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Abstract

Consider systems of two-variable linear equations of the form x; —x; = ¢;;, where the ¢;;’s are
integer constants. We show that even if there is an integer solution satisfying at least a (1 —€)-
fraction of the equations, it is Unique-Games-hard to find an integer (or even real) solution
satisfying at least an e-fraction of the equations. Indeed, we show it is Unique-Games-hard even
to find an e-good solution modulo any integer m > mq(€) of the algorithm’s choosing.
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1 Introduction

1.1 The equivalence between Unique-Games and Max-2Lin

The Unique Games Conjecture (“UGC”) of Khot [KhoO2] has been enormously influential
in the study of optimization problems, leading to numerous (conditional) optimal inapprox-
imability results (e.g. [DMRO06, KR08, GMROS]), especially for constraint satisfaction prob-
lems [KKMOO7, Rag09]. To recall the conjecture, we need to make several definitions:

Definition 1.1. For L € N, a Unique-Games; instance consists of a bipartite graph having
vertex sets U, V and edge set E, together with a bijective constraint m,, : [L] — [L] for each
(u,v) € E. In addition, each edge e € FE has a nonnegative weight py,, with Z(u,v)eEpw =1.
The algorithmic task is to find an assignment A : (U U V) — [L] such that the total weight of
satisfied constraints is as large as possible. Here we say that A satisfies the constraint m,, if

Tuw(A(u)) = A(v).

Definition 1.2. Given an instance Z of a weighted constraint satisfaction problem (such as
Unique-Games; ) and an assignment A, we define Valz(A) to be the total weight of the constraints
which A satisfies. We also say that A is v-good if Valz(A) > v. Finally, we define Opt(Z) to be
the maximum of Valz(A) over all A.

Definition 1.3. For 0 < s < ¢ < 1, the Unique-Games; (¢, s) problem is to distinguish in-
stances Z with Opt(Z) > ¢ from instances Z with Opt(Z) < s.

Definition 1.4. Khot’s Unique Games Conjecture is that for all small constants §, e > 0, there
exists a large constant L such that Unique-Games; (1 —¢,0) is NP-hard.

Although the Unique-Games problem has a rather abstract definition, Khot, Kindler, Mossel,
and O’Donnell [KKMOO07] showed that the UGC is equivalent to the hardness of a much more
concrete problem: solving two-variable linear equations modulo a large constant.

Definition 1.5. A Max-2Lin instance consists of a set of constraints of the form v; — v; = ¢;;.
Here vy, ...,v, are variables and the ¢;;’s are integer constants. There is also a nonnegative
weight for each constraint, with the weights summing to 1.

Definition 1.6. Let ¢ € N. In the Max-2Linz, problem, all equations are interpreted modulo q.
We then define Max-2Linz,_(c, s) to be the task of distinguishing Max-2Linz, instances 7 with
Opt(Z) > ¢ from instances with Opt(Z) < s.

The Max-2Lingz, (¢, s) problem is a special case of the Unique-Games, (c, s) problem. Hence if
for all constant €, > 0 there exists a constant ¢ such that Max-2Linz, (1 —¢,d) is NP-hard, then
the UGC is true. The result of [KKMOO7] gives an efficient reduction in the opposite direction:

Theorem 1.7. ([KKMOO07].) Assuming the UGC, for all €, > 0 there exists q such that
Max-2Linz, (1 —¢€,0) is NP-hard.

An obvious question left open by the [KKMOO7] result is whether the UGC also implies
hardness of solving two-variable linear equations over the integers, rather than over the integers
modulo a large constant. Ie., making the obvious definition for Max-2Linz(c, s):

Question 1.8. Is it true that for all constant €,§ > 0, the Max-2Linz(1—¢, d) problem is NP-hard
assuming the UGC?

We believe that lack of an additional quantifier over ¢ here gives this question a certain aesthetic
appeal.

1.2 Related work

The version of Question 1.8 for Max-3Lin (i.e., equations of the form v; — v; + v = ciji)
took a relatively long time to be resolved. Hastad proved his celebrated NP-hardness result
for Max-3Linz, (1 —€,1/q + 0) in 1997 [Has97]; however, it was not until a decade later that



Guruswami and Raghavendra [GR07] showed that indeed Max-3Linz(1 — ¢,0) is NP-hard for
all constant €,6 > 0. A relatively simple observation allowed Guruswami and Raghavendra
to also deduce that Max-3Ling(1 — ¢,4) is NP-hard; here the equations are still of the form
v; — U + U = Cijk for ¢y € Z, but the variables can be assigned values in R.

