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Abstract

Wepresentalgorithmsfor time-seriesgeneexpressionanaly-
sisthatpermittheprincipledestimationof unobservedtime-
points, clustering,anddatasetalignment. Eachexpression
pro�le is modeledasa cubicspline(piecewisepolynomial)
thatis estimatedfrom theobserveddataandeverytimepoint
in�uencestheoverallsmoothexpressioncurve.Weconstrain
thesplinecoef�cients of genesin thesameclassto havesim-
ilar expressionpatterns,while alsoallowing for genespeci�c
parameters.We show thatunobservedtime-pointscanbere-
constructedusingour methodwith 10-15%lesserrorwhen
comparedto previous bestmethods. Our clusteringalgo-
rithm operatesdirectly on thecontinuousrepresentationsof
geneexpressionpro�les, andwedemonstratethatthis is par-
ticularly effective when appliedto non-uniformly sampled
data.Our continuousalignmentalgorithmalsoavoidsdif�-
cultiesencounteredby discreteapproaches.In particular, our
methodallows for controlof thenumberof degreesof free-
domof thewarp throughthespeci�cationof parameterized
functions,which helpsto avoid over�tting. We demonstrate
that our algorithmproducesstablelow-error alignmentson
realexpressiondataandfurther show a speci�c application
to yeastknockoutdatathatproducesbiologicallymeaningful
results.

1 Intr oduction

Principledmethodsfor estimatingunobserved time-points,
clustering,and aligning microarraygeneexpressiontime-
seriesareneededto make suchdatausefulfor detailedanal-
ysis. Datasetsmeasuringtemporalbehavior of thousandsof
genesoffer rich opportunitiesfor computationalbiologists.

For example,DynamicBayesianNetworks may be used
to build modelsandtry to understandhow geneticresponses
unfold. However, suchmodeling frameworks needa suf-
�cient quantity of datain the appropriateformat. Current
geneexpressiontime-seriesdataoftendo not meetthesere-
quirements,sincethey maybemissingdatapoints,sampled
non-uniformly,andmeasurebiologicalprocessesthatexhibit
temporalvariation.

In many applications,researchersmayfacetheproblemof
reconstructingunobserved geneexpressionvalues. Values
may not have beenobserved for two reasons.First, errors
may occur in the experimentalprocessthat leadto corrup-
tion or absenceof someexpressionmeasurements.Second,
we may want to estimateexpressionvaluesat time points
differentfrom thoseoriginally sampled.In eithercase,the
natureof microarraydatamakesstraightforward interpola-
tion dif�cult. Dataareoften very noisy and thereare few
replicates.Thus,simpletechniquessuchasinterpolationof
individualgenescanleadto poorestimates.Additionally, in
many casestherearea largenumberof missingtime-points
in a seriesfor any givengene,makinggenespeci�c interpo-
lation infeasible. In the caseof clustering,the treatmentof
time-seriescanbeproblematic,asa time-seriesrepresentsa
setof dependentexperiments. A particularproblemarises
whenseriesarenot sampleduniformly suchasin [14, 3, 7].

Variability in the timing of biological processesfurther
complicatesgeneexpressiontime-seriesanalysis. The rate
at which similar underlyingprocessessuchasthecell-cycle
unfold canbe expectedto differ acrossorganisms,genetic
variants,andenvironmentalconditions.For instance,Spell-
manet al [14] analyzetime-seriesdatafor the yeastcell-
cycle in which differentmethodswereusedto synchronize
thecells. It is clearthatthecycle lengthsacrossthedifferent
experimentsvaryconsiderably, andthattheseriesbegin and
endat differentphasesof thecell-cycle. Thus,oneneedsa
methodto alignsuchseriesto make themcomparable.

In this paperwe usestatisticalspline estimationto rep-
resenttime-seriesgene expressionpro�les as continuous
curves. Our methodtakes into accountthe actualduration
eachtime point represents,unlikemostpreviousapproaches



that treat expressiontime-serieslike static dataconsisting
of vectorsof discretesamples[7, 11, 8]. Our algorithm
generatesa set of continuouscurves that can be useddi-
rectly for estimatingunobserved data. However, although
our methodusesspline curves (piecewise polynomials)to
representgeneexpressionpro�les, it is not reasonableto �t
eachgenewith an individual spline due to the issueswith
microarraydatasetsdiscussedabove. Instead,we constrain
the splinecoef�cients of genesin the sameclassto covary
similarly, while alsoallowing for genespeci�c parameters.
A classis a setof geneswith similar expressionpro�les that
maybeconstructedusingprior biologicalknowledgeor clus-
teringmethods.Wepresentaclusteringalgorithmthatinfers
classesautomaticallyby operatingdirectly on the continu-
ous representationsof expressionpro�les. This is particu-
larly effectivewhenappliedto non-uniformlysampleddata.
However, note that our methoddoesrequiredatathat has
beensampledat a suf�ciently high rate. We demonstrate
in Section5 thatour methodperformswell on severalsuch
datasets,but for other datasetsthat have beensampledat
ratestoo low to capturechangesin theunderlyingbiological
processes,our methodwill not beeffective. A futuredirec-
tion would beto useour methodto determinethequality of
thesamplingrate.

Our alignmentalgorithmusesthesamesplinerepresenta-
tion of expressionpro�les to continuouslytime-warpseries.
First,aparameterizedfunctionis chosenthatmapsthetime-
scaleof one seriesinto another. Becausewe useparame-
terizedfunctions,we are explicitly specifyingthe number
of alloweddegreesof freedom,which is helpful in avoiding
over�tting. Our algorithmseeksto maximizethesimilarity
betweenthe two setsof expressionpro�les by adjustingthe
parametersof thewarpingfunction.

