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Abstract

Thispaperproposesascale-freehighly-clusteredechostatenetwork (SHESN).WedesignedtheSHESNto include

a naturally evolving statereservoir accordingto incrementalgrowth rules that accountfor the following features:

(1) short characteristicpath length, (2) high clusteringcoef�cient, (3) scale-freedistribution, and (4) hierarchical

and distributed architecture.This new statereservoir containsa large numberof internal neuronsthat are sparsely

interconnectedin the form of domains.Eachdomaincomprisesonebackboneneuronanda numberof local neurons

around this backbone.Such a natural and ef�cient recurrentneural systemessentiallyinterpolatesbetweenthe

completelyregular Elman network and the completelyrandomecho statenetwork (ESN) proposedby H. Jaeger

et al. We investigated the collective characteristicsof the proposedcomplex network model. We also successfully

applied it to challengingproblemssuchas the Mackey-Glassdynamicsystemand the laser time seriesprediction.

Comparedto the ESN,our experimentalresultsshow that the SHESNmodelhasa signi�cantly enhancedechostate

propertyand betterperformancein approximatinghighly complex nonlineardynamics.In a word, this large-scale

dynamiccomplex network re�ects somenaturalcharacteristicsof biological neuralsystemsin many aspectssuchas

power law, small-world property, and hierarchicalarchitecture.It shouldhave strongcomputingpower, fast signal

propagation speed,andcoherentsynchronization.
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Collective Behavior of a Small-World

RecurrentNeuralSystemwith Scale-Free

Distribution

I . INTRODUCTION

In a large numberof real-world complex networks, such as the nervous systemof C. Elegans, cellular and

metabolic networks, food webs, the World-Wide Web, the BBS, the Internet backbone,power grids, citation

networks, and many social networks, small-world phenomenaand scale-freepropertieshave beendiscovered in

the past few years[1], [2], [12], [19], [28], [30], [31]. The small-world network �rst introducedby Watts and

Strogatz [31] is de�ned asa highly clusterednetwork with a shortcharacteristicpathlength,andwasconceptually

originated from Milgram's work in the late 1960s,or the so-called”six degreesof separation” principles [24].

Differing from homogeneousor exponentialnetworks, the scale-freedistribution of network connectivity, which

is de�ned as ratio of edgesto possibleedges,has a power law form [1]. This implies that the majority of the

nodesin a scale-freenetwork have a sparseconnection;only the minority have a denseconnection.The unveiling

of a small-world effect and a scale-freeproperty, which are viewed as universal laws governing different kinds

of complex networks, including biological networks [2] and brain functional networks [10], [31], has directly

led to dramaticadvancesin exploring large-scalecomplex networks. On the otherhand,biological neuralsystems

typically have a massive numberof neurons,recurrentpathways,sparserandomconnectivity, andlocal modi�cation

of synapticweights[17], [18], which arevery differentfrom thoseof mostof the existing arti�cial neuralnetwork

modelssuch as BP networks [27], Hop�eld networks [14], and Vapnik's SVMs (supportvector machines)[6].

In general,traditional arti�cial neural networks, ranging from feedforward and feedbackto recurrentstructures,

use at most several dozenneuronsin various practical applications.The numberof neuronsin hidden layers is

often chosensubjectively accordingto different problemsunderconsideration.They usually have a slow learning

speedand suboptimalsolution. Recently, several new neural network models that have somecharacteristicsof

complex network topology have attractedthe attentionof many researchers.Associative memoryneuralnetworks

with either small-world architecture[5], [20] or scale-freetopology [9], [15] have beenpresented,all of which

demonstratebetter performancein memory capacityand time than randomly connectedHop�eld networks with

the sameconnectivity. Similarly, for the synchronizationproblemof chaoticdynamicsystem,either small-world

effect or scale-freefeaturecanmake synchronizationmoreef�cient androbust [3], [13], [16], [21], [29]. All their

investigationsshow thatthetwo complexities effectshave a dramaticin�uence uponthecollective dynamicbehavior

of complex system.

Interestingly, H. Jaeger and his co-authorsproposeda new arti�cial recurrentneural network (RNN), called
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echostatenetworks (ESNs),for function approximation,chaotictime seriesprediction,andmodelingof nonlinear

dynamicsystem[17], [18]. The ESN modelcontainsa completelyrandomstatereservoir asa hiddenlayer, which

is usuallycomposedof hundredsor thousandsof internalneurons.This very promisingRNN partially re�ects some

featuresof learningmechanismsin biologicalbrainsandtheresultinglearningalgorithmis computationallyef�cient

andeasyto use.Remarkably, theaccuracy of predictinga chaotictime seriesusingtheESNis signi�cantly enhanced

by a factorof 2,400over previous techniques[18]. In order to have suchsurprisingcapabilitiesof approximating

nonlineardynamicsystem,however, theESNmustsatisfyso-calledechostateproperty. Accordingto thede�nition

given by Jaeger [17], the ESN hasechostatepropertyonly if the currentnetwork stateis uniquelydeterminedby

the history of inputs after running for a long time. This meansthat for the ESN the spectralradiusof reservoir

weight matrix must be not greaterthan 1 [17], [18]. It seeminglymakes sensethat the stateerror equationof

the ESN's reservoir starting with different initial stateswill converge when the eigenvaluesof reservoir weight

matrix are all locatedwithin the unit circle in the z-plane.But this suf�cient condition may considerablyrestrain

the enhancementof the approximationcapabilitiesof this model. In fact, when the ESN is usedto model highly

nonlinearsystems,thecomputingpower of theESNis directly correlatedwith its memorycapacity, or moreexactly,

to its massive short-termmemory[18]. As mentionedby [17], the larger thespectralradius,theslower is thedecay

of the network's responseto an impulseinput, and the strongerthe network's memorycapacity. In this case,the

ESN canhave a moreef�cient computingpower anda betterapproximationcapability. In otherwords,the spectral

radiushasa full impacton approximationcapabilitiesof theESN.But for theESNmodel,thespectralradiusof the

reservoir is not allowed to be greaterthan1 so that the echostatepropertyholds.Therefore,it is highly expected

to relax this suf�cient conditionfor the spectralradiusof the statereservoir, in orderto overcomethe limitation of

approximatingstronglynonlineardynamicsystemsusing the ESN.