A version of the Max-3Ling problem is also being studied by Khot and Moshkovitz in ongoing
work. In their formulation, called Robust-Max-3Ling, the constants c;; are all 0; however certain
conditions are placed on how the variables v; may be assigned real values, so as to eliminate the
trivial solution v; = 0. Assuming the UGC, Khot and Moshkovitz [KM10] show that given a
system with a (1 — €)-good solution, roughly speaking it is NP-hard to find a solution in which
a constant fraction of the equations are satisfied to within £ (y/€). Very recently they have
eliminated the need for the UGC. The motivation for their work is the hope of establishing the
same sort of result for Robust-Max-2Ling, a problem closely connected with Unique Games.

1.3 Statement of our result

In this work we show a positive answer to Question 1.8. In fact, our main theorem is the
following stronger result:

Theorem 1.9. Assume the UGC. For any small constants €, > 0, there exists a constant
q = q(e,0) € N such that the following holds: Given an instance T of Max-2Lin in which the
integer constants c;; are in the range [—q, q], it is NP-hard to distinguish the following two cases:

o There is a (1 — €)-good integer assignment to the variables.

e There is no assignment to the variables which is §-good modulo any integer m > q.
Assuming €,6 < .1, it suffices for q(e,d) to be large enough that 5(1/(])6/(2_6) <.

An interesting and somewhat novel aspect of this result is that it gives hardness even for a
“multi-objective” problem. In the search version of Theorem 1.9’s algorithmic task, although
the algorithm is promised there is an extremely good integer solution to the given equations,

it may attempt to find a slightly good solution modulo any m > 5(1/(])6/(2’6) of its choosing.
We show that even still, the task is hard assuming the UGC.

From our main result Theorem 1.9, we immediately deduce the following corollaries:

Corollary 1.10. Assuming the UGC, for all€,6 > 0 the Max-2Linz(1—e¢, §) problem is NP-hard.

Proof. If there is a §-good integer assignment to the variables, then this assignment is also
0-good modulo ¢ (or any other integer m > q). O

Corollary 1.11. Assuming the UGC, for alle,d > 0 there exists q such that the Max-2Lingz,_ (1 — €, 6)
problem is NP-hard for any m > q, even for m = m(n) which is super-constant. In particular,
the algorithmic task in Theorem 1.9 is equivalent to the UGC.

Proof. If there is a (1 — €)-good integer assignment to the variables, it is also (1 — €)-good
modulo m. O

Corollary 1.12. Assuming the UGC, for alle,§ > 0 the Max-2Ling(1—¢, §) problem is NP-hard.

Proof. Certainly any (1 — ¢)-good integer assignment to the variables is also a (1 — €)-good real
assignment. Further, as each constraint in Theorem 1.9 is of the form v; — v; = ¢;; € Z, any
6-good real assignment to the variables v; can be converted into a d-good integer assignment
simply by dropping all the fractional parts. O



2 Overview of our proof

We now describe the new ideas we introduce to prove Theorem 1.9. In this section, we assume
the reader is closely familiar with the proof of the Khot-Kindler-Mossel-O’Donnell (KKMO)
UGC-hardness result for Max-2Linz_(1—¢, ). Our discussions will also not be completely formal.

As KKMO showed, given € > 0 it is sufficient to construct a Dictator Test for functions
f: Zg“ — Z, using 2Lin-constraints, with the following two properties: (i) dictator functions
f(x) = x; pass the test with probability at least 1 — ¢; (i) any f: ZL — A, with all influences
smaller than 7 passes the test with probability at most 1/ q/2=9) 4 K, where the “error term”
k = k(g,€,7) can be made arbitrarily small by taking 7 > 0 to be a sufficiently small constant
independent of L. Here A, is the convexification of Z; i.e., the set of all probability distributions
over Zg.

As a first step one might try extending the KKMO analysis to Max-2Linz, , where m is
“super-constant”. The essential difficulty is that applying the key tool, the Majority Is Stablest
Theorem, to 7-small-influence functions f : [m]X — [0,1] introduces an error term r(m,e,T)
which depends on m. If m is super-constant, even as a function of L, this will cause the KKMO
reduction from Unique-Games;, to fail; in particular, it means that in the soundness case, one
would decode such f’s to wr, (1) many labels in [L], which is unacceptable.

Since we presumably must use the Majority Is Stablest Theorem, and since we also care
about constraints modulo a super-constant m, we are led to consider Dictator Tests for functions
[ [g¥ — Z,,. We are not aware of any prior work on testing such functions, with differing
domain and range (arguably, the work on hardness of ordering constraints [GMRO8] has some
of the same flavor). An initial difficulty in working with such functions is that the usual method
of “folding” no longer makes sense. Our first observation is that one need not fold by the usual
method of restricting the domain by a factor of ¢; instead, one can build folding directly into
the KKMO test. I.e., KKMQO’s result could be obtained via the following Dictator Test for
functions f : Zé — Zg4: Choose z, ' ~ Zé to be (1 — €)-correlated random strings, choose also
¢, ¢’ € Zy uniformly and independently, and then test the 2Lin constraint

flx+(ce,....,c))—c=flz' +(,c,....c)) - . (1)

To analyze the soundness of this test, one introduces the “randomized (or averaged) function”
g: ZqL — A, defined by g(x) = g(z+ (¢, ..., c)) — ¢, in which case the probability that f passes
the test is S;_[g]. One then observes that E[g,(x)] = 1/q for each coordinate output function
Ja ZqL —[0,1], @ € Z4. Thus one can apply the Majority Is Stablest to bound S;_.[g] by

a(T(1/q) + k(g €,7)) < (/@) 9 +or(1),

as necessary.