The remainderof this paperis organizedas follows. In
Section2 we discussour algorithm for estimatingunob-
served dataand in Section3 we extend this algorithm to
performclustering. In Section4 we presentour alignment
algorithm. Section5 presentsapplicationsof our methodto
expressiondataandSection6 concludesthepaperandsug-
gestsdirectionsfor futurework.

1.1 RelatedWork

Recently, severalpapershave focusedon modelingandan-
alyzing the temporalaspectsof geneexpressiondata. In
Holter et al [9] a time translationalmatrix is usedto model
the temporalrelationshipsbetweendifferent modesof the
SingularValueDecomposition(SVD). Unlikeourwork, this
methodfocusesontheSVDmodesandnotonspeci�c genes.
In addition,only relationshipsbetweentime pointsthat are
sampledat the lowestcommonfrequenciescanbe studied.
Thus,not all availableexpressiondatacanbeused.In Zhao
et al [17] astatisticalmodelis �t to all genesin orderto �nd
thosethatarecell cycle regulated.This methodusesa cus-
tomtailoredmodel,relyingon theperiodicityof thespeci�c
datasetanalyzed,andis thuslessgeneralthanourapproach.

Severalpapershave usedsimpleinterpolationtechniques
to estimatemissingvaluesfor geneexpressiondata. Aach
et al [1] use linear interpolationto estimategeneexpres-
sion levels for unobservedtime-points.D'haeseleer[6] use
splineinterpolationon individual genesto interpolatemiss-
ing time-points.As we show in Section5.2,bothtechniques
cannotapproximatetheexpressioncurveof a genewell, es-
pecially if therearemany missingvalues. In Troyanskaya
et al [15] several techniquesfor missingvalueestimations
wereexplored. However, noneof thesuggestedtechniques
take into accountthe actualtimesthe pointscorrespondto,
andthustime seriesdatais treatedin thesameway asstatic
data. As a consequence,their techniquescannotestimate
valuesfor time-pointsbetweenthosemeasuredin theorigi-
nalexperiments.

There is a considerablestatistical literature that deals
with theproblemof analyzingnon-uniformlysampleddata.
Thesemodels,known asmixed-effectmodels[2] usespline
estimationmethodsto constructa commonclasspro�le for
their input data. Recently, JamesandHastie[10] presented
a reducedrankmixedeffectsmodelthatwasusedfor classi-
fying medicaltime-seriesdata.In thispaperweextendthese
methodsto geneexpressiondata. Unlike the above papers,
wefocusonthegenespeci�c aspectsratherthanthecommon
classpro�le. In addition,wepresenta methodthatis ableto
dealwith casesin whichclassmembershipis notgiven.An-
otherdifferencebetweenthiswork and[10] is thatwedonot
usea reducedrankapproach,sincegeneexpressiondatasets
containinformationaboutthousandsof genes.

Many clusteringalgorithmshavebeensuggestedfor gene
expressionanalysis(see [12]). However, as far aswe are
aware, all thesealgorithmstreat their input as a vector of
datapoints, and do not take into accountthe actual times
at which thesepointsweresampled.In contrast,our algo-
rithm weightstime pointsdifferentlyaccordingto the sam-
pling rate.

Aach et al [1] presenteda methodfor aligning geneex-
pressiontime-seriesthat is basedon DynamicTime Warp-
ing,adiscretemethodthatusesdynamicprogrammingandis
conceptuallysimilar to sequencealignmentalgorithms.Un-
like with our method,thealloweddegreesof freedomof the
warpoperationin Aachet al dependson thenumberof data
points in the time-series.Their algorithmalso allow map-
pings of multiple time-pointsto a single point, thus stop-
ping time in oneof the datasets.In contrast,our algorithm
avoidstemporaldiscontinuitiesby usinga continuouswarp-
ing representation.Thereis alsoa substantialbodyof work
in the speechrecognitionandcomputervision community
thatdealswith dataalignment.For instance,non-stationary
HiddenMarkov modelswith warpingparametershave been
usedfor alignmentof speechdata[5], andmutualinforma-
tion basedmethodshave beenusedfor registeringmedical
images[16]. However, thesemethodsgenerallyassumehigh
resolutiondata,which is not thecasewith availablegeneex-
pressiondatasets.



2 Estimating Unobserved Expression
Valuesand Time Points

In orderto obtaina continuoustime formulation,weusecu-
bic splinesto representgeneexpressioncurves.Splinescan
be describedby a setof basisfunctions,andareoftenused
for �tting time-seriesand other data[4]. By knowing the
value of the splinesat a set of control points in the time-
series,onecangeneratethe entiresetof polynomialsfrom
thesebasisfunctions. In our formulation, the spline con-
trol pointsareuniformly spacedto cover theentireduration
of the dataset.Oncethe spline polynomialsare generated
we canre-samplethecurve to estimateexpressionvaluesat
any time-points.Whenestimatingthesesplinesfrom expres-
siondata,we do not try to �t eachgeneindividually. Dueto
noiseand missingvalues,suchan approachcould lead to
over-�tting of thedataandmay in generalleadto estimates
thatareverydifferentfrom therealexpressionvaluesof that
gene(seeSection5.1). Instead,we constrainthesplineco-
ef�cients of co-expressedgenesto havethesamecovariance
matrix, andthuswe useothergenesin thesameclassto es-
timatethemissingvaluesof a speci�c gene.

