20: April 2, Minimax Theory & Testing
Lecturer: Akshay Krishnamurthy Scribe: Siheng Chen

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Instructor.

20.1 Review

20.1.1 Minimax Risk

The minimax risk for class © and loss ¢ is

R(©) = infsupE,p, [((T(z),6)],
T geo

where T is any estimator. The upper bound of the minimax risk is given by designing algorithm and the
lower bound of the minimax risk is given by information theoretical techniques.

Testing problems focus on specific loss function ¢ (T'(z),0) = 1{T'(z) # 0}, so, the minimax risk is
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2 (0) = iITlf sup P,g [T'(x) # 0].
6co

In the previous lecture, we saw that if there are two parameters 6y and 6#;, then the minimax task is lower
bounded by
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where (a) follows from Neyman-Pearson lemma. We saw lower bounds for a simple normal mean testing
problem.

20.1.2 Neyman-Pearson Lemma

For simple vs. simple tests, the optimal statistics is the likelihood ratio test

Mo) = 5. T(@) = 1{A() < b

and
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There are two important ways to use the Neyman-Pearson lemma, both of these are sometimes called
Le Cam’s method.
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1. We can always throw away parameters in the supremum and lower bound the risk:

infsupPy [-] > inf sup Py [].
T o T o'co

Any problem with 1{-} loss can be lower bounded by just choosing two parameters 6y,0; € © and
computing their TV or KL.

2. We can also separate the parameter space into two regions and mix over these sets.

infsupPy [T'(z) #60] > inf sup sup Py[T(z) # j]
T o T je{0,1} 6€O;
el 1
2 5 Bonmg anp, [HT(2) # 0}] + SEonm o~y [H{T(2) # 1}]}
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where Pr,(A) = Egr,[Ps(A4)], 7o is a distribution on O, and m is a distribution on ©;.

Y

This is important for some problems. By mixing you can make the distributions much closer together
to prove stronger lower bounds. But it is often challenging to compute the divergence to mixtures.

20.2 Information Theoretic Connections and Fano’s Method

One way to think about Le Cam’s method is as a channel decoding problem. Given a channel © — X, we
send © € {0,1}, and you see the samples X ~ Py. If Py is close to Py, then you will have a high decoding
error, because when Py close to P, H(0|X) is big. Earlier in the class we saw another result this form, which
is Fanno’s lemma.

Consider a Markov chain © — X — T. Let P, = P[T # ©], for any test/decoder T:
h(P.)+ P.log(|®| —1) > H(O|X),

or,
H(©]|X)—log2
log(|©] —1) ~
where P, = Pounif,z~Py [T(x) # 0]. Using the identities from earlier in the course, there are many equivalent
ways to state this inequality:

Pe

. 1(6; X) + log 2 Egn [K L(Py|| Py)]
f P>1-———— =1-
e = log |©] log 0]

This is the global Fano’s method.
We can weaken the mixture representation of KL to obtain the local Fano method,
(6)Pp(X)

) [ () Po(X)

re:x) = | vr<9>P9<X>1og<7T(9 ) = Epr [KL(PI|PY)] < Eggor [KL(BS||Pp)].

If we have M hypothesis 61, - , 6,7, then we obtain

M
1
inf sup Pp,[T(x) #j] > inf—>» Py [T(x)#]
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Example: testing for nonzero in a 1-sparse vector in RY, k < d.
H,: z} ~ N(uv,1), (20.1)

where v € {0,1}%, with only 1 nonzero component. There are d hypothesis and each one has K L(P*||P]") =
2nu?. The local Fano method then gives

2nu? + log 2
R.(0) > 1 2t +log2
logd
which is bounded away from zero if
< logd.
n

Note that this rate is achieved for this problem by the test that takes the largest coordinate of X.

T(X") = argmax X .
J

By Gaussian tail bound and union bound, we know that
PVj, | X; — pj| > € < 2dexp{—2ne*},

or, with probability > 1 — e:

o log(2d/e)
Vi, [ X — pil = oy

The estimated coordinate j agrees with the true one j* if:

Xj* Z Xk, V k
Xjo = pje 4 pge —pe + o = Xi
Mje — pge > X — pg + pge — X
po> 2 log(2d/e).
2n
so that if p = w( @), this estimator has success probability tending to 1.