We will show how to extend this analysis to functions f : [¢]* — Z,,, where m > q.
Proceeding with the same “built-in folding”, we obtain the function g : [¢]% — A,, which has
the property that E[g,(z)] < 1/q for each a € [m]. Our main technical result, Lemma 4.2,
shows that this is sufficient to prove

L

Si-elgl = Y Si-clgal < (1/@)7P79 + ¢ 9k(q,e,7) = (1/9)/ ™9 4+ 0r(1).

a€[m]

The key point here is that the error term does not depend at all on m, and hence the overall
analysis works even for m super-constant. To evade dependence on m, the idea is that one
can obtain the bound S;_([g.] < E[ga](1/¢)¢/? without any small-influences assumption at all
if E[g.] < ¢~ '°%; one only needs to use hypercontractivity.

These ideas let us obtain UG-hardness of Max-2Linz_ (1 — €,0) even for super-constant m.
To complete the proof of our main Theorem 1.9, we need to improve the completeness aspect of
the Dictator Test so that even integer-valued dictators f : [q]Y — Z pass with probability close
to 1. An observation here is that an integer-valued dictator f(z) = z; already passes our test



with probability close to 1/2: Ignoring the e-noise, the test (1) fails only if one of x; + ¢,  + ¢’
“wraps around” modulo ¢ but the other doesn’t.

There is a very simple idea for decreasing the probability of such wraparound: choose ¢ and
¢ from a range smaller than [¢]. E.g., if we choose ¢,¢’ ~ [q/t], then we get wrap-around in
x; + ¢ with probability at most 1/¢. Hence integer-valued dictators f : [q]f — Z, f(z) = x; will
pass the test in (1) with probability at least 1 — e — 2/t. How does this restricted folding affect
the soundness analysis? It means that the associated randomized function g : [¢]F — A, will
only satisfy E[g,] < t/q for each a € [m], rather than E[g,] < 1/q. But this is still sufficient for
our technical Lemma 4.2 to bound S;_[g] by roughly (t/¢q)/(>~¢). Thus by taking ¢t = log(q),
say, we get a 2Lin-based Dictator Test having integer-valued completeness 1 — ¢ — O(1/log(q))
and Z,,-valued soundness O(1/¢)¥/ (=9 for any m > q. This suffices to establish our main
Theorem 1.9.

2.1 Comparison with Guruswami—Raghavendra

Here we briefly compare our methods with those Guruswami and Raghavendra [GR07] used to
establish hardness for Max-3Linz. Although they also mentioned Max-3Linz, for very large m
in the overview of their work, their methods are somewhat more integer-specific than ours. In
particular, they worked with Dictator Tests on functions f : Zi — 7, using a certain exponential
distribution on the domain Z . (Ultimately, of course, they truncated the distribution to a finite
range.) This necessitated introducing and analyzing a somewhat technical method of decoding
functions f to coordinates associated to sparse Fourier frequencies w € [0, 2] with large Fourier
coefficients.

Guruswami and Raghavendra also described their Dictator Tests as “derandomized versions”
of Hastad’s tests, where the amount of randomness of the test depends only on the soundness.
The same could be said of our result vis-a-vis KKMO’s Dictator Tests: we get Max-2Ling,,
Dictator Tests in which the size of the domain elements, ¢, depends only on the desired soundness
of the test.

2.2  OQOutline for the rest of the paper

In Section 3 we will introduce the notation and technical tools we will need in the remainder
of the paper. The main body of our work is in Section 4 in which we first prove our technical
Lemma 4.2, and then we state and analyze our new Dictator Test of Max-2Lin type. Although it
is essentially known that the construction of this Dictator Test is sufficient to prove Theorem 1.9,
we give a proof of this deduction in Appendix A for completeness.

3 Definitions and analytic tools

3.1 Notation

For r € R™ we let [r] denote {1,2,...,[r|}. Given m € N we write @,, for addition modulo m.
It will also be convenient to use the following slightly unusual notation:

Definition 3.1. We write Z,, for the group of integers modulo m. We will also sometimes
identify this set with [m] C Z, not with the more standard {0, 1,...,m — 1}. Finally, we extend
the notation to m = oo, in which case we understand Z,, to mean simply the integers, Z.