2.1 A Probabilistic Model of Time SeriesEx-
pressionData

In this sectionwe follow a methodthat is similar to theone
usedby JamesandHastie[10] for classi�cation. However,
unlike their work, in this paperwe focus on genespeci�c
aspectsratherthanthecommonclasspro�le. This allowsus
to handlevariationsin expressionlevels that arecausedby
genespeci�c behavior.

A classis a setof genesthat aregroupedtogetherusing
prior biologicalknowledgeor a clusteringalgorithm.In this
sectionwe assumethat classinformationis given. We dis-
cusshow to dealwith casesin which suchclassinformation
is notgivenin Section3.

We representeachgeneexpressionpro�le by a spline
curve. For a genei in classj , Yi (t) is the observed value
for i at time t. Let q be thenumberof splinecontrolpoints
used,ands(t) thevectorof splinebasisfunctionsevaluated
at time t, with s(t) of dimensionsq by 1. Denoteby � j the
averagevalueof thesplinecoef�cients for genesin classj ,
andby 
 i thegenespeci�c variationcoef�cients. Weassume
that
 i is normallydistributedvectorwith meanzeroandthe
classsplinecontrolpointscovariancematrix � j , which is a
q by q matrix. Denoteby � i a randomnoisetermthatis nor-
mally distributedwith mean0 andvariance� 2. According
to this model,Yi (t) canbewrittenas:

Yi (t) = s(t)( � j + 
 i ) + � i

Thismodelincludesbothgenespeci�c andclassspeci�c pa-
rameters.Thisallowsusto useinformationfrom othergenes
in theclassbasedon theextentto whichgenespeci�c infor-
mationis missing. We restrictthemissingvaluesof a gene

by requiringthemto varywith theobservedvaluesaccording
to theclasscovariancematrix � j . Usingtheclassaverage� j

andthegenespeci�c variation
 i , we canresamplegenei at
any timet0duringtheexperiment.Thisis doneby evaluating
thesplinebasisattimet0, andsetting dYi (t0) = s(t0)( � j + 
 i ).

In orderto learntheparametersof this model(�; 
 ; � and
� ) we usetheobservedvalues,andmaximizethelikelihood
of the input data. Denoteby Yi the vectorof observed ex-
pressionvaluesfor genei , andby Si thesplinebasisfunc-
tion evaluatedat the timesin which valuesfor genei were
observed.If weobservedatotalof m expressionvaluesfor i
in ourdataset,thenSi is of dimensionsmxq. Thekth row in
Si containsthesplinebasisfunctionsevaluatedat t k , where
tk is thetime at which thekth valuewasobserved. Accord-
ing to our model,wehave:

Yi = Si (� j + 
 i ) + � i

where� i is a vectorof thenoiseterms. Note that sincewe
are estimatingthe spline coef�cients at the control points,
eachobservedvaluehasan effect relatedto theactualtime
it represents.Thus,differentexperimentscanhave different
effectson the resultingcurve if the expressionvalueswere
samplednon-uniformly.

For our solution, we assumethat the expressionvalues
for eachgenewereobtainedindependentlyof othergenes.
This assumptionis not entirely true sincedifferentexperi-
mentalconditionscanaffect multiple genesin thesameex-
periment. However, this simplifying assumptionallows for
ef�cient computationsandallows us to capturetheessence
of theresults.

There are two normally distributed parametersin our
model,thenoiseterm� andthegenespeci�c parameters
 .
Thusthe combinedcovariancematrix for a genein classj
canbewrittenas:

� j = � 2I + S� j ST

whereS is thesplinebasisfunctionevaluatedat all thetime
pointsin whichexperimentswerecarriedout. Giventhisfor-
mulation,determiningthemaximumlikelihoodestimatesfor
ourmodelparametersis anon-convex optimizationproblem
(see[10]). Thus,weturnto theEM algorithm.If the
 values
wereobserved,wecouldhavedecomposedtheprobabilityin
thefollowing way:

p(Y; 
 j� 2; � ; � ) = p(Y j� 2; � ; �; 
 )p(
 j� 2; � ; � )

which translatesinto thefollowing joint probability:

Y

j

Y

i 2 cj

1
(2� )n i � n i

�

exp[�
1

2� 2 (Yi � Si (� j + 
 i ))T (Yi � Si (� j + 
 i ))] �

1
(2� )qj� j j1=2

exp[�
1
2


 T
i � � 1

j 
 i ] (1)



wherec is thenumberof classesandcj is thesetof genesin
classj . Notethatweneedto maximizethis joint probability
simultaneouslyfor all classessincethevarianceof thenoise,
� 2, is assumedto bethesamefor all genes.

This representationleadsto the following procedure.We
treat the 
 i 's asmissingdataandsolve the maximumlike-
lihood problemusingthe EM algorithm. In the E stepwe
�nd the bestestimationfor 
 usingthe valueswe have for
� 2; � and� . In the M stepwe maximizeequation1 with
respectto � 2; � and� while holdingthe
 i 's �x ed.See[10]
for completedetails.

The complexity of eachiterationof the EM algorithmis
O(q(n + c � q)) sincewe estimateq parametersfor each
geneandq2 + q parametersfor eachclass.