Theorem 1 For the 1 sparse recovery problem, the minimax rate is:

log d
o= ——.
n

Actually the same rate holds for the k-sparse problem, but it is slightly less obvious.

Some takeaway messages are: by discretizing, we can look at a few close hypotheses, and this could lower the
KL much more than entropy. Also, there are many techniques, like Neyman-Pearson, local and global Fano
just for testing problems. It is important to know about all of these techniques because some are better for
some problems.
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20.3 Estimation Problem

Now let’s turn to estimation problems, or more general losses. We write:

R,(©) = irj{f sgpIE [®op(T(X),0)]

where p: © x ©® — R is a metric, ® : Ry — R is a non-decreasing function with ®(0) = 0.

Example: p(©,0’) = |0 — 0’| and ®(¢) = t?, so we are looking at mean square error. This can also cover
things like classification performance, excess risk, things we have seen before.

20.3.1 Proving lower bounds
Step 1: Discretization. Fix a § > 0, and find a large set of parameters ©' = {;}M, C ©, such that

This set is called a 2§ packing in the p-metric.

Step 2: Reduce to Testing. Consider j ~ uniform([M]) and X ~ Pp,. Now if you cannot differentiate
between 6; and some other @, you will certainly make error ®(4) in the estimation problem. More formally:

Proposition 1 Let {Hj}jj\/il be a 20-packing in the p metric. Then:
Ry (0, @0 p) = @(O) W Pjrni () annpy, [Y(2") # J]-
Proof: Fix an estimator 7. For any fixed 0, we have
E[¥(p(T,0))] = E[¥(6)1{p(T,0) = 6}] = V(5)P[p(T,0) > 4].
Now, let \Il(f) = argmin; p(T,0;). If p(T,0;) < 6, then U(T) = j by 20 separation triangle inequality,

p(T,0k) = p(0;,0k) — p(T,0k) > 20 — 6 =4.

The converse of this statement is that if U(7T') # v, then p(T,6,) > 6.

M M
1 1 .
gggﬂl’[ﬂ(T’ 0) 2] = 4+ ;:1 Pilp(T,6;) = 0] = 17 ;:1 P;[W(T) # j]-
Now take an inf over all T, W. []

Step 3: Use Fano or Neyman Pearson to Lower Bound P, in Testing Problems. We saw how to
do this earlier in this lecture and in the previous lecture.

Example 1 (Normal Means Estimation in (;) Letz7 ~ N (v,1),v € R The goal is to have Eyp | (X — U)Hg
small. Let U be a 1/2 packing of the unit ball in R?. Note that the unit ball in d dimensions has a packing
of size at least 2% in the ly metric. For each v € U, let 0, = 6, € R%, so that

1)
16— Oully = 8 lju—w/ll, = 3. (20.2)
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Figure 20.1: If you get 0 instead of 6+, then your estimate 0 must be far from 0~

By triangle inequality, ||0, — 0u/|| < 28. so the KL between each pair of 0,0, is
KL{Py,||Py,,} < 2nd°,
so the Fano’s Lemma gives

M
| n - 2n6? + log 2

thus, lower bound s
2
2 N o
R,(©, ||||2) > 1 [ll%f]Ej]Ibgj [T(X"™) # ]}:|
2 2

> i 1— M

- \16 dlog?2
Now we can choose 0, set it to §* = dlog2/(én). Then, Ry, > cd/n. This is the right rate for this problem.

20.3.2 Metric Entropy

The size of the parameter space shows the difficulty of an estimation problem. This shows up in packing
and covering numbers which, as we saw, play a role in our minimax lower bounds.

Definition 1 A d-covering of the set X with metric p is a set {x1,x9,--- ,xn} that satisfies, for any x € X,
there exists some i € {1,2,--- N}, such that d(xz,x;) <. The d-covering number of X is

N(6,X,d) = inf{ |X;| : there exists a 0 — covering of Xy of X}.

Metric entropy of the set X is the logarithm of the covering number, log N (4, X, d).
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Definition 2 A 0-packing of the set X with metric p is a set {x1,x2,--- ,xn}, such that d(z;,x;) >, for
all i # j. The d-packing number of X is

M(6,X,d) = sup{ |X1| : there exists a 6 — packing of X; of X}.

The packing number and covering number satisfy the following relationships:

M(26,X,d) < N(5,X,d) < M(5, X.d).