Inspiredby all the above results,we investigate the possibility of introducingvariouscomplexities to the state

reservoir of the ESN model so that the resultingmodel is able to re�ect more learningmechanismsof biological

brain. In fact, we examineda statereservoir that only hassmall-world featuresbut no scale-freecharacteristics.

Unfortunately, approximationcapabilitiesof the resulting small-world ESN model are quite poor. Furthermore,

introducingscale-freedistribution alonealsohaslittle improvementin performance.Theseobservations,thedemand

of further improvementof approximationcapabilities,andmany neurobiologicaladvances,have, in part,motivated

our researchwork presentedhere.

We proposeanextendedESNmodelthathasa scale-freeandsmall-world statereservoir. Thenew statereservoir

comprisesthousandsof internal neuronsthat are sparselyinterconnected.In this paper, the emphasisis on our

natural-growth rulesandanalysisof thecomplexities of networks.Theproposedscale-freehighly-clusteredcomplex

network wassuccessfullyappliedto theMackey-Glassdynamicsystemandthelasertime seriespredictionproblem.

Our empirical resultsshowed that this new complex network model greatly improves the echostatepropertyby

allowing a larger rangeof viable spectralradiusand considerablyenhancesperformanceof approximatinghighly

complex dynamicsystems.
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I I . SHESN: SCALE-FREE HIGHLY-CLUSTERED ECHO STATE NETWORK

Unlike either the completelyregular Elmannetworks [11] or completelyrandomESNsintroducedby H. Jaeger

et al. [17], [18], we proposea scale-freehighly-clusteredechostatenetwork (SHESN)thathasa naturallyevolving

statereservoir. The architectureof the SHESN is shown in Fig. 1, and consistsof three layers: an input layer,

a new state reservoir (or a hidden dynamic layer), and an output layer. The new state reservoir is generated

by incrementalgrowth. Embeddedin the SHESN's structure,our new statereservoir network hasa collection of

naturallyevolving features,includingscale-freeor power law distribution for nodedegree,highclusteringcoef�cient,

shortcharacteristicpath length,andhierarchicalanddistributedarchitecture.

A. NetworkArchitecture of SHESN

The network architectureof the SHESN is shown in Fig. 1. At time step k, the input layer receives an r -

dimensionalinput vector u(k) = [u1(k); u2(k); ¢¢¢; ur (k)]T and passesit to all the internal neuronsin the new

statereservoir throughan n £ r input weight matrix W in . The i -th neuronin this layer is directly connectedto

the i -th componentui (k) of input vectoru(k). The outputof the i -th input neuronsimply equalsits corresponding

input ui (k). In the new statereservoir, all n internalneuronsaresparselyinterconnectedusingan n £ n reservoir

weight matrix W r es. The outputof eachinternalneuronis calleda state,andall the statesaredenotedby x(k) =

[x1(k); x2(k); ¢¢¢; xn (k)]T . The neuronsin the output layer collect all the statesx i (k)( i = 1; 2; ¢¢¢; n) in the

precedingnew statereservoir, alongwith all theinputsui (k)( i = 1; 2; ¢¢¢; r ) in the�rst layer, throughanm£ (n+ r )

outputweightmatrixW out , whichwill bediscussedlater, andconsequentlyproduceanm-dimensionaloutputvector

y(k) = [y1(k); y2(k); ¢¢¢; ym (k)]T of the whole SHESN.Meanwhile,the network output vector y(k) is fed back

to all the internal neuronsthrough an n £ m feedbackweight matrix W f b. The activation functions in the last

two layersare all set to the tanh( ) function. Just like that of [18], input and feedbackweight matricesof W in

and W f b are randomlyassignedwith uniform distribution, and the output weight matrix W out is adjustedusing

supervisedlearning.But the reservoir weight matrix W r es is producedaccordingto our naturally evolving rules

ratherthan the completelyrandomapproachesusedin [17], [18].

The forward propagation of SHESNcanbe summarizedas:

x(k + 1) = tanh(W r esx(k) + W in u(k + 1) + W f by(k) + v(k)) (1)

y(k) = tanh(W out

2

4
x(k)

u(k)

3

5); (2)

wherev(k) is a noise(threshold)that is addedto the activation functionsof internalneurons.

The framework of the SHESN implementsan adaptive dynamic systemusing structuresanalogousto other

recurrentneural networks, which enablesthe proposedSHESN at least to gain the advantageof a fast learning

speedandcapabilitiesof approximatingnonlineardynamicsystems.
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Fig. 1. Systemarchitectureof SHESN.The generatedstatereservoir hasa collectionof naturallyevolving features.

B. Natural Growth Model of the SHESN's Reservoir

Now weconcentrateon thenaturalgrowth rulesof theSHESN's reservoir. In fact,someinterestingnaturalfeatures

of biological brains,suchas the small-world propertyand the scale-freefeature[10], have not beenre�ected in

the randomlyconnectedESN reservoir. However, many investigationsshow that neuralnetwork modelsthat have

either small-world effect or scale-freedistribution demonstrateexcellent performancein memory capacity, time,

and synchronization[3], [5], [9], [13], [15], [16], [20], [21], [29]. To our knowledge,therehasnot yet published

any neuralnetwork that simultaneouslycontainsthe two complexities characteristicsaccordingto naturalgrowth

rules.

Additionally, biological networks and many other complex networks also have a hierarchicaland distributed

architecture.For instance,neuronsin brainsare organizedinto many functional columnssuchas cerebralcortex.

The Internet network generallycontainsmany domains,eachof which is composedof a large numberof local

nodes.To getsuchanubiquitousarchitecture,thebasicideaunderlyingtheBRITE model,a parameterizedInternet

topologygeneratorproposedby A. Medinaandhis co-authors[23], is employed to designour naturalgrowth rules

that producethe SHESN's reservoir. Note that in the BRITE model, both the initial assignmentsof constructive

backbonesandthe useof the preferentialattachmentarecritical to the incrementalgrowth of scale-freenetworks.

But it is impossibleto generatesmall-world networks using the BRITE.

Inspired by the BRITE, the initial topology of our SHESN's reservoir is designedto contain a set of fully

connectedbackboneneurons,eachof which representsa potentialdomain.We thenpresenta setof naturalgrowth

rulesin orderto generatetheSHESN's reservoir thathasbothsmall-world andscale-freefeatures,which is expected
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to achieve superiorapproximationcapabilitiesover the ESN.

The procedureof generatinga naturallyevolving statereservoir roughly involves the following six steps:

a) Initialize an L £ L grid planeof a statereservoir.

b) Put backboneneuronson the grid planeandthengeneratesynapticconnectionsamongthe backboneneurons.

c) Add onenew local neuronto the grid plane.

d) Producesynapticconnectionsfor the newly addedlocal neuronusing local preferentialattachmentrules.

e) Repeatstepsc) andd) for eachnew local neuron.

f) Generatea reservoir weight matrix W r es suchthat the echostatepropertyholds.

As mentionedabove, a network hasechostatepropertyonly if the network statex(k) is uniquelydeterminedby

any left-in�nite input sequence[¢¢¢; u(k ¡ 1); u(k)]. More precisely, this indicatesthat for any given left-in�nite

input sequence,for all statesequences[¢¢¢; x(k ¡ 1); x(k)] and [¢¢¢; x0(k ¡ 1); x0(k)], which are updatedusing

(1), it holdsthat x(k) = x0(k), or, e(k) = x(k) ¡ x0(k) = 0. Hencethe echostatepropertyimplies that the internal

neuronsin the statereservoir show systematicvariationsof the driver signal.

1) Initialization of an L £ L Grid Planeof a StateReservoir: Let the numberof internalneuronsin a new state

reservoir ben, wheren ¿ L £ L. Usinga stochasticdynamicgrowth modellike thatproposedby [23], the internal

neuronswith a sizeof n are incrementallyassignedon a grid planeof statereservoir divided into L £ L squares.

The L £ L grid planeor the reservoir with a capacityof L £ L is requiredto be large enoughin order to contain

all the n internalneurons(n ¿ L £ L). Note that different internalneuronsgraduallygeneratedcannot be placed

at the samelocationon the grid planeof the reservoir andarenot allowed beyond the grid plane.

2) Generation of BackboneNeurons and SynapticConnectionsAssociated:In the processof generatinga new

state reservoir, we classi�ed all the internal neuronsinto two categories: backboneneuronsand local neurons.

Usually, thenumberof backboneneuronsmustbemuchlessthanthatof local neurons.In our experimentdescribed

later, for example,aboutonepercentof internalneuronsin thenew statereservoir werebackboneones.Speci�cally,

we randomlygeneratedthe x- and y-coordinates[xb, yb] of eachbackboneneuronon the grid plane.A �x ed set

of backboneneuronswas thenassignedat different locationson the L £ L grid plane,which roughly determined

the spatialdistribution of all n internal neurons.Furthermore,we de�ned a domainas the set of internal neurons

that comprisesonebackboneneuronanda numberof local neuronsaroundthis backbone.A collectionof domains

constitutedour new statereservoir from a higher level perspective.

The spatial distribution of nb backboneneurons,however, must satisfy two restrictions.One is that different

backboneneuronsgeneratedarenot allowed to beat thesamelocationon thegrid planeof the reservoir. Theother

is that the minimum distancebetweenany two backboneneuronsmust be greaterthan a certain thresholdsuch

that the resultingdomainscould be separatedfrom eachother. For instance,we set this thresholdto be 30 in our

experiment.After that, the backboneneuronsof nb werefully connectedto eachotherthroughsynapticconnection

weightsthat wererandomlyset to be a real valuebetween[-1, 1].

3) IncrementalGrowth of New Local Neurons: As describedabove, we initially built a small fully connected

backbonenetwork, which consistedof nb backboneneurons.Other (local) neuronswere then generatedso as to
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form an entirenaturallyevolving statereservoir. In this process,for eachlocal neuron,we randomlyselectoneof

the backboneneuronsand put the local neuroninto the domainassociatedwith this backbone.Supposethat the

locationof this backboneneuronis [xb, yb]. We thenproducethe x- andy-coordinatesof local neuronsaroundthe

backboneone[xb, yb] on the grid planeaccordingto the boundedParetoheavy-tailed distribution [7]:

P(v) =
aka

1 ¡ (k=Q)a v¡ a¡ 1; k · v · Q;

wherea denotesthe shapeparameterandk(Q) the minimum (maximum)value.

If a local neuronis fartherfrom its own backboneneuronthanoneof theotherbackboneneurons,we assumethis

local neuronis locatedin anotherdomaindominatedby thenearestbackboneneuron,which enablestheincremental

growth of new local neuronsto avoid collisions.But this case,fortunately, happensrarely in theprocedurepresented

heredueto the fact that the boundedParetodistribution seldomgeneratesa high value [7].

As a result, it causesa popularandnaturaleffect that in the samedomain,or equivalentcortex in a sense,most

of the local neuronsarespatiallynearto their backbone,while a few of themare far away from it. Sucha spatial

distribution of internalneuronsbearsa resemblanceto that which occursin the humanbrain network [10].

4) Generation of SynapticConnectionsfor New Local Neuron UsingLocal Preferential AttachmentRules: Based

on preferentialattachmentrules[1], any newly addedlocal neuronsalwayspreferto connectto neuronsthatalready

have many synapticconnections.More precisely, theprobability thata new local neuronis connectedto anexisting

neuronis proportionalto the outdegreeof the existing neuron.Consideringthe domainconceptintroducedhere,

we presenta new strategy, henceforthcalleda local preferentialattachment.

For convenience,we refer to the domainthat containsa new local neuronas the currentdomain.The candidate

neighborhoodof a new local neuronis de�ned as the setof neuronsto which this new local neuronis allowed to

be connected.Speci�cally, assumethat thereexists a circle whosecenteris the location of the new local neuron

andthe radiusis the Euclideandistancefrom the new local neuronto the backboneneuronin the currentdomain.

Consequently, we chooseall thoseneuronsin the currentdomainthat arejust within sucha circle asthe candidate

neighborhoodof the new local neuron.Apparently, the backboneneuronis alwaysoneof the candidateneighbors

farthestfrom the new local neuronin the currentdomain.

Let nc representthe numberof synapticconnectionsfor a newly addedlocal neuron.The parameternc controls

the densityof connectionsgeneratedin the currentdomain.Additionally, let n1 andn2 be the numberof neurons,

respectively, in the currentdomainand in the candidateneighborhoodof a new local neuron(n1 ¸ n2).

Our local preferentialattachmentrulesaregiven as follows:

(a) If nc ¸ n1, a new local neuronis fully connectedto all the existing neuronsin the currentdomain.

(b) If n2 · nc < n1, the candidateneighborhoodis rede�nedasthe setof all the neuronsin the currentdomain,

insteadof just thoseneuronsin the circle speci�ed above. A new local neuronis connectedto all the candidate

neighborsusing the following probability [23]:
diP

j 2 C dj
;

wheredj is the currentoutdegreeof neuronj , andC the candidateneighborhoodof the new local neuron.
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Fig. 2. The spatialdistribution of 1,000neuronson a 300 £ 300 grid plane.

(c) If nc < n2, the probability that is usedto attacha new local neuronto a candidateneighboris the sameas

the above.

In general,local preferentialattachmentrulescontribute to both the small-world andthe scale-freepropertiesof

generatednetworks. The chosencandidateneighborsof a new local neuron,of which the new local neuronitself

is usually in the center, shouldhelp improve the clusteringcoef�cient of the network.

C. Analysisof the Complexities of the SHESN

Basedon the naturalgrowth modelpresentedabove, we incrementallygenerateda statereservoir of the SHESN.

The network topology parametersare as follows: the capacityof the reservoir L £ L = 300£ 300 = 90,000,the

numberof internalneuronsn = 1,000,the numberof backboneneuronsnb = 10, and the numberof connections

for eachlocal neuronnc = 5. In addition,we took the parametersof the boundedParetoheavy-tailed distribution

as follows: a = 1, k = 1, and Q = 90,000.The spatial distribution of the naturally evolving reservoir produced

is shown in Fig. 2. The spectralradiusand the sparseconnectivity of sucha new reservoir were calculatedto be

2.1051and0.979%,respectively.

1) Spatially Hierarchical and Distributed Structure: As shown in Fig. 2, the 1,000 internal neuronsare incre-

mentally placedon the 300£ 300 grid plane,resultingin 10 clear clustersor domains.Eachdomaincontainsone

backboneneuron,anda collectionof local neuronsaroundthe backboneone.It is readily evident that the network

topologyof our naturallyevolving reservoir hasa spatiallyhierarchicalanddistributedstructureat different levels.

It hasseveral uniquefeatures,as follows:

(a) The new dynamicstatereservoir comprisesseveral domains.The domainsare regardedas top level macro-

neuronsin the reservoir network hierarchy. They arefully connectedto eachotherthroughbackboneneurons.The

numberof inter-domainsynapticconnectionsamongbackboneneuronsis muchsmallerthanthe numberof entire

connectionsin the new reservoir due to the fact that thereis a small percentageof backboneneurons.
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Fig. 3. The input weight matrix W in describingthe relationshipbetweenone input neuronandall the internalneurons.

(b) In eachdomainor at a low level, local neuronsareonly connectedto theneuronslocatedin thesamedomain.

In mostcases,the numberof intra-domainconnectionsis muchgreaterthan that of inter-domainones.

(c) According to (a) and(b), dynamicbehaviors for eachdomainare relatively independent.

(d) All then internalneuronsin theresultingreservoir arespatiallyscatteredon anL £ L grid plane(L £ L À n),

asshown in Fig. 3. Initially, eachneuronin the input layer is connectedto all the L £ L nodesin the grid plane.

Whenthe n internalneuronsin the grid planearegeneratedaccordingto the naturalgrowth rules,the input weight

matrix betweeneachinput neuronandthe n internalneuronscanbe randomlyproducedwith uniform distribution.

Meanwhile,all the input weightsbetweeneachinput neuronand the grid nodesthat are not internal neuronsare

resetto zero.Hencethe input weight matrix re�ects the spatialdistribution of internalneurons.

2) Small-World Phenomenon:Average Characteristic Path Length and Clustering Coef�cient: The average

characteristicpath length L(p) and the clusteringcoef�cient C(p) [31] are usedto characterizethe small-world

phenomenonof complex network topology. Ournaturallyevolving reservoir network wascomposedof 1,000internal

neurons.Correspondingly, it hada1,000£ 1,000reservoir weightmatrixW r es, with asparseconnectivity of 0.979%.

Henceit wasundoubtedlya large andsparsecomplex network.

As a globalproperty, theaveragecharacteristicpathlengthL(p) re�ects theeffective sizeof a complex network.

It is de�ned as the meandistancebetweentwo internal neurons,averagedover all pairs of internal neurons.The

clusteringcoef�cient C(p) is a local propertymeasuringthe probability that two neuronsneighboringan internal

neuronare also neighborsof eachother [31]. More precisely, supposethat the internal neuronv in the reservoir

has kv neighborneuronsthat are connectedto the neuronv. Let na (nt ) representthe actual (total possible)

numberof connectionsamongthe neighborneuronsof v. The clusteringcoef�cient Ci of the neuronv is de�ned

asCi = na=nt = 2na=(kv (kv ¡ 1)) [31]. Hencethe clusteringcoef�cient C(p) of the whole reservoir network is

the averageof Ci over all the internalneurons.

For the SHESN's reservoir presentedabove, the averagecharacteristicpath lengthand the clusteringcoef�cient

were computedas follows: L (p) = 3.7692and C(p) = 0.2303,respectively. For comparison,we investigated a
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TABLE I

ANALYSIS OF SMALL-WORLD AND SCALE-FREE FEATURES FOR TEN DOMAINS

Domain 1 2 3 4 5 6 7 8 9 10

Size 103 108 88 91 104 86 99 114 85 122

Char. Path Length 2.0041 2.0043 1.9432 1.9761 1.9678 1.9886 1.9486 2.0723 1.9837 2.0399

ClusteringCoef. 0.4082 0.4691 0.4653 0.4569 0.3957 0.4392 0.4558 0.3701 0.4167 0.3955

CorrelationCoef. 0.9875 0.9843 0.9909 0.9850 0.9901 0.9891 0.9843 0.9847 0.9852 0.9821

completelyrandomreservoir network with the samesizeof 1,000neuronsanda sparseconnectivity of about1%.

For this ESN reservoir network, we calculatedthe averagecharacteristicpath lengthandthe clusteringcoef�cient,

respectively, i:e., L r andom = 3.2668and Cr andom = 0.0112.Thesecalculationsshowed that L (p) was almostas

small asL r andom andC(p) wasmuchgreaterthanCr andom . In otherwords,the new reservoir of the SHESNhad

short averagecharacteristicpath lengthsand high clusteringcoef�cients as well. Thereforeour new reservoir is a

small-world complex network.

Moreover, Table I gives the averagecharacteristicpath length and the clusteringcoef�cient for eachof the 10

domains.Comparedto their counterpartsin the completelyrandomnetwork, we showed that eachdomainis also

a small-world subnetwork.

3) Scale-FreeFeature: It is well known that power laws arefree of any characteristicscale.Networks that have

power law degreedistributionsarecalledscale-freenetworks. In recentyears,empiricalstudieshave revealedthat

Internettopologiesexhibit power laws in the form of y = x ¡ ® [12], [23], [26]. Usually, the power law exponent®

is employed to characterizesomeuniversalpropertiesof network topology. In orderto �nd theexponent®, we �rst

plotted the relationshipbetweentwo variablesx andy in a log-log scaleand the slopeof the resultinglinear plot

was thenviewed as the power law exponent®. Furthermore,we utilized Pearson's correlationcoef�cients for the

log-log plot so asto judgewhetherpower laws really exist. In fact, the closerthe absolutevalueof the correlation

coef�cient is to one,the moreclosely the dataobey a power law [23]. For a good linear �t on a log-log plot, the

correlationcoef�cient shouldoftenbegreaterthan0.95andthep-valueshouldbe lessthan0.05aswell. In general,

if the p-value is small, then the correlationis signi�cant.

Let us considerthe following two power law or scale-freedistributions [12]: outdegreeof neuronsvs. rank and

the numberof neuronsvs. outdegree.Both of themwereobserved in our naturallyevolving reservoir. Note that the

rank of a neuronis de�ned asthe orderof a neuronin all the internalneuronsthat aresortedin descendingorder

accordingto their outdegrees.

Fig. 4 shows therelationshipbetweentheoutdegreeof internalneuronsandtherankof neuronson a log-log plot.

Using the corrcoef function in MATLAB, the correlationcoef�cient was calculatedto be 0.988with the p-value

of 0. The rank exponentR, or the slopeof the �tting linear plot, was calculatedas 0.59, which is in accordance
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Fig. 4. Log-log plot of outdegreeof neuronsvs. rank. The correlationcoef�cient is 0.988with a p-valueof 0.

Fig. 5. Log-log plot of the numberof neuronsvs. outdegree.The correlationcoef�cient is 0.979with a p-valueof 0.

with the resultsfor the Internettopology in [12].

Furthermore,we alsofound the correlationcoef�cient for eachdomain,aslisted in TableI. The resultsillustrate

that every domain,i.e., low-level subnetworks, alsoexhibits the power law characteristic.

Similarly, as shown in Fig. 5, we obtainedthe relationshipbetweenthe numberof internal neuronsand the

outdegree.Note that we eliminatedthe neuronsthat have outdegreeoutliersbeforelinearly �tting the log-log plot.

The correlationcoef�cient was calculatedas 0.979 and the p-value 0. In this case,we computedthe outdegree

exponentof reservoir O = 2.41.Actually, the outdegreeexponentsof 2.0 – 3.0 hasfrequentlybeendiscoveredin

most naturalcomplex networks suchas biological networks [1], [30]. This illustratesthat our SHESNexpresses

somebiological characteristicsat leastin termsof power law distribution [10].

D. Training the SHESNUsing SupervisedLearning

As mentionedabove, the connectionweight matrix of a reservoir, i:e., W r es, mustbe carefully chosenin order

to ensurethat theechostatepropertyis retained.Meanwhile,the input weightmatrix W in andthe feedbackweight

W f b could be arbitrarily assignedwithin the rangeof possibilities.The outputweight matrix W out , however, must

be adjustedusingsupervisedlearning.
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In otherwords,after constructingthe recurrentneuralnetwork architecturethat satis�es the echostateproperty,

we must computethe output weight matrix W out such that the training sampledatasetis approximatedby the

network.

For instance,the training datasetof nt length is de�ned as follows:

f u(1); yd(1)g; f u(2); yd(2)g; ¢¢¢; f u(nt ); yd(nt )g

whereu(k) denotesthe input vectorat time k andyd(k) the desiredoutput.

After discardingthe �rst n0 stepsor going throughthe transienttime [18], we must�nd theoutputweightmatrix

W out suchthat the training mean-squareerror (MSE):

M SE = 1=(nt ¡ n0)
X n t

k= n 0 +1

0

@d(k) ¡ W out

2

4
x(k)

u(k)

3

5

1

A

2

is minimized.Note that d(k) = (tanh)¡ 1(yd(k)) , x(k) =
h

x1(k) x2(k) ¢¢¢ xn (k)
i T

, and n indicatesthe

numberof echostatevariables.

Apparently, this is a classicallinear regressionproblem.It is easyto directly solve it usinga generalizedinverse

matrix approach.Thereforethe 1£ (n+1) dimensionaloutputmatrix W out is derived as follows:

W out = (M ¡ 1D)T ;

whereT representsthe transpose.The (n t ¡ n0) £ (n + 1) dimensionalmatrix is given by

M =

2

6
6
6
6
6
6
4

x1(n0 + 1) ¢¢¢ xn (n0 + 1) u(n0 + 1)

x1(n0 + 2) ¢¢¢ xn (n0 + 2) u(n0 + 2)

¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢

x1(nt ) ¢¢¢ xn (nt ) u(nt )

3

7
7
7
7
7
7
5

and

D =
h

d(n0 + 1) d(n0 + 2) ¢¢¢ d(nt )
i T

:

In our experiment,calculationsof a generalizedinversematrix of M weredoneby usingthe pinv pseudoinverse

function in MATLAB.

I I I . ENHANCED ECHO STATE PROPERTY AND DYNAMIC APPROXIMATION CAPABILITY

A. DatasetPreparation

1) The Mackey-GlassSystem:The Mackey-Glassdynamic system,with large time delay ¿, is a well-known

testbedfor nonlinearchaoticsystemprediction.As an example,we �rst applied the SHESNto this challenging

problemin orderto validateperformanceof our new network model.Thedifferentialequationof theMackey-Glass

systemis as follows [22]:
dx
dt

=
0:2x(t ¡ ¿)

1 + x(t ¡ ¿)10 ¡ 0:1x(t);
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TABLE II

SEVERAL TRAINING AND TEST DATASETS FOR THE MG SYSTEM

SamplingDataset Time Delay ¿ Transformation

Dataset1 17 tanh(x–1)

Dataset2 30 (0.3tanh(x–1))+0.2

Dataset3 – 17 17 – 31 (0.3tanh(x–1))+0.2

Fig. 6. The �rst 3,000datapoints in the lasertime series.

wherex representsastateand¿ a timedelay. Apparently, thelargerthetimedelay¿, themoreseverethenonlinearity

of the MG system.Speci�cally, a chaotictime seriesoccursin the MG systemwhen¿ ¸ 17.

In order to preparetraining and test datasets,we used the dde23 function in MATLAB to solve the delay

differential equation.In particular, we set absoluteaccuracy to 1e-16 insteadof a default value of the dde23

function. As a consequence,seventeensamplingdatasetswere constructedusing the above equationsolver as the

time delay ¿ increasedfrom 17 to 31, as listed in Table II. Note that transformationswere done to set all the

generatedsamplesto be within availableoutputranges.For the sake of comparison,dataset2 wasthe sameasthat

usedin the supportingonline materialof [18].

2) LaserTimeSeriesPrediction: Thelasertimeseriesproblem,asareal-world chaotictimeseries,hasextensively

beenusedto test a variety of predictionapproaches[4], [8], [18], [25], [32]. As a secondexample,we usedthe

samedatasetasthe onein [18]. Fig. 6 shows the �rst 3,000datapointsof the lasertime series.Note that thereare

several breakdown eventsthat arevery dif�cult to predict.

Similarly, we constructedtwo training and test datasetsas follows: (1) Dataset18: The �rst 2,200 datapoints

of the laser time serieswere usedto form the training dataset.The test datasetcomprisedthe segmentbetween

2,200to 2,400.(2) Dataset19: We usedthe �rst 2,500datapointsasanalternative trainingdataset.Thedatapoints

between2,500to 2,700wereselectedas the testdatasetin this case.It is readily observed from Fig. 6 that there

exists a breakdown event in eachof the two testdatasets.
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B. TestingCriterion

Here we give the testing criterion for the SHESN (and the ESN) in our experiments.In the test phase,we

evaluatedthe accuracy of the SHESN(andthe ESN) eitherat a speci�c observation point or for all the datapoints

on 100 independentruns.

Speci�cally, for theMG system,the84samplesfollowing thetrainingdatasetof n t length,i.e., f u(nt + 1); yd(nt + 1)g,

f u(nt + 2); yd(nt + 2)g, ¢¢¢, f u(nt + 84); yd(nt + 84)g, were chosenas a test dataset[18]. Similarly, we took

k = nt + 84 asanobservationpoint andcompleted100 independenttrials. Note that for eachtrial we useda newly

generatedSHESN.Thenwe could computea normalizedroot-mean-squareerror (NRMSE) asour testerror:

N RM SE84 =
µ X 100

l =1

¡
y l

d (nt + 84) ¡ y l (nt + 84)
¢ 2

=
X 100

l =1

¡
y l

d (nt + 84)
¢ 2

¶ 1=2

; (3)

wherey l (k) was the actualoutputof the SHESNat the l-th trial.

For the lasertime seriespredictionproblem,insteadof selectingone observation point, we usedall of the 200

datapoints in a test dataset,e.g, from nt + 1 to nt + 200, to computethe NRMSE for thosedatapoints on 100

independentrunsas follows:

N RM SE =
µ X 100

l =1

X n t +200

m = n t +1

¡
y l

d (m) ¡ y l (m)
¢ 2

=
X 100

l =1

X n t +200

m = n t +1

¡
y l

d (m)
¢ 2

¶ 1=2

: (4)

C. EnhancedEcho StateProperty

In the completely randomESN approachproposedby Jaeger et al. [18], the state reservoir is sparselyand

randomlyconnectedand all the internal and output neuronshave sigmoid activation functionssuchas tanh. The

output of internal neuronsin the reservoir is referredto as a state.Using the nonlinearstateequationdescribed

above, thestatesequenceof thereservoir X = f¢¢¢; x(k ¡ 1); x(k)g is correspondinglyproducedaswe sequentially

provide a set of left-in�nite time seriesU = f¢¢¢; u(k ¡ 1); u(k)g as an input of the network. If the reservoir

has an asymptoticallystablestate,the stateof reservoir x(k) is called the echo state.In general,the ESN has

an echostatepropertyonly if a stateof reservoir x(k) is uniquely determinedby any left-in�nite input sequence

[¢¢¢; u(k ¡ 1); u(k)] [17]. In other words, the echo stateproperty meansthat the ESN has an echo statein an

admissiblestatesetX with input from U.

Let j¸ max j (W r es) denotethe spectralradiusof the connectionweight matrix of the statereservoir, where¸ max

is an eigenvalueof W r es with the largestmagnitude.For sucha randomlyconnectedESN,Jaeger pointedout that

the sparseconnectionmatrix of the ESN reservoir W r es must satisfy j¸ max j (W r es) < 1 so that the stateof the

reservoir x(k) can act as the echoingfunction of the driving signal [18]. In fact, it is quite consistentwith our

empiricalstudiesthat the ESN cannot work properlywhen its statereservoir hasa spectralradiusbeyond 1.