3 Model BasedClustering Algorithm
for Temporal Data

Thealgorithmdescribedin theprevioussectionallowsusto
�nd theexpressioncurve for eachgenewhentheclasspar-
titioning is known. Thoughthis information is sometimes
available,eitherfrom previousknowledgeor from a classi-
�cation algorithm[14], this is not always the case. In this
sectionwe describea new clusteringalgorithmthat simul-
taneouslysolvestheparameterestimationandclassassign-
mentproblems.

TimeFit(Y; S; c;n) f
For all classesj f

choosea randomgenei
// initialize classcenterwith a randomgene
� j = (ST

i Si ) � 1ST
i Yi

g
Initialize � ; � 2 ; 
 arbitrarily
Repeatuntil convergencef

E step:
for all genesi andclassesj

p(j ji )  p j p( Y i j � j ; � j ;
 i;j ;� 2 )P
k

pk p( Y i j � k ; � k ;
 i;k ;� 2 )

M step:
for all genesi andclassesj , Find theMAP estimateof 
 i;j

// seeAppendixfor completedetails
Maximize� ; � 2 ; � w.r.t. P (j ji )
// updatetheclassprobability
for all classesj , pj  1

n

P n
i p(j ji )

g
g

Figure1: Estimatingthemodelparameterswithout classin-
formation.TheposteriorprobabilitiesP(j ji ) canbeusedfor
clusteringasdescribedin thetext.

Insteadof the�x edclassmodelfromSection2,weassume
a mixturemodel.Thus,we canmodeltheexpressionvector
for genei in thefollowing way. First,we selecta classj for
genei uniformly at random.Next, we sample
 i usingclass

j 's covariancematrix � j , andsamplea noisevector� i using
� 2. Finally we constructYi by setting:

Yi = Si (� j + 
 i ) + � i

In Figure 1 we presentTimeFit, our spline �tting algo-
rithm thatperformsclassassignment.Thenumberof desired
classes,c, is aninput to TimeFit. Initially all classesareas-
sumedto have thesameprior probabilities,thoughit is easy
to modify thisalgorithmif onehaspriorknowledgeaboutthe
differentclasses.TimeFit beginsby choosingfor eachclass
onegeneatrandom,andusingthisgeneasaninitial estimate
for theclasscenter(or averageof thesplinecoef�cients). We
now treattheclassassignmentsasthemissingvariables,and
iterateusingamodi�ed EM algorithm.In theE stepweesti-
matefor eachgenei andclassj theprobabilitythati belongs
to classj , P(j ji ), usingthevalueswe obtainedfor the rest
of the parametersin the M step. In the M step,insteadof
equation1 we now maximizeour parametersfor eachclass
with respectto theclassprobability(P(j ji )) ascomputedin
the E step. In addition,we now treat the 
 i;j 's asparam-
eters,and�nd their MAP (maximuma posteriori)estimate,
whichis thenusedin theE step.Thecompletedetailsof this
procedureareexplainedin theAppendix.As in theprevious
section,TimeFitstill increasesthelikelihoodmonotonically,
andterminateswhentheparametersconverge.

When the algorithm converges,for eachgenei we dis-
cover the classj suchthat p(j ji ) = max1� k � cP(kji ) and
assigni to this class. Using this ”hard” clustering,when
we needto re-samplegenei 's expressioncurve (either for
missingvaluesestimationor for new timepoints)weusethe
estimatedclassj s parameters(
 i;j ; � j ) andcontinueasde-
scribedin theprevioussection.

For TimeFit, the complexity of eachiterationof the EM
algorithm is O(cq(n + q)) sincewe now estimatec + cq
parametersfor eachgene.

4 Aligning Temporal Data

Thegoalof thealignmentalgorithmis to warpthetime-scale
of onerealizationof abiologicalprocessinto thatof another.
A setof genesarechosenthatareassumedto have thesame
temporalpatternof expression(e.g., from prior biological
knowledgeor clusteringmethods).A parameterizedwarp-
ing function(e.g.,linear) is thenselectedandour algorithm
seeksto produceanoptimalalignmentby adjustingthefunc-
tion parameters.Notethatalthoughit is possibleto align in-
dividualgenesthis is problematicunlessonehassuf�ciently
high quality data(e.g.,replicatesor a largenumberof time
points.)

Assumethatwe have two setsof time-seriesgeneexpres-
sionpro�les, oneof which we will refer to asthereference
set. Denotea splinecurve for genei in the referencetime
seriesasg1

i (s), wheresmin � s � smax . Here,smin and
smax arethestartingandendingpointsfor thereferencetime
seriesrespectively. Similarly, we will denotesplinesin the



set to be warpedasg2
i (t) for tmin � t � tmax . De�ne a

mappingT(s) = t, which transformspointsin thereference
scaleinto thetime-scaleof thesetto bewarped.In thispaper,
we will discussa linear transformationT(s) = (s � b)=a,
with a the stretch/squashparameterand b the translation.
However, more complex transformationscould be usedin
our framework. We de�ne the alignmenterror e2

i for each
geneas:

e2
i =

�R

�
[g2

i (T (s)) � g1
i (s)]2ds

� � �
(2)

where� = maxf smin ; T � 1(tmin )g is the startingpoint of
the alignment,and � = minf smax ; T � 1(tmax )g is its end
point. The error of the alignmentfor eachgeneis propor-
tional to the averagedsquareddistancebetweenthe curve
for genei in thereferencesetandin thesetto bewarped.In
orderto take into accountthedegreeof overlapbetweenthe
curves,andto avoid trivial solutionssuchasmappingall the
valuesin thecurve to a singlepoint, we divide this errorby
the time-lengthof the overlap� � � . Thus,our goal is to
�nd parametersa andb thatminimizee2

i . As discussed,we
suggestminimizing the error for a setof genes.We de�ne
theerrorfor asetof genesS of sizen as:

ES =
nX

i =1

wi e2
i (3)

The wi 's are weighting coef�cients that sum to one; they
couldbeuniform (1=n) or usedfor unequalweighting. For
instance,if onewishesto align wildtype time-seriesexpres-
sion datawith knockout data,many of the genes'expres-
sion patternsare expectedto be unchangedin the two ex-
periments.However, asubsetof thegenesmaybehighly af-
fected.In thiscase,wewantto down-weightthecontribution
of suchgenes,sincethey arenotexpectedto alignwell. One
wayof formulatingthis is to requirethattheproductwi e2

i be
thesamefor all genes(theweightwill be inverselypropor-
tional to theerror). Fromwi e2

i = K , we getthatES = nK
andsowe candeducethat:

wi =
K
e2

i
)

X

i

wi =
X

i

K
e2

i
) K =

1
P

i 1=e2
i

=
ES

n

since
P

i wi = 1. As before,the objective is to minimize
ES , or in this caseequivalentlyto maximize

P
i 1=e2

i .
Minimization of ES must be donenumerically, sincea

closedform solutionis not possible.In the linear casepre-
sented,we are only searchingfor two parameters,so we
minimizeES directlyusingstandardnon-linearoptimization
techniques.WeusetheNelder-Meadsimplex searchmethod
(availablein theMatlabpackage),whichdoesnotusegradi-
entsandcanhandlediscontinuities.For the linear warping
case,the essentialconstraintsare that � < � anda > 0.
Sincethe useof a numericaloptimizationmethoddoesnot
guaranteeconvergenceto a global minimum, multiple ran-
domre-startsmaybe necessary. This leadsto an algorithm

with runningtime O(rmnq2), in which r is the numberof
randomre-starts,m is the numberof iterationsfor conver-
gence,n is thenumberof genesin S, andq is thenumberof
splinecontrolpointsused.

If a large numberof genesareto be aligned,we suggest
thefollowing algorithmto reducethecomputationtime. Be-
gin bychoosingarandomsubsetof �x edsize(e.g.,50genes)
andrandominitial settingsfor thewarpingparametersfrom
a uniform distribution. The minimizationprocedureis then
carriedout andthis processis repeatedwith a new random
choiceof warpingparametersfor a setnumberof iterations.
Upontermination,thealignmentparametersthatcorrespond
to theminimumerrorarechosen.Theseparametersarethen
usedasthestartingconditionsfor theES minimizationus-
ing the full setof genes.SeeSection5.2 for experimental
resultsonhow this reducestherunningtimeongeneexpres-
siondatasets.

5 Results

In thissectionwedemonstratetheapplicationof ourmethod
to expressiontime-seriesdatasets,showing resultsfor unob-
served dataestimation,clusteringand alignment. Most of
our resultsmake useof thecell-cycle time-seriesdatafrom
Spellmanet al [14]. In that paper, the authorsidentify
800genesin Saccharomycescerevisiae ascell cycle reg-
ulated.Theauthorsassignedthesegenesto � ve groupsthat
they refer to asG1, S, S=G2, G2=M , andM =G1.We also
analyzedtime-seriesdatafrom aFkh1/Fkh2knockoutexper-
imentdoneby Zhu et al [18]. Table5 summarizesthedata
setsthatweused.

5.1 Unobserved Data Estimation

To testour missingvalueestimationalgorithmwe concen-
tratedon the cdc15dataset.We chosethis dataset(seeTa-
ble5) becauseit is thelargest(24experiments)andcontains
non-uniformlysampleddata. The resultspresentedin this
sectionwere obtainedusing splineswith 7 control points;
however, similar resultswereobtainedfor differentnumbers
of controlpoints(resultsnot shown).

We comparedour algorithm to threeother interpolation
techniquesthat have been used in previous papers: lin-
ear interpolation[1], spline interpolationusing individual
genes[6], and k-nearestneighbors(KNN) with k = 20,
which achieved the bestresultson staticdataout of all the
algorithmsdescribedin [15]. In orderto testour algorithm
on a largescalewe chose100genesat randomfrom theset
of cell-cycle regulatedgenes. For eachof thesegeneswe
ran eachestimationalgorithm four different times, hiding
1,2,3and4 consecutive time points,while not altering the
othergenes.Next, we computedtheerrorin our estimations
whencomparedto anestimateof thevarianceof the log ra-
tiosof theexpressionvalues(seetheAppendixfor complete
details).



dataset methodof arr est start end sampling
alphaDS alphamatingfactor 0m 119m every7m
cdc15DS temp.sensitive cdc15mutant 10m 290m ev. 20mfor 1 hr, ev. 10mfor 3 hr, ev. 20min for �nal hr
cdc28DS temp.sensitive cdc28mutant 0m 160m every10m
fkh1/fkh2DS alphamatingfactor 0m 210m ev. 15muntil 165m,thenafter45m

Table1: Summaryof geneexpressiontimeseriesanalyzed.

Figure2 (a)showsacomparisonof theerrorof ourestima-
tion algorithmwith thethreemethodsmentionedabove. For
our method,we performedtwo separateruns.In the�rst we
usedthe classinformationprovided in [14] andin the sec-
ondwe usedthealgorithmdescribedin Section3 to obtain
theclassinformation. For onemissingvalue,our algorithm
achieves10%lesserrorthank-nearestneighbors(KNN). For
two andthreemissingvaluesour algorithmachieveslower
or equalerror rateswhencomparedwith KNN, andit does
far betterthanthe two otherinterpolationtechniques.Only
whentrying to estimatefour consecutivemissingvaluesdoes
KNN performbetterthanouralgorithm.However, four con-
secutivemissingvaluesareunusualin practice,andin almost
all casesonedoesnotneedto estimatemorethantwoconsec-
utivevalues.Interestingly, our algorithmdoesbetterwhenit
is allowed to estimateclassmembershipthanit doeswhen
theclassinformationis pre-speci�ed.This canbeattributed
to the fact that the � ve classesfrom [14] aresomewhatar-
bitrary divisions of a continuouscycle. Thus, for missing
value estimationour clusteringalgorithm is able to assign
morerelevantclasslabels.

Our algorithmcanestimateexpressionvaluesat any time
point during the courseof theexperiments.In Figure2 (b)
we presentresultsthat were obtainedby hiding 1,2,3 and
4 consecutive experiments. Again, our algorithmachieves
morethan15%lesserrorthantheothertwo techniques.Note
that KNN cannotbe usedto estimatemissingexperiments,
andthusis not includedin this comparison.

5.2 Clustering

In orderto exploretheeffect thatnon-uniformsamplingcan
haveonclusteringwe generatedtwo syntheticcurvesasfol-
lows. The �rst curve, f 1 is obtainedusing the equation
f 1(x) = sinx. Thesecondcurve is givenby the following
equation:

f 2(x) =
�

sinx : x � �
sinx + (x � � )=(20� ) : x > �

We sampledeachcurve 64 times between� � and � and
thensampledbetween� and5� (theremainingportionof the
curve)at differentratesof eitherevery � ; � =2; � =4 or � =16.
Notethatsinceall curvesweresampledbetween� � and5� ,
themaximaldifferencebetweenthesampledvalues(ampli-
tudeof thecurves)is atmost0.2.For eachdifferentsampling
we generated100 vectorsfrom eachcurve, andaddedran-
dom noise(normally distributedwith mean0 andvariance

0.2).Next weusedourTimeFitalgorithm,andcomparedthe
resultsto thoseof k-meansclustering. K-meansis a clus-
tering algorithmthat assumesa mixture modelandtries to
assigngenesto classesusingthe classcenters(see[12] for
details).K-meanstreatsall pointsin thesameway, anddoes
notusetheactualtimesthey represent.Ascanbeseenin Fig-
ure 3, the lower the samplingrate,the larger the difference
betweenthe performanceof TimeFit andk-means.For ex-
ample,for thesamplingrateof � , k-meansdoesonly slightly
betterthanchance,while TimeFit hasa muchhigherclassi-
�cation success.

Figure3: A comparisonbetweenk-meansandTimeFit for clus-
teringthevectorsfrom f 1 andf 2 . Thesuccessratewasdetermined
by the total numberof correctly clusteredvectorsout of the 200
vectors.As canbeseen,thelower thesamplingrate,thegreaterthe
advantageof usingour algorithm.

Next we testedTimeFit on thecdc15DSdescribedabove
andcomparedtheresultsto k-means(resultsnotshown). For
bothalgorithmswe generated� ve classes.Whenanalyzing
the resultswe usedthe Spellmanclustersasthe gold stan-
dard,anddeterminedhow many clustersin our resultscor-
respondto theseclusters. Four out of the � ve clustersthat
weregeneratedby TimeFit correspondto Spellmans'clus-
ters,containinggenesfrom at mosttwo neighboringphases
(the �fth containedgenesfrom threeconsecutive phases).
Sincewearedealingwith cell cycledata,theclustersde�ned
in [14] canonly have arbitraryboundariesandthusjoining
two of themis reasonable.Ontheotherhand,in thek-means
clusteringresult,oneof the clusterscontaineda signi�cant



(a)Missingvalues (b) Missingexperiments

Figure2: Comparisonamongdifferentmissingvalueinterpolationtechniques.(a) Findingmissingvaluesand(b) �nding missingexperi-
ments(time pointsnotoriginally sampled).As canbeseen,in almostall casesouralgorithmdoesbetterthantheothersmethods.

numberof genesfrom four of theSpellmanclusters,andan-
otherclustercontainedgenesfrom threeclusters.Thus,the
resultsof our clusteringalgorithmare in bettercorrespon-
dencewith existing biological knowledgethan thoseof k-
means.

5.3 Alignment

Wealignedthreeyeastcell-cyclegeneexpressiontime-series
that clearly occuron differenttime-scalesandbegin in dif-
ferentphases.Thecdc15DSwasusedasa referencesetand
thealphaDSandcdc28DSwerealignedagainstit usingalin-
earwarpingT(s) = (s � b)=a andthe full setof cell-cycle
regulatedgenesasidenti�ed in [14]. For the cdc28DS,we
obtaineda = 1:42 andb = 2:25 with ES = 0:1850. These
resultsindicatethat thecdc28DScell-cycle runsat approxi-
mately1.4 timesthespeedof the cdc15DScycle andstarts
approximately5.5 minutesbefore(i.e., we calculateT(10)
sincecdc15DSstartsat 10 minutes). For the alphaDS,we
obtaineda = 1:95 andb = � 5:89 with ES = 0:1812. Fig-
ure4 shows thealigned/unalignedexpressionvaluesfor the
G1 andS=G2 clustersfor the cdc28DSto cdc15DSalign-
ment. Alignment for eachdatasettook approximately5.5
minutesona1 GHzPentiumIII machineusingouralgorithm
thatperformsinitial alignmentson smallersubsetsof genes;
the alignmentstook approximately45 minuteswithout this
improvement.To validatethequalityof thesealignmentswe
performedtwo analyses:1) alignmentsof genesin alphaDS
againstgenesin cdc15DSwith gene identity of those in
cdc15DSrandomlypermutedand2) alignmentsof alphaDS
to cdc15DSusingdifferentnumbersof genes.Notethat for
brevity only thealphaDSwasused;wechosethisdatasetbe-
causeit is thesmallestandpresumablydemonstratesworst-

# genes a std a b std b
5 1.80 0.42 -7.70 16.41
10 1.89 0.21 -5.06 21.5
25 1.93 0.10 -4.99 7.07
50 1.93 0.13 -5.13 9.03
100 1.96 0.03 -6.86 2.42
200 1.95 0.02 -6.38 1.76
400 1.96 0.02 -6.12 1.30

Table 2: Resultsof experimentsin which random subsetsof
�x ed sizeweresampled100 timesandalignmentof alphaDSand
cdc15DSwereperformed.Thecolumnsareasfollows: numberof
genesused,stretch/squashparameter, standarddeviationof thispa-
rameter, offsetparameter, andstandarddeviation of this parameter.
Thisanalysisshowsthatthevariancein theparametersdecreasesas
moregenesareusedandthereis convergenceto thea andbsettings
foundwith thefull setof genes.

caseresults. For the �rst analysis,we performed200 tri-
als giving ES scoresbetween0.2562-0.3554,with 50% of
thescoreslying between0.2780-0.3129.Theseresultssug-
gestthattheactualalphaDSto cdc15DSES scoreof 0.1812
would not ariseby a chancealignmentof thegenes.For the
secondanalysis,wesampledsubsetsof between5-400genes
100timesfrom thefull setof cell-cycle regulatedgenes(Ta-
ble 2). This analysisshows that the variancein the param-
etersdecreasesasmoregenesareusedandthereis conver-
genceto thea andbsettingsfoundwith thefull setof genes.
Interestingly, our algorithmis usuallyable to �nd the ”ac-
tual” a andb parametersettingsevenwhenrelatively small
numbersof genesareused.

Thus,theseanalysesgiveevidencethatour algorithmcan
reliably align thecell-cycle datasets.Theseresultscompare
favorablywith thosein Aachet al [1] usingthesamedata.In



Figure4: Alignment of genesfor thecdc28DSto cdc15DS.Linearwarpingwasusedwith the full setof cell-cycle regulatedgenes.The
left-handsideshows class-averagesof unalignedexpressionvaluesfor two clusters.The top row shows alignedresultsfor the G1 cluster
(186genes)andthebottomrow theS=G2 cluster(283genes).Theseresultsindicatethatthecdc28DScell-cycle runsat approximately1.4
timesthespeedof thecdc15DScycleandstartsapproximately5.5minutesbefore.

their case,they found that their actualalignmentscorewas
not at a low percentilewhencomparedagainstalignments
usingrandomizeddata(genevaluesshuf�ed). Further, they
indicatethat poor resultswere obtainedwith small cluster
sizes(an analysisover a wide rangeof sizeswas not pre-
sentedin their paper).Thefact thatour methodusesa con-
tinuousrepresentationand�ts only two parametersto all the
geneshelpsto explainits goodperformanceonthecell-cycle
data. However, onemustbe careful in extrapolatingthese
results,sincethey areclearly dependenton the underlying
dataset.

In a secondapplicationof our alignmentalgorithm, we
usedourmethodto discoveryeastcell-cycleregulatedgenes
that appearto be regulatedby the Fkh2 transcriptionalfac-
tor. Zhu et al performedan experimentin which two yeast
transcriptionalfactors(f kh1 andf kh2) wereknocked out
anda time-seriesof geneexpressionlevelswasmeasuredin
synchronizedcells[18]. Simonet al [13] demonstratedwith
a microarrayDNA-binding experimentthat a set of genes
areboundby Fkh2 in wildtype unsynchronizedyeast. We
wereinterestedin discoveringwhich genesin this setshow
alteredexpressionin the knockout experiments. However,
direct comparisonof the datafrom Zhu et al [18] andthat
from Spellmanet al [14] is problematic,becausetheseries
weresampledat differentrates,begin at differentcell-cycle
phases,andexhibit differentperiods.

We usedour algorithmto rank �fty-six genesboundby
Fkh2 accordingto the differencein expressioncurves of
the alignedwildtype andknockout experiments.The non-
uniformweightingversionof ouralgorithmwasusedto align
thedatasetsusingall genesidenti�ed ascell-cycle regulated

in [14] and the genealignmenterror scorese2
i were used

for ranking. Figure5 shows a plot of the splineexpression
pro�les of thetopfour geneswith theworstalignmentscores
andthetopfour with thebestscores.A pooralignmentscore
indicatesthata geneis behaving differently in theknockout
experiment.

The rankingproducedby our algorithmappearsto yield
biologically meaningfulresults,highlighting which genes
appearto be regulatedby Fkh2 and thosethat are merely
boundby it. For instance,all of the geneswith the worst
alignmentscoresshown were determinedto be boundby
bothFkh1andFkh2in [13], whereasall of thebestaligning
genesweredeterminedto beboundby Fkh2only. This cor-
respondsto biologicalknowledgeindicatingthatbothFkh1
andFkh2 arerequiredfor regulationof a numberof genes.
It is alsointerestingthatamongthegenesshown with good
alignment,threeare boundalso by Swi6 and either Mbp1
or Swi4, factorsthatarelikely to work independentlyof the
Fkh proteins. Further, the geneswith poor alignmentare
knowntobeboundbyNdd1andMcm1orAce2and/orSwi5.
Mcm1/Ndd1areknown to work with the Fkh proteinsand
arenot suf�cient to regulateexpressionwithout them.Ace2
andSwi5 apparentlycanbind andregulateindependentlyof
theFkhproteins,but their expressionis Fkhdependent.

6 Conclusionand Futur e Work

We presenteda uni�ed modelandalgorithmsthat usesta-
tistical spline estimationto representgenetime-seriesex-
pressionpro�les ascontinuouscurves.Resultsusingourap-



Figure5: Alignmentof fkh1/fkh2 knockout dataandthewildtype alphaDS.Genesshown arefrom asetof genesdemonstratedto bebound
by Fkh2. Shown arethegeneswith thefour worst(top row) andbest(bottomrow) genealignmentscores.A pooralignmentscoreindicates
thata geneis behaving differentlyin theknockout experiment.Seetext for biologicalinterpretationof theseresults.

proachon a large yeastcell-cycle datasetdemonstratethat
our framework, whenusedfor estimatingunobservedtime-
points,clustering,andalignmentof datasetshassubstantial
advantagesover othermethodsthat treattime-seriesasvec-
tors of points. Overall, we believe that as the analysisof
dynamicgeneticbehavior becomesmoresophisticated,prin-
cipledmodel-basedmethodssuchasourswill becomeessen-
tial for reconstructingandcombiningdata.

Thereare a numberof interestingextensionsthat could
be madeto our work. Experimentalbiologistsoften deter-
mine the samplingrate for a time-seriesexperimentbased
on knowledge about how quickly geneexpressionvalues
change. Theseassessmentsoften make little useof infor-
mationthatmaybegleanedfrom previousexpressionexper-
iments.Ouralgorithmcouldbeusedto �nd the”right” sam-
pling rate for time-seriesexperiments,which could leadto
substantialtime/costsavings or improvementsin biological
results.Anotherway of extendingthis work is to developa
clusteringalgorithmthatusesouralignmentmethodin order
to group genesthat show similar kinetic changesbetween
datasets.Anotheropenproblemis developinga principled
methodfor determiningthesigni�canceof thealignmenter-
ror in order to automaticallydetectgeneswhosetemporal
behavior is alteredbetweenexperiments.
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A EM Algorithm for Class Assign-
ment

In this appendixwe presentthedetailsof theEM algorithm
that is usedin Section3. We start with the completelog
likelihoodgivenby:

X

i

log(
X

j

Z (j ji )
1

� n i
�

exp[� (Yi � Si (� j + 
 i;j ))T (Yi � Si (� j + 
 i;j ))=2� 2] �
1

j� j j1=2
exp[�

1
2


 T
i;j � � 1

j 
 i;j ]) (4)

where j is the class index and n i is the numberof ob-
served valuesfor genei . Z (j ji ) is an (unobserved)binary
indicatorvariablethatassignseachgeneto exactlyoneclass.

In theE stepwe computetheexpectedvaluesfor Z (j ji ):

p(j ji ) = E(Z (j ji )jYi ) =

pj e� (Yi � Si ( � j + 
 i;j )) T (Yi � Si ( � j + 
 i;j )) =� 2
e� 1

2 
 T
i;j � � 1

j 
 i;j

P
k pk e� (Yi � Si ( � k + 
 i;k )) T (Yi � Si ( � k + 
 i;k )) =� 2 e� 1

2 
 T
i;k � � 1

k 
 i;k

In theM stepwe �rst �nd theMAP estimatefor 
 i;j by
setting:


 i;j = (� 2� � 1
j + ST

i Si )� 1ST
i (Yi � Si � j )

Next, we maximize� 2; � and� w.r.t. theclassassignment
probabilitiescomputedin theE step:

� 2 =

P
i

P
j p(j ji )(Yi � Si (� j + 
 i;j ))T (Yi � Si (� j + 
 i;j ))

P
i ni

� j is computedby setting:

� j = (
X

i

p(j ji )ST
i Si )� 1(

X

i

p(j ji )ST
i (Yi � Si 
 i;j ))

Thenwe set� j to:

� j =

P
i p(j ji )[
 i;j 
 T

i;j + ( ^� j
� 1

+ ST
i Si =� 2)� 1]

P
i p(j ji )

B Computing Err or Rates

Herewe describein detail the methodwe usedto compute
theerrorratesof thefour differentmissingvaluesalgorithms
discussedin Section5.1. Denoteby Yi (t) the (hidden)ex-
pressionvaluesfor genei at time t, andby dYi (t) the esti-
matedvalues.Denoteby m thenumberof missing(hidden)
datapointsandby n thenumberof genesthatwereusedfor
thetest.Denoteby v thevarianceof thelog ratiosof expres-
sion values.Thentheerror of an estimationfor m missing
datapointsis de�ned as:

errm =
1

mn

nX

i =1

mX

l =1

s
[Yi (t l ) � dYi (t l )]2

v

If errm is above1 thentheerroris (on average)biggerthan
thereplicationvariance,andvice versa.Thevariancev was
computedusing the raw expressiondataof the unsynchro-
nizedcellsfrom two differenttimepoints.