Definition 3.2. We write A,, for the set of probability distributions over Z,, with finite support;
when m # oo we can identify A,, with the standard (m — 1)-dimensional simplex in R™. We
also identify an element a € Z,, with a distribution in A,,, namely, the distribution that puts
all of its probability mass on a.

We write all random variables in boldface. If x € X" where X is a finite alphabet, we
say that the random string y € X" is p-correlated to z if it is chosen as follows: y; is set to



x; with probability p and is set to a uniformly random element of ¥ with probability 1 — p,
independently for each 1 < i < n. If ® is a uniformly random string in 3" and y is p-correlated
to x, we say that o,y are a p-correlated pair of random strings.

By log(t), we will always mean the natural logarithm of ¢.

3.2 Noise stability and influences

We now recall some standard definitions from the analysis of boolean functions (see, e.g., [Rag09]).
We will be considering functions of the form f : [¢]* — R™, where ¢,n,m € N. We will also
allow m = oo, in which case we interpret the range as all sequences in R? with at most finitely
many nonzero coordinates. The set of all functions f : [¢]™ — R™ forms an inner product space
with inner product

(f9)= E_[(f(2)9(x));

x~[q]™

here we mean that @ is uniformly random and the (-, -) inside the expectation is the usual inner
product in R™. We also write || f|| = 1/(f, f) as usual.
For 0 < p <1, we define T}, to be the linear operator on this inner product space given by

T, f(x) = E[f(y)],

Y

where y is a random string in [g]© which is p-correlated to x. We define the noise stability of f
at p to be

Solf1 = (£, Tof)-
For i € [n], we define the influence of i on f : [¢]" — R™ to be

Inf;[f] = E LYE[E]U (w)}] :

Ty s i 1, T4 1500 T~ ]G]

where Var[f] is defined to be E[|| f|*] — || E[f]||>. More generally, for 0 < n < 1 we define the
n-noisy-influence of i on f to be

Inf" " [f] = Inf, (T3, f].
One may observe that

mf P[] = S i),
j=1

where f; : [¢]" — R denotes the jth-coordinate output function of f. (When m = oo the sum

should be over j € Z.)
We will need the following easy “convexity of noisy-influences” fact:

Proposition 3.3. Let f(, ..., f) be a collection of functions [q]* — R™. Then

Infgl_") [avg {f(k)}l < avg {Infgl_") [f(k)]} .

ke(t] ke(t]
Here for any c1,ca,...cc € R (or R™), we use the notation avg(cy,...,ct) to denote their
average:
25:1 Ci
=

Since T, is a linear operator, it suffices to prove this for n = 0 (i.e., for non-noisy influ-
ences). This is essentially done within the proof of Theorem 11 in [KKMOOT7]; see also [Rag09,
Proposition 3.0.13].



3.3 Hypercontractivity and Majority Is Stablest

To bound the noise stability of functions we will use two tools. The first is the hypercontractivity
of the T, operator acting on functions [¢q]¥ — R. The optimal hypercontractivity bound in this
setting was determined by Diaconis and Saloff-Coste [DSC96] (via their Theorems 3.5.ii and A.1,
along with Holder duality):

Theorem 3.4. Let ¢> 2, f:[q|" = R, and 0 < e < 1. Then
IT=efllz < Ifllps  where p=p(g,€) = 1+ (1 — )@/ Toela=D),

The second tool we need is the Majority Is Stablest Theorem from [MOOO05]. (We state here
a version using a small noisy-influences assumption rather than a small “low-degree influences”
assumption; see, e.g., Theorem 3.2 in [Rag09] for a sketch of the small modification to [MOO05]
needed.)

Theorem 3.5. Suppose f : [¢]" — [0,1] has Infglfn) [f] <7 < (logq)~(gd/ for all i € [n],
where n < ¢(logq)/log(1/7) and ¢ > 0 is a certain universal constant. Let p = E[f]. Then for
any 0 <e<1,
logg loglog(1/7)

ce log(1/7)
In the above theorem, the quantity I'y_.(u) is defined to be Pr[z,y < ¢] when (x,y) are

joint standard Gaussians with covariance 1 — € and ¢ is defined by Pr[z < t] = pu. We will use
the following estimate:

Proposition 3.6. Assume 0 < € < .1 and 0 < pu < exp(—1/v/€)/v/e. Then T'1_(pn) <

‘ulJre/(Qfe) .

Si—elf] < Ti—e(p) +

This estimate follows from Corollary 10.2 in [KKMOO07]. (The expression in that corollary
is in fact an upper bound on I';_(p) for all 0 < € < 1 and 0 < p < 1/2, as can be verified using
the inequality in Proposition 6.1 of [KKMOO07]. The simplified bound z'*+¢/(=¢) holds when

e <.l and p < exp(—1/+/€)//€.)

3.4 Dictator vs. Small Noisy-Influence Tests

The work of Khot, Kindler, Mossel, and O’Donnell [KKMOO07] introduced a now-standard
methodology for proving hardness results based on the UGC: namely, the construction of “Dic-
tator vs. Small Noisy-Influences' Tests”. (We will sometimes call these just Dictator Tests, for
brevity.) Formally speaking, a test for functions f with domain [g]™ is nothing more than an
explicit instance 7 of a weighted constraint satisfaction problem with variable set [¢]™. Usually,
however, it is thought of as a “probabilistic spot-check” on an assignment function f, where
one chooses a constraint from 7 with probability equal to the constraint’s weight, and then
“tests” whether f’s assignment satisfies the constraint. An important aspect of such a test is
the “type of constraint” it uses. Naturally, in this paper we will be considering two-variable
linear equation constraints; specifically, testing functions f : [¢]™ — Z,, using constraints of the
form f(x) — f(y) = ¢, where c € Z.

Before defining Dictator Tests we need to introduce another small technical detail, that of
testing averages of functions. Given a test for functions f : [¢]" — Z,, say, we can think of
it more generally as a test for functions f : [¢|" — A,,. To understand this, one should think
of a function with range A,, as a “randomized” function into Z,,. le., to apply the test 7
to a function f : [q]¥ — A,,, one first chooses a random constraint as usual in 7; say it is
f(z) — f(y) = c. One then chooses a ~ f(x) and b ~ f(y) (independently) and finally, one
checks the constraint a — b = c.

We may now informally state what a Dictator vs. Small Noisy-Influences Test is. It is a test
for functions f : [¢]* — A,, with the following two properties: (i) Dictator functions — i.e.,

! Actually, they used “low-degree influences”, but the distinction is inessential.



functions of the form f(x) = x; — pass the test with high probability. (Here we are interpreting
the integer z; € [¢] also as an element of Z,,, and thus also as an element of A,,.) In other
words, Valr(f) is large when f is a dictator. (ii) Functions f satisfying Infgl_") [f] < 7 for all
i € [n] pass the test with low probability, where here 1 and 7 should be thought of as very small
constants. More formally:

Definition 3.7. Let 7 be a test for functions f : [¢]" — A,,. We say that 7 has completeness
at least ¢ if every dictator function f(x) = x; passes the test with probability at least c. We say
that 7 has (7, n)-soundness at most s if every function f : [¢]" — A,, satisfying Infgl_n) [f1<r
for all ¢ € [n] passes the test with probability at most s. Finally, given a family of tests (7,,),
where 7,, test functions f : [¢]" — A,,, we say it has soundness s if for every x > 0 there exists
7,m > 0 such that each 7,, has (7, n)-soundness at most s + k.

Khot, Kindler, Mossel, and O’Donnell (implicitly) showed the following connection between
Unique-Games-hardness and Dictator Tests (see also, e.g., [Rag09, Theorem 7.6]):

Theorem 3.8. Suppose there exists a completeness-c, soundness-s family (71,)ren of Dictator
Tests for functions f : Q¥ — Ajxy, using constraints of type ® over alphabet 3. Then assuming
the UGC, for all € > 0 it is NP-hard to distinguish Max-® CSP instances T with Opt(Z) > ¢
from instances with Opt(Z) < s+ e.

Thus the task of proving NP-hardness results for constraint satisfaction problems assuming
the UGC is reduced to constructing Dictator Tests. Our main contribution is to construct
and analyze an appropriate such test using Max-2Lin-type constraints. Because we are working
in a slightly nonstandard setting (testing functions f : [¢]Y — Z,,, where m may be “super-
constantly” large as a function of L), we will give the complete reduction based on our Dictator
Test in Appendix A.

4 The new Dictator Test

We begin by stating our new family of Dictator vs. Small Noisy-Influences Tests. Given param-
eters 0 < € < 1 and g € N, we define the following test 7, . for functions f with domain [¢]%:

Test 7, :

Choose z,z’ ~ [g] to be a pair of (1 — ¢)-correlated random strings.

Choose ¢, ¢’ ~ [q/1og(q)] independently and uniformly.
e Define y = x @, (c,c,...,c), and define y =’ @, (c,c,...,c).

e Test the constraint “ f(y) —ec= f(y') — ¢ 7 (equivalently, “ f(y) — f(y') =c—¢ 7).

As discussed, one can also think of this test as an explicit weighted constraint satisfaction
problem of Max-2Lintype over the variable set [¢]*. The constraint f(y) —c = f(y’) — ¢’ should
be thought of as a formal expression, since we have not yet specified the range of the assign-
ment f. In fact, we will analyze the test’s properties when the range of f varies over different
Ly ’S.

In light of the connection between Unique-Games-hardness and Dictator Tests (Theorem 3.8),
to prove our main Theorem 1.9 it will suffice (as we verify in Appendix A) to show the following.

Theorem 4.1. The Dictator Test T, uses integer constants c;; in [—q/log(q), q/log(q)] and
has the following two properties:

Completeness: For each m : ¢ < m < +oo, the L dictator functions f : [q|* — Z,, pass
the test T, . with probability at least 1 — e — O(1/1og(q)).



Soundness: Assume 0 < € < .1 and that ¢ > exp(1/+/€) an integer. Assume f: [q]L — A,
satisfies Infglfn) [f] <7 < (logq)~(08D/¢ for all i € [L], where n < c(logq)/log(1/7) (and c is
the constant from Theorem 3.5). Assume further that q/log(q) < m < co. Then f passes the
test Ty . with probability less than

O(¢'*#%) loglog(1/7)
€ log(1/7)

O(1/)7= +

The Completeness part of Theorem 4.1 is easy to verify:

Proof. Suppose f(z) = x; for some j € [L]. In the test 7, we have x; = z’ except with
probability at most e. When the event happens, write b for the common value. We further
have that b is at most ¢ — |¢/log(q)] except with probability at most O(1/log(g)). Thus with
probability at least 1—e—0O(1/log(q)) we have both y; = b+c and yj; = b+c’ as integers in [q];
i.e., the ®, does not cause “wrap-around”. Thus f(y) will equal the integer b + ¢ within Z,,,
and similarly f(y’) will equal b+ ¢’ within Z,,, and the tested constraint will be satisfied. [

The next two subsections of the paper are devoted to the proof of the Soundness part of
Theorem 4.1. In the first subsection we prove a technical lemma bounding the noise stability of
functions f : [¢]* — A,, which have || f;|| small for each j € Z,,. In the subsequent subsection,
we complete the proof of the soundness of our test.

4.1 Technical lemma

Our soundness analysis relies on the following technical lemma; the crucial aspect of it is that
the upper bound we give on the noise stability does not depend on m.

Lemma 4.2. Fiz 0 < e < .1 and let ¢ > exp(1/+/€) be an integer. Further, let Lym € N and
0<n <1 Assumeg: gl — A, satisfies Infl(»l_n) lg] <7 < (logq)~U°sd/c for all i € [L],
where n < c¢(log q)/log(1/7) (and c is the constant from Theorem 3.5).

Then if Eglg(x)a] <log(q)/q for all a € [m], it follows that

O(q#?) loglog(1/7)
€ log(1/7)
Proof. Write p, = Eg[g(x),]. We use two different bounds for S;_.[g,] depending on the

magnitude of p,. The first bound uses the small noisy-influences of g, (which are certainly
smaller than those of ¢g) and the Majority Is Stablest Theorem (Theorem 3.5), yielding

Si—clg) < O(1/q)/ ) +

~ logq loglog(1/7)
Coce log(1/7)

We may also use Proposition 3.6 because € < .1 and pu, <log(q)/q < exp(—1/+/€)/\/€; thus

S1—elga] < T1_c(pa) +e(1), e(r) :

Si—elga] < pa /7 +e(). (2)

Our second bound is more useful when p, is extremely small; it only needs the hypercon-
tractivity theorem (Theorem 3.4), and not the small noisy-influences condition. The theorem
gives

Si-elga] = ||T\/1—ega||§ < ngz”;?; = E[gg]z/p < E[Qa]2/p = ui/p»

where p = 1+ (1—¢)(2=4/0)/198(a=1) 35 in Theorem 3.4. One can check that 2/p > 1+¢/(1.91og q)
for all 0 < e < 1 and ¢ > 3; hence:

Si-elga] < /101089, 3)



We now put the two bounds together:

Slfe[g} = Z Slfe[ga]

a€[m]

== Z Sl—e[ga] + Z Sl—e[ga]

@i =q= 1089 @i <q~ 1089

= > M)+ Y w00 (using (2), (3)):
aipla>q 089 a:pa<g'oBd

Since g’s range is A,, we have Zae[m} g = 1. Thus the first sum above is at most

¢te(r) + Y ) < g% e(r)  max g/ G < ¢°%e(r) + (log(g) /q)
aipg>q=1ogd
using the assumed upper bound on p,. The second sum above is at most

max Me/(1.910gq) < (q—logq)s/(l.Qlogq) — q—e/1.9.
g <q—losa

Thus we conclude

O(¢'*#%) loglog(1/7)
€ log(1/7)

as claimed. O

Si—c[g] < ¢'°B%e(r) + (log(q)/q)/ *=9 + ¢~/ < O(1/q)/ =9 +

4.2 Soundness of the test

This section is devoted to the proof of the Soundness part of Theorem 4.1.

Proof. Given f as in the statement of the theorem, we introduce another randomized function
g [q)* — A,.. Specifically, g(z) is defined to be the distribution function on a € Z,, given by
the following experiment:

e Choose ¢ ~ [g/log(q)] uniformly at random.

e Choose b according to the distribution f(x @, (¢,¢,...,c)).

e Definea=b—-c¢€ Z,,.

Thus in the test 7, ., once & and @’ are chosen the probability that f passes the test is equal to
the probability that independent draws from g(x) and g(«’) yield the same value in Z,,. le.,

Pr[f passes the constraint] = E [(g(z),g(z'))] = S1-c[g].

It thus suffices to bound S;_[g].

Our first task is to show that g has small noisy-influences. Define the operator S, for
¢ € Zy as follows: Sch(z) = h(x @y (c,c,...,c)). Define the operator R, for ¢ € Z,, as follows:
(Rch(2))a = h(2)a+e, where the sum a + ¢ is within Z,,. Hence by definition,

g= avg {R.S.f}. (4)
c€lq/ log(q)]

In particular, for each i € [L] we have

Mg < avg  {Inf0 7V [R.S.f])
celq/ log(q)]

by the convexity of noisy-influences (Proposition 3.3). But it’s easy to see that Infgl_") [R.h] =
Infgl_n) [h] and Infgl_") [Sch] = Infgl_n) [h]. Hence we conclude Infl(-l_") lg] < Infgl_") [f] <7 for
all i € [L].



We now make the key observation. For a € Z,, define p, = Egqr[g9(%)a]. Using the
original definition of g we have

Pr b—c=a]= E x P, (c,c,...,C))atel,
@,/ log(a)], | ] @ c~lq/ log(qn[f (@@ ( Vasel
b f (@B (C,00 1))

Ha =

where the expressions b— ¢ = a and a + ¢ are treated within Z,,. But the joint distribution of ¢
and &, (¢, c, ..., c) is identical to the joint distribution of ¢ and y, where y ~ [g]¥ is uniform
and independent of c. Hence

o= E ate] < max E
a y,c~[q/log<q>1[f(y) +el yelgl: {c~[q/1og<q>1

since Y, f(z), = 1 and m > q/log(q).

Having established (5) and also Infglfn) [g] < 7 for all i, we may bound S;_.[g] and thus
complete the proof using the technical Lemma 4.2. (In the case that m = co we may still apply
the lemma because g’s outputs are nonzero on only finitely many coordinates; hence we may
consider ¢’s range to be a finite-dimensional simplex.) O

[f(y)a+c]} <log(q)/q forall a € Zm, (5)
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A The reduction from Unique-Games;

In this section we show how to use our Dictator Test to obtain our main UG-hardness re-
sult, Theorem 1.9. We reiterate that we are essentially using Theorem 3.8, implicitly proved
in [KKMOO7]; we give the full deduction here for completeness and because we are working in
a slightly nonstandard setting.

For technical convenience, we will use the following equivalent version of the Unique Games
Conjecture due to Khot and Regev [KR08, Lemma 3.6]:

Theorem A.1l. Assume the UGC. For all small (,y > 0, there exists L € N such given an
unweighted Unique-Games; instance G = (U, V, E, (Tu)(u,v)cr) which is U-regular, it is NP-
hard to distinguish the following two cases:

1. There is an assignment A : (UUV) — [L] and a subset U' C U with |U'|/|U| > 1—( such
that A satisfies all constraints incident on U’.

2. There is mo ~y-good assignment A.

Our main task, which we will carry out in the next subsection, will be to prove the following
slight variant of Theorem 1.9, wherein we write s(q, ¢) = O(1/q)/>~¢ for the main term in the
Soundness part of Theorem 4.1:

Theorem A.2. Fiz 0 < € < .1 rational and q > exp(1/+/€) an integer. For any L € N, there
is a polynomial-time reduction mapping non-bipartite, unweighted Unique-Games; instances G
into Max-2Lin instances T having the following properties:

o (Completeness.) If statement 1 in Theorem A.1 holds for G, then there is an integer
assignment to the variables in T satisfying at least (1 — ()(1 — e — O(1/log(q)))-weight of
the equations.

e (Soundness.) If there is no vy-good assignment for G where v = (q,€) > 0 is sufficiently
small, then there is no integer assignment to the variables in I which satisfies at least
(3s(q, €))-weight of the equations modulo m, for any integer m > q/log(q).

By combining Theorem A.2 with Theorem A.1, taking ¢ = 1/log(q) and v = y(g,€) > 0 as
necessary, we obtain the following variant of Theorem 1.9:

Theorem A.3. Assume the UGC. For any 0 < € < .1 rational and q > exp(1/+/€) an integer,
the following holds: Given an instance I of Max-2Lin in which the integer constants c;; are in
the range [—q/log(q), q/log(q)], it is NP-hard to distinguish the following two cases:

o There is a (1 —e— O(1/log(q)))-good integer assignment to the variables.

e There is no assignment to the variables which is O(1/q)¥2=9-good modulo any integer
m = q/ log(q).

From this, we can deduce our main Theorem 1.9 for ¢ and ¢’ by taking € in Theorem A.3 a
rational of the form ¢ — O(1/log(q)).

A.1 Proof of Theorem A.2

We now prove Theorem A.2.

Proof. The reduction is essentially as in [KKMOO7]. Given the Unique-Games; instance G =
(U,V, E, (7uy)), the reduction produces a weighted Max-2Lin instance Z with variable set V x [¢].
We think of an assignment F to these variables as a collection of functions f, : [¢]% — Z,,, one
for each v € V. Here we will allow ¢/log(q) < m < co. For each u € V' we also introduce the
randomized function f, : [¢]* — A,, defined by

fule) = B [f5 ()],

v:(u,v)EE
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where define the functions f7 : [¢]* — Z,, by
fr(x) = fo(zom™h), with z o ™! € [g]" defined by (zo7™"); = z,-1(j).

We now define the instance according to the following probabilistic test:
e Choose u € U randomly.
o Apply test 7, from Section 4 to f,.

Note that by the definition of applying a test to a randomized function, this indeed makes 7
a weighted Max-2Lin instance over the variables V' x [q]”. Further, it is easy to check that the
reduction from G to Z thus defined can be carried out in polynomial time assuming ¢, ¢, and L
are constant.

To prove the Completeness part of Theorem A.2, suppose that assignment A and subset
U’ C U are as in statement 1 of Theorem A.l. Define an integer-valued assignment F for
T by taking f,(z) = (). Then by definition and by the property of A, we will have that
fu:[q)¥ — Az is in fact the A(u)th dictator function for all u € U’. Thus by the completeness
part of Theorem 4.1, assignment F will pass the test Z with probability at least Pr{u € U’] -
(1—e—0(1/log(g))) = (1 =¢)(1 —e—0O(1/1og(q))). This finishes the Completeness part of
Theorem A.2.

As for the Soundness part of Theorem A.2, choose 7 = 7(g, €) > 0 small enough so that the
error term in the Soundness part of Theorem 4.1 is at most the main term, s(qg, €); choose also
1 = n(q,€) > 0 sufficiently small so that the hypothesis therein holds. By way of proving the
contrapositive, suppose that there is an integer m > ¢/log(q) and a Z,,-valued assignment F'
to Z which passes the test Z with probability at least 3s(g,€). Then by an averaging argument,
there must be some subset U’ C V of fractional size at least s(q, ¢) such that when u € U’,
the test 7, . passes f, with probability at least 2s(q,€). It follows from the Soundness part of
Theorem 4.1, along with our choice of 7 and 7, that

for all u € U, i, € [L] s.t. Wnf " [f,] > 7. (6)

By definition of f, and by the convexity of noisy-influences (Proposition 3.3) we deduce that
for each such v € U’ and i, € [L],

T< avg {Infglfn)[ff“”}}: avg {Infgrlfz))[fv]}
v:(u,v)EE “ v:(u,v)EE woRt

= 71/2< Inf' ") ) Lfo] for at least a 7/2-fraction of u’s neighbors v. (7)

Tuv (7’u

For each v € V' let us define
C(v) = {j € [L]: i "[£] > 7/2};
thus by (7) we have:
VueU', muw(iy) € C(v) for at least a 7/2-fraction of u’s neighbors v € V. (8)

We claim and will show shortly that |C(v)| < 1/(n7) for all v. Having established this,
consider choosing a random assignment A : (U UV) — [L] as follows: for u € U’ set A(u) = iy;
for v € V, choose A(v) randomly from C(v) (assuming the set is nonempty); finally, set A(w)
arbitrarily in [L] for all unassigned vertices w. Now by (8), for each u € U’ the expected
fraction of constraints incident on u which A satisfies is at least (7/2)/(nT) = n7?/2. Since
|U'|/|U| > s(gq,€) and G is U-regular, we conclude that the expected fraction of all constraints
in G that A satisfies is at least s(q, €)n7?/2. Taking v = v(q, €) = s(q, €)n7?/2, we conclude that
there must exist a y-good assignment for G.

It remains to verify the claim that |C(v)| < 1/(n7) for all v. We use the following well-known
fact (see, e.g., [Rag09, Proposition 3.0.14]):
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Fact A.4. Let h:[q)" — R™. Then Y0 Inf\' " [h] < Var[h]/(2en).

We also need the following small observation: even for arbitrarily large m, if h : [q]F — A,,
then Var[h] < 1. This is because Var[h] < E[||h]|?] < max,{|h(2)]|?} < 1, as every point in
A,, has Euclidean norm at most 1. Thus
1/(2en)

T/2

as claimed. O

IC)| = |{j € [L] : fS"P[£,] > 7/2}| < < 1/(7),
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