As oneof the most importantcontributionsof this paper, the SHESNmodelwe proposein this paperindicates

that the suf�cient condition for the ESN j¸ max j (W r es) < 1 is quite conservative. The echostatepropertyof the

SHESNcanbe signi�cantly enhancedby allowing a muchwider rangeof spectralradius.Four experimentson the

MG systemand the laser time seriespredictionwere donein order to examineechostatepropertiesof the ESN
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(a) TestingESN on dataset1 (b) TestingESN on dataset2 (c) TestingSHESNon dataset1 (d) TestingSHESNon dataset2

Fig. 7. The N RM SE84 testerror vs. spectralradiuson MG system.

and our SHESN.In the empirical studiesbelow, we useddataset1, dataset2, dataset18, and dataset19 as the

training and testingdatasetsfor four differentexperiments,respectively.

(1) Experiment for the ESN: As statedabove, the spectralradiusof the connectionweight matrix of the ESN

reservoir j¸ max j (W r es) mustbe lessthan1 so asto satisfy the echostateproperty. In otherwords,the ESN will

have an asymptoticallyunstablenull stateif j¸ max j > 1 [17].

Here we carried out four experiments,basedon dataset1, dataset2, dataset18, and dataset19, respectively.

For datasets1 and 2, we constructedan ESN reservoir of 500 internal neuronswith sparseconnectivity of 1%.

The noisev(k) addedherewas randomlyproducedwith uniform distribution over [-0.0008,0.0008].The input

andfeedbackweight matricesW in andW f b wererandomlysetwith uniform distribution over [-1, 1]. The output

weight matrix W out wasderived using the supervisedlearningalgorithmdescribedabove. We thenexaminedthe

N RM SE84 testerrors,which could be calculatedby (3), with the increaseof the spectralradiusstartingwith 0.1

at a stepsizeof 0.1. The experimentalresultsaregiven in Fig. 7(a) andFig. 7(b), respectively.

For datasets18 and 19, we usedthe reservoir with 500 internal neuronsfor the ESN, the input and feedback

weightmatricesW in andW f b wererandomlysetwith uniform distribution over [-1, 1] and[-0.4, 0.4], respectively,

accordingto privatecommunicationswith H. Jaeger [17], [18]. The sparseconnectivity wasassignedto 2% in this

case.Then we investigatesthe N RM SE test errors,which could be calculatedby (4), with the increaseof the

spectralradiusstartingwith 0.1 at a stepsizeof 0.1. Empirical resultsareshown in Fig. 8(a) andFig. 8(b).

It is clear from Fig. 7(a), Fig. 7(b), Fig. 8(a), and Fig. 8(b) that all of the four ESNsbecameunstablewhen

the spectralradius of the reservoirs was greaterthan 1. This is completelyconsistentwith the resultsof [18].

In particular, we observed from Fig. 7(b) that when the spectralradiuswas 0.8, the N RM SE84 test error was

calculatedas 0.0185,which was consistentwith that obtainedin [18]. Note that for experimentson dataset1and

2, we usedthe sametraining and testdatasetsandsimilar network parameters,comparedto the experimentsdone

in [18].

(2) Experiment for the SHESN: Similar to the four different experimentsdone for the ESN, we chosethe

reservoir topology parametersof the SHESN.For dataset1 and 2, the capacityof reservoir L £ L = 200£ 200

= 40,000,the numberof internal neuronsn = 500, the numberof backboneneuronsnb = 5, and the numberof

connectionsfor a new local neuronnc = 5. The noise v(k) was randomly generatedwith uniform distribution
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(a) TestingESN on dataset18 (b) TestingESN on dataset19 (c) TestingSHESNon dataset18 (d) TestingSHESNon dataset19

Fig. 8. The N RM SE testerror vs. spectralradiuson lasertime series.

over [-0.0008,0.0008].The input and feedbackweight matricesW in and W f b were randomlyset with uniform

distribution over [-1, 1]. The outputweight matrix W out wasderived usingthe supervisedlearningalgorithm.The

experimentalresultsareshown in Fig. 7(c) andFig. 7(d), respectively.

For datasets18 and 19, the maximumcapacityof the reservoir with 500 internal neuronswas set as L £ L =

200£ 200 = 40,000.We selectedthe numberof backboneneuronsnb = 5 and the numberof connectionsfor a

new local neuronnc = 1. The input andfeedbackweight matricesW in andW f b wererandomlysetwith uniform

distribution over [-1, 1] and [-0.4, 0.4], respectively. We eventually achieved the experimentalresults for both

datasets18 and19, asshown in Fig. 8(c) andFig. 8(d), respectively.

The resultsshowed that the SHESN had a much wider rangeof spectralradius. Even if the spectralradius

j¸ max j (W r es) was signi�cantly greaterthan 1, the stateof SHESN reservoir could still be consideredas the

echoingfunctionsof the input signal.This considerablyimprovestheechostateproperty, comparedto thoseresults

obtainedfor ESNs(Fig. 7(a), Fig. 7(b), Fig. 8(a), and Fig. 8(b)). As shown in Fig. 7(c), Fig. 7(d), Fig. 8(c), and

Fig. 8(d), our observation indicatedthat the upperboundaryof the spectralradiusof our new reservoir increased

even up to 6.0.

D. ApproximatingNonlinearDynamics

1) TheMackey-GlassSystem:We �rst appliedthe SHESNto model the Mackey-Glassdynamicsystemwith a

large time delay. The goal was to examinethe SHESN's capability to approximatenonlineardynamics.In order

to compareour SHESN to the ESN, we employed datasets3 – 17 listed in Table II, in which the time delay

varied from 17 to 31 correspondingly. For both the ESN and the SHESN,we took the samenetwork topologies

andparametersasthosedonefor the two experimentsusingdataset2, respectively. Thesoledifferencewasthatwe

designeda differentspectralradiusfor naturallyevolving reservoirs. In this experiment,the spectralradiusesof the

SHESNsfor the MG systemusingdatasets3 – 17 wereall set to 2.7, while the spectralradiusesof the randomly

connectedESNswereall set to the Jaeger's original valueof 0.8 [17], [18]. The experimentalresultsareshown in

Fig. 9.

Note that the reasonfor choosingthe spectralradiusof 0.8 for the ESN in our comparative study is that this is

the bestvalue for the MG systemin a whole rangeof time delay17 – 31. More importantly, it is in accordwith
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Fig. 9. The NRMSE testerror vs. the time delay¿ in the MG system.

that usedin [17], [18].

For the Mackey-Glassdynamic system,the larger the time delay ¿, the more severe the systemnonlinearity.

Speci�cally, a chaotictime seriesoccursin the MG systemwhen¿ ¸ 17. Henceit is very hardto approximatethe

MG dynamicsystemusingeitherESN/SHESNor any othermodelswith the increaseof ¿. This, undoubtedly, is a

real challenge.In Fig. 9, the SHESNerror becomessigni�cantly smallerthanthe ESN when¿ ¸ 26. In this case,

the MG systemis of signi�cantly high nonlinearityandneedsto have particularlystrongcapabilitiesof short-term

memory. Our SHESNdoesachieve a betterresult.Note that it is unfair to comparethe resultsof both the SHESN

and the ESN obtainedat two different time delays,becausetherehave quite different dif�culties led by different

levels of nonlinearity.

From Fig. 9, both the SHESNand the ESN have approximatelythe sameperformancewhen in the rangeof

¿ = 17¡ 25. But the SHESNhasstrongercapabilitiesof approximatingnonlineardynamicsthan the ESN, as ¿

is increasedup to 26 andbeyond, which implies that systemnonlinearitiesbecomemoresevereand this problem

is very tough to tackle.For example,the superiorperformanceof the SHESNover the ESN is quite apparentas

¿ = 29. Thereasonis that thegreaterthespectralradius,thestrongerthecomputationalcapabilitiesof thedynamic

reservoir. This causesthenew reservoir of theSHESNto becapableof approximatingmorecomplex nonlinearities

usingstableechostates.Furtherexplanationswill be offered in the discussionsection.

In view of the randomnessin both the ESN and SHESN,a measureof variancefor performanceshould be

tractable.Fig. 9 shows the NRMSE testerror for 100 independentruns.The standarddeviationsfor both the ESN

andSHESNare listed in Table III.

2) LaserTimeSeriesPrediction: As shown in Fig. 8(a),Fig. 8(b),Fig. 8(c),andFig. 8(d),we testedtheprediction

performanceof the ESN and the SHESNon datasets18 and 19, respectively. Here we comparedthe prediction

accuracy of the ESN and the SHESNon a speci�c spectralradius.For the ESN, the spectralradiusof 0.9 is the

bestvaluefrom Fig. 8(a)andFig. 8(b). For theSHESN,we chosespectralradiusof 4.0,which is muchlarger than

the upperboundof spectralradiusof the ESN.The resultsarelisted in TableIV. Note that the NRMSE testerrors

werecalculatedaccordingto (4) on 100 independentruns.
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TABLE III

STANDARD DEVIATION OF PREDICTION FOR THE MG SYSTEM

Time Delay 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

ESN (£ 10¡ 4 ) 0.032 0.159 0.053 0.181 0.068 0.276 0.398 0.117 0.794 0.233 0.271 0.624 2.551 0.968 2.755

SHESN(£ 10¡ 4 ) 0.037 0.149 0.031 0.267 0.048 0.384 0.364 0.171 1.769 0.171 0.337 0.847 0.689 0.889 2.191

TABLE IV

THE NRMSE TEST ERRORS FOR THE LASER TIME SERIES

dataset18 dataset19

ESN 0.1422 0.0804

SHESN 0.1148 0.0558

IV. DISCUSSION

For theESN,it hasbeenshown [17], [18] that theechostatepropertydoesnot hold if thesparsereservoir matrix

W r es satis�es j¸ max j (W r es) > 1. We have demonstratedin our experimentsthat for the SHESNwith a naturally

evolving reservoir, the echostatepropertycan be greatly enhancedby allowing a larger rangeof viable spectral

radius.This, undoubtedly, raisesa very interestingquestionof why it happens.What is the underlyingreasonfor

theseamazingphenomena?

To explain the essentialdifferencebetweenthe new statereservoir of the SHESNand the randomlygenerated

reservoir of the ESN, we examine the eigenvalue spectrumof statereservoirs, which is known to dominatethe

dynamicsof the reservoir networks. We �rst set up the randomreservoir of the ESN and the naturally evolving

reservoir of the SHESN,respectively, both of which had 500 internal neuronsand a spectralradiusof 1:5. The
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Fig. 10. Spectrumfor the largest100 eigenvaluesin termsof their magnitudesas the spectralradiusis 1:5.
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Fig. 11. Log-log plot of the eigenvaluemagnitudevs. the i -th largesteigenvalue.

connectivity of the ESN's reservoir was set to be 1%. For the SHESN's reservoir, we usedthe sameparameters

asthosein the lasertime seriespredictiondescribedabove. We theninvestigatedthe eigenvaluespectrum,namely,

the distribution of the eigenvaluesin the z-planefor both the reservoirs. We carried out 100 independentruns,

and calculatedthe averageof the magnitudeof the i -th largest eigenvalue over the 100 independentruns (i =

1; 2; ¢¢¢; 100), respectively, as shown in Fig. 10. It is readily observed from Fig. 10 that the magnitudesof the

largesteigenvalues(i.e., i = 1) for the two reservoirs areall equalto 1:5. For the ESN reservoir, the curve declines

very smoothly, and the magnitudesof all the 100 largesteigenvaluesare around1:5. Speci�cally, amongall the

500 eigenvalues,there are 207 eigenvalues that have magnitudesof greaterthan 1. Meanwhile, the eigenvalue

magnitudesof the SHESN's reservoir drop sharply. Only 6 eigenvalues,i.e., 1:2 percentof the 500 eigenvalues,

have magnitudesbeyond1. More interestingly, for theSHESN's reservoir, thedistribution of 100 largesteigenvalue

magnitudesobeys the power-law, wherethe correlationