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Abstract. Web search engines use link-based reputation systems (e.g.
PageRank) to measure the importance of web pages, giving rise to the
strategic manipulations of hyperlinks by spammers and others to boost
their web pages’ reputation scores. Hopcroft and Sheldon [10] study this
phenomenon by proposing a network formation game in which nodes
strategically select their outgoing links in order to maximize their PageR-
ank scores. They pose an open question in [I0] asking whether all Nash
equilibria in the PageRank game are insensitive to the restart probabil-
ity a of the PageRank algorithm. They show that a positive answer to
the question would imply that all Nash equilibria in the PageRank game
must satisfy some strong algebraic symmetry, a property rarely satisfied
by real web graphs. In this paper, we give a negative answer to this open
question. We present a family of graphs that are Nash equilibria in the
PageRank game only for certain choices of a.

1 Introduction

Many web search engines use link-based algorithms to analyze the global link
structure and determine the reputation scores of web pages. The popular PageR-
ank [3] reputation system is one of the good examples. It scores pages according
to their stationary probability in a random walk on the graph that periodically
jumps to a random page. Similar reputation systems are also used in peer-to-peer
networks [I1] and social networks [8].

A common problem in reputation systems is manipulation: strategic users
arrange links attempting to boost their own reputation scores. On the web, this
phenomenon is called link spam, and usually targets at PageRank. Users can
manage to obtain in-links to boost their own PageRank [6], and can also achieve
this goal by carefully placing out-links [2/4l]7]. Thus PageRank promotes certain
link placement strategies that undermine its original premise, that links are
placed organically and reflect human judgments on the importance and relevance
of web pages.
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There are a number of works focusing on understanding, detecting [6/2/47]
and preventing link manipulations [BI9J12]. Other works investigate the conse-
quences of manipulation. In [1I0], Hopcroft and Sheldon introduce a network
formation game called the network reputation game, where players are nodes at-
tempting to maximize their reputation scores by strategically placing out-links.
They mainly focus on the game with the PageRank reputation system, which
we refer to directly as PageRank game, and study the Nash equilibria of the
game. Each Nash equilibrium is a directed graph, where no player can further
improve his own PageRank by choosing different out-links. They present several
properties that all Nash equilibria hold, and then provide a full characterization
of a-insensitive Nash equilibria, those graphs that are Nash equilibria for all
restart probability «, a parameter in the PageRank algorithm. They show that
all a-insensitive Nash equilibria must satisfy some strong algebraic symmetry
property, which is unlikely seen in real web graphs.

However, the work of [I0] leaves an important question unanswered, which is
whether all Nash equilibria are a-insensitive. In this paper, we give a negative
answer to this open question. In particular, we construct a family of graphs and
prove that for « close to 0 and 1 they are not Nash equilibria. At the same
time, by applying the mean value theorem, we argue that for every graph in the
family, there must exist an « for which the graph is a Nash equilibrium.

In Section[2] we give the definition of PageRank functions and some known prop-
erties of a-random walk and best response in PageRank games. In Section [3 we
present the construction of a family of graphs and prove that they are a-sensitive
Nash equilibria.

2 Preliminaries

2.1 PageRank

Let G = (V,E) be a simple directed graph, i.e., without multiple edges and
self-loops. Furthermore, we assume each node has at least one out-link. Let
V =[n] ={1,2,...,n}. We denote (i,5) as the directed edge from node i to
node j.

The PageRank of the nodes in G can be represented by the stationary dis-
tribution of a random walk as follows. Let « € (0,1) be the restart probability.
The initial position of the random walk is uniformly distributed over all nodes
in the graph. In each step, with probability «, the random walk restarts, i.e.,
jumps to a node uniformly at random. Otherwise, it walks to the neighbors of
the current node, each with the same probability. The PageRank of a node u is
the probability mass of this random walk in its stationary distribution. We refer
to this random walk as the PageRank random walk. Note that this random walk
is ergodic, which implies the existence of the unique stationary distribution.

Mathematically, let A be the adjacency matrix of G, such that the entry A4;; =
1 if and only if there exists an edge from node ¢ to j in G. Let d; be the out degree
of node i in G. Define matrix P as P = AD™!, where D = diag{dy,da,...,d,}.
Thus P is the transition matrix for the random walk on G without the random
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restart. By defining M, = I — (1 — «)P, it is well known (e.g. see [10]) that the
PageRank (row) vector m, is:

[1,1,---,1](I — (1 —a)P)~!

T —

I|oe3e

(1,1, 1Mt

The i-th entry of 7, is the PageRank value of node i in G. In particular, the
PageRank of node 1 is:

malil = = > M (1)
j=1

Returning Probability

It is easy to see that My = I 43777 [(1 — ) P]". Therefore the entry M ', is
the expected number of times to visit j starting from ¢ before the next restart,
in the PageRank random walk.

Suppose that the random walk currently stops at i. We define ¢;; to be the
probability of reaching j in the random walk before the next restart. We set
¢ii = 1. Let gb;-'; be the probability of returning to ¢ itself from ¢ before the next
restart. The following lemma holds.

Lemma 1 (Hopcroft and Sheldon [10]). Let i,j € [n]. For any simple di-
rected graph G and restart probability 0 < a < 1, we have
Vi 7é jv Mojlij = ¢ijM(;1jj

1
Vi, Myl =—"t.
’ Wy +
1=dj;

2.2 PageRank Game and Best Responses

In the PageRank game, each node is building out-links. Let E; = {(i,5)|j €
V' \ {i} } be the set of possible out-links from node i. The strategy space of node
1 is all subsets of F;. The payoff function for each node is its PageRank value in
the graph.

A best response strategy for node i in the PageRank game is a strategy that
maximizes its PageRank in the graph, given the strategies of all other nodes. By
Lemma [Tl and Equation (), the best response for 4 is maximizing the following
statement in the new graph:

by
;1—@;

Note that ¢;; is the probability of reaching node ¢ from j before the next restart
in the random walk, which is independent of the out-links from i. (¢;; = 1 by
definition.) Based on this observation, following lemma from [10] holds.
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Lemma 2 (Lemma 1 of Hopcroft and Sheldon [10]). In the PageRank
game, a best response strategy for node i is a strategy that mazximizes (bg in the
new graph.

By definition, (bji is the probability of returning to ¢ from i before the next
restart in the random walk. Therefore,

s_ o
Lo 2

JEN(3)

Corollary 1. In the PageRank game, a best response strategy for node i is a
nonempty set S C E; that maximizes

1
Ez¢ji-

JeES

Note that the out-links of node ¢ does not affect ¢; for j # 4. Since Corol-
lary [[l means that the best response of node ¢ is to maximize the average ¢;; of
its outgoing neighbors, it is clear that ¢ should only select those nodes j with
the maximum ¢;; as its outgoing neighbors. This also implies that in the best
response S of ¢, we have for all j,k € S, ¢j; = du;.

2.3 Algebraic Characterization of a Nash Equilibrium

A graph G is a Nash equilibrium if for any node ¢, its out-links in G is a best
response. The following lemma is a directly consequence of Corollary [l

Lemma 3. If a strongly-connected graph G = (V, E) is a Nash equilibrium, the
following conditions hold:
(1) for all different i,5,k €V, M1 < M7t = (i,7) € E; and

o ji o ki
(Q)V(Za])a(lak)eE,M_l :M_l

a  ji a ki
It has been shown that any strongly connected Nash equilibrium should be
bidirectional [10].

Lemma 4 (Theorem 1 of Hopcroft and Sheldon [10]). If a strongly-
connected graph G = (V, E) is a Nash equilibrium, then for any edge (i,j) € E,
we have (j,1) € E.

The proof of Lemma [ uses the fact that only the nodes having out-links to
vertex i can achieve the maximum value of M, ! . The following lemma states

that the necessary conditions given in Lemma [3] (2) and Lemma Ml are actually
sufficient to characterize a Nash equilibrium.

Lemma 5 (Equivalent condition for a Nash equilibrium). A strongly-
connected graph G = (V, E) is a Nash equilibrium if and only if G is bidirectional
and V(i,5), (i,k) € E,M;1.. = M;?!

a i a ki’
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Proof. The necessary conditions are given by Lemma Bl (2) and Lemma [4 We
focus on the sufficient condition. Since M(;ljl- = M;*',, is true for all nodes
J, k € V'\ {i} that have out-links to ¢ by our condition, we have ¢;; = ¢y; from
Lemma [Il By Lemma 2 of Hopcroft and Sheldon [I0], only the incoming neigh-
bors j of i can achieve the maximum ¢;;. Therefore, all incoming neighbors of
i actually achieve this maximum. By Corollary [, node ¢ selecting all incoming
neighbors as outgoing neighbors is certainly a best response, which implies that

G is a Nash equilibrium. |

3 Existence of a-Sensitive Nash Equilibria

A Nash equilibrium is a-insensitive if it is a Nash equilibrium for all possible pa-
rameter 0 < a < 1. Otherwise, we say that it is a-sensitive. Hopcroft and Sheldon
asked the following question about the a-insensitivity property for Nash equilibria.

Question 1 (Hopcroft and Sheldon’s question on a-insensitivity [10]). Are all the
Nash equilibria a-insensitive or there exist other a-sensitive Nash equilibria in
the PageRank game?

We are interested in this question because if all the Nash equilibria are a-
insensitive, the set of Nash equilibria can be characterized by the set of Nash equi-
libria at some specific «. In particular, we can characterize the set of Nash equi-
libria when « is arbitrary close to 1 (e.g. 1 —1/n3). However, if the answer to this
question is positive, all Nash equilibria must satisfy some strong algebraic symme-
try as illustrated in [10], making them less likely the right choice for modeling web
graphs. We show below that there exist a-sensitive Nash equilibria, which implies
that the set of equilibrium graphs in the PageRank game is much richer.

Theorem 1 (Answer to Question [Il). There exist an infinite number of a-
sensitive Nash equilibria in the PageRank game.

The rest part of this section is devoted to the construction of such a-sensitive
Nash equilibria.

3.1 Construction of Gn m
For all n,m € Z*, we construct an undirected graph G, ,,, as follows.

Definition 1 (G m). As shown in Figureldl, the vertex set of graph Gp m con-
sists of U and V. U = {uy,uz, - ,un} and V.= {v;; | i € [m],j € [n]}. Each
Vi = {vij|j € [n]} is fully connected. For each node w; € U, there are m edges
{(us,vj,)} adjacent to u; for j € [m].

Note that we define G, ,,, as an undirected graph for the simplicity of presen-
tation. This is because each Nash equilibrium is bidirectional. Nevertheless, we
can change Gy, to a directed graph, by replacing each edge with two direct
edges. All the following treatment assumes Gy, ., is directed.
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n vertices with degree m
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Fig.1. The graph Gn,m

3.2 [Equivalent Condition of G, ,, Being Nash Equilibria

By Lemma [B given o, n and m, G, n, is a Nash equilibrium if and only if the
following statements hold

Vdifferent ,i" € [m], j € [n], M;lvij v = Mt w (2)

. : ! -1 _ -1
Vi€ [m], different k, k', j € [n], Mg ", . = Mg Vi (3)
Vi € [m], different k, j € [n], M;lvikv” :M;luj i 4)
It is easy to see that equations in ([2]) and () hold for any a, n, m by symmetry.
Moreover, for all i € [m] and different k,j € [n], M7*, , has the same value,
and for all ¢ € [m] and j € [n], Mojluj,vi.j has the same value in G,, ,,,. We define

two functions based on this observation:

frm(a) = MY, . fori € [m]and j,k € [m], j #Fk,
gn.m (@) = Mojluj,v”» for i € [m] and j € [n].

The above argument together with Lemma [Bl implies the following lemma.

Lemma 6. Given a,n and m, Gy m s a Nash equilibrium for the PageRank
game with parameter a € (0,1) if and only if

fnm(@) = gnm(a) =0 (5)

3.3 oa-Sensitivity of Gy, ., : Proof Outline

Given n, m, by Lemmald, to prove G, ,,, is a-sensitive, we only need to show that
there is some « satisfying Equation (Bl), while there is also some other « that
does not. Note that f,, m(a) (resp. gn,m(@)) is the expected number of times the
random walk starting from v; (resp. u;) visiting v; ; before the next restart.
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We use this interpretation to both explain the intuitive idea of the proof and
carry out the detailed proof.

Intuitively, when « is very close to 1 (i.e. the random walk restarts with a very
high probability), we only need to compute the first few steps of the random walk
to give a good estimate of M ;.j» since the random walk is very likely to restart
after a few steps and the contribution of the longer steps of the walk is negligible.
Thus, in this case, by estimating the first step, for all ¢ € [m], different &, j € [n],

_ l—«
f"»m(a) = Ma 1'Ui,kv'Ui-,j ~ n

_ 11—«
gn,m(a) = MO& 171,]‘,1)7;’]‘ ~ m

When m < n, there exists a such that fp, () — gn.m (@) is indeed negative. The
following lemma formalizes the intuition. We defer its proof to the next section.

Lemma 7. Given 1 <m <n-2, ifa> Z—:g, Frm (@) = gnm(a) <0 and Gy m,
is not a Nash equilibrium for the PageRank game with parameter o.

On the other hand, when « is very close to 0, random walks starting from both
u; and v; ;, tend to be very long before the next restart. In this case, the random
walk starting at v; ; has an advantage to be in the same clique as the target v; ;,
such that the expected number of time it hits v; ; before the walk jumps out of
the clique is close to 1. The random walk starting at u;, however, has (m—1)/m
chance to walk into a clique different from the i-th clique where the target v; ; is
in, in which case it cannot hit v; ; until it jumps out of its current clique. After
both walks jump out of their current clique for the first time, their remaining
stochastic behaviors are close to each other and thus contributing to fi, ., ()
and gn m(a) approximately the same amount. As a result, g, (a) gains about
(X — Ly over f,m(a) in the case where the random walk from u; hit the target
v;,; in the first step, but f, . («) gains about 1 over g, ., («) in the rest cases.
Therefore, f,, m(c) is approximately 1+ % — % larger than gy ., (c) when m is
large. The following lemma gives the accurate statement of this intuition while
the next section provides the detailed and rigorous analysis.

Lemma 8. Assume4d <m <n. Ifa € (0 %), Frm(@) = gn,m(a) > 0.

' n(n—1
Lemma 9. f, m(a) and gn m(a) are continuous with the respect of o € (0,1).
Proof. For any graph, the corresponding M, is invertible for a € (0,1). Note

that each entry of M, is a continous function with respect to o € (0,1). By
Cramer’s rule,

M*
Mt ==
| Ma|

where |M,,| is the determinant and M is the co-factor matrix of M. Therefore,
Mojlij is continuous with respect to a € (0,1), since it is a fraction of two
finite-degree polynomials and |M,,| is non-zero. O
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With the continuity of f,, m(a) and ¢, m () and the results of Lemma[fland [
we can apply the mean value theorem on f, () — gn,m(a) and know that it
must have a zero point. With Lemma [6] we thus have

Corollary 2. Given 4 < m < n — 2, there exists a € (ﬁ, Z—:g) such that

Gn,m s a Nash equilibrium for the PageRank game with parameter c.

Lemma [7 and Corollary [2 immediately imply Theorem [

3.4 Proof Details

In this section, we provide the complete proofs to the results presented in last
section. To make our intuitive idea accurate, the actual analysis is sufficiently
more complicated.
Proof. [of Lemmal[f] By Lemmalll fy m(c)—gn,m(a) < 0if and only if ¢y, , v, ; <
¢u]‘ 3Vi,5°

By symmetry of the graph, we have ¢,, , v, ; = ey W¢Uz‘,j/vvl\j +
kTaqSuj,’Ui‘j for j' # j. Since u;: is at 2 hops away from v; ;, Puyrviy < (1—a)2

Vi

From a > 2=3 we have n — (n — 2)(1 — a) > n — 1. Therefore, we have

l-a)+(1-a)’
n—1 '

¢vi=j/,vi‘j =

Finally, since a > 2=3 =1— 1> >1-1/y/n — 2, we have (1-)? < 1/(n—2),
and thus 5
<(1704)+(1foz) <1,a

¢’Ui,j/7vi~j =

n—1 “n—2

On the other hand, ¢y, v, ; > 1770[ Therefore, the lemma holds when m <
n— 2. O

Definition 2. To simplify the notation, by symmetry of the graph, we define
Lr=M1

v,V 7
=M il 4,

A R

1
2

Soy=MY, 0 #
foz=MGY, il and §#
5

vy

cand p= M1

w5

By definition, r > max{z,y, z, u}. The proof of Lemma [§ requires the following
result.

Lemma 10. Assume 1l <m <mn. Ifa € (0 we have

1
7m)7
I.y—ze(%,ﬁ),
2.7’-y<n—51,
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Proof. For any path L = (i1,i2, - ,ik), let Pro(L) be the probability of com-
pleting the path L exactly before next restart when starting from ;. Therefore,
Pro(L) = a(l — a)F1 H;:ll P;, i;.,, where P is the transition matrix of the
graph. Let V(L) be the set of nodes of L.

Let Countr(i) be the number of occurrence of node 4 in L. Denote by L(3)
the set of paths of finite length starting from vertex i. Therefore,

M(;lij = Z Pro(L)Countr,(j)
LeL(i)

For the first claim, we define function Fl(i)l, : L(vi;) — L(vir ;) to map
any path L starting from v; ; to a path L’ starting from vy ;, by replacing the
longest prefix of L in V; with a corresponding path in the Vj/. It is easy to see
that Fi(i?i/ always outputs valid paths, and is a bijection. By symmetry, we have
Pro(L) = Pro(FY), (L)) for all L € L(v; ;). For a path L such that V(L) C V;,
we define Prfj ) (L) be the probability that the random walk exactly finishes L
before leaving V; or restarting.

Then,
y_Z:Mojlv- Vi _M(;lvv, v
i,3" 0%, (A MR V]
= Y Pro(L)Countr(vij) — Y Pra(L)Countr(vi;)
Le[’(vi,j’) Leﬁ(vi/,j/)
= Z Pro(L)(Countp, (v ;) — CountFi(ir:/(L)(vi,j))
LeLl 'U,iyjl)
= Z Prgf) (L)Countr(v; ;)

LeL(v; ;j1)AV(L)CV;

The last equality is because (a) COUMFFQ,( L)(Ui»j) is zero before the walk

on L leaves clique Vj/ for the first time, and after it leaves Vis, it cancels with
Countr,(v; ;); and (b) prr) (L) with V(L) C V; is the aggregate probability of
all paths with L as the prefix.

Therefore, y — z = ZLGﬁ(vi’j/)/\V(L)QVi prid) (L)Countr(v; ;) is the expected
number of times for a random walk visiting v;; from v; ;; before leaving V;
or restarting. Since the probability for a random walk leaving V; or restarting
is @ 4+ (1 — a)/n, the expected length of a such path is m Let the
expected number of times v; ; appears in such paths is ¢; for j # j'. Let ¢ be
the expected number of times v; j» appears in such paths except the starting
node. Note that ¢ + Z#j, t; = m and Vj,k # j', t; = t. Furthermore,

- %tj < tj. We have

n 1 1 n

1l et -amm TV S Gra e “n-1
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Consider the second claim. We have

1—au+(n—1)n(1—a)y 1-—« (n—1)(1-«)

<1+ r+ Y.
n n

r=1+

Therefore, r < m—i—(n—l)(l—a)y/(n—(l—a)) and r—y < ;== <

n

n—1"
For the third claim,

P <(1a31(n1)z+1nau>(la)z

We are ready to present the proof of Lemma [8

Proof. [of Lemma [§ By definition, fy m () = p and g, m(a) = y. We want to
show that 4 < y. By Lemma [I0]

n 2
yr=(y-a)+E-a)> S -
We have
11—« (m-1)(1-«) 1 m—1
w= r—+ r < —r+ x
m m m m
<(+n)+mfl( n+2)
my n—1 m y n+l n-1
R n (m—1n 2(m-—1)
Y mn—1) mn+1) mn—-1)
< +2 (m—1)n 2 -
=Yt mn+1) n-—1 Y
The last inequality holds when 4 < m < n. m|
References

1. Bartlett, M.S.: An Inverse Matrix Adjustment Arising in Discriminant Analysis.
Annals of Mathematical Statistics 22(1), 107-111 (1951) MR40068

2. Bianchini, M., Gori, M., Scarselli, F.: Inside PageRank. ACM Trans. Inter.
Tech. 5(1), 92-128 (2005)

3. Brin, S., Pagep, L.: The anatomy of a large-scale hypertextual Web search engine.
Computer Networks and ISDN Systems 30(1-7), 107-117 (1998)

4. Cheng, A., Friedman, E.: Manipulability of PageRank under sybil strategies. In:
Proceedings of the First Workshop of Networked Systems (NetEcon 2006) (2006)



10.

11.

12.

On the a-Sensitivity of Nash Equilibria in PageRank Games 73

Friedman, E., Resnick, P., Sami, R.: Manipulation-resistant reputation systems.
In: Nisan, N., Roughgarden, T., Tardos, E., Vazirani, V. (eds.) Algorithmic Game
Theory. Cambridge University Press, Cambridge (2007)

Gyongyi, Z., Garcia-Molina, H.: Web spam taxonomy. In: First International Work-
shop on Adversarial Information Retrieval on the Web (2005)

Gyongyi, Z., Garcia-Molina, H.: Link spam alliances. In: Proceedings of the 31st
International Conference on Very Large Databases, pp. 517-528. ACM, New York
(2005)

Hogg, T., Adamic, L.: Enhancing reputation mechanisms via online social networks.
In: Proceedings of the 5th ACM Conference on Electronic Commerce, pp. 236—237
(2004)

Hopcroft, J., Sheldon, D.: Manipulation-Resistant Reputations Using Hitting Time.
In: Bonato, A., Chung, F.R.K. (eds.) WAW 2007. LNCS, vol. 4863, p. 68. Springer,
Heidelberg (2007)

Hopcroft, J, Sheldon, D.: Network Reputation
Games, Manuscript, eCommons@Cornell (October 2008),
http://ecommons.library.cornell.edu/handle/1813/11579

Kamvar, S.D., Schlosser, M.T., Garcia-Molina, H.: The eigentrust algorithm for
reputation management in P2P networks. In: WWW 2003: Proceedings of the
12th international World Wide Web Conference, pp. 640-651. ACM Press, New
York (2003)

Tardos, E., Wexler, T.: Network formation games and the potential function
method. In: Nisan, N., Roughgarden, T., Tardos, E., Vazirani, V. (eds.) Algo-
rithmic Game Theory. Cambridge University Press, Cambridge (2007)


http://ecommons.library.cornell.edu/handle/1813/11579

	On the -Sensitivity of Nash Equilibria in  PageRank-Based Network Reputation Games
	Introduction
	Preliminaries
	PageRank
	PageRank Game and Best Responses
	Algebraic Characterization of a Nash Equilibrium

	Existence of -Sensitive Nash Equilibria
	Construction of Gn, m
	Equivalent Condition of Gn, m Being Nash Equilibria
	-Sensitivity of Gn, m : Proof Outline
	Proof Details




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Photoshop 4 Default CMYK)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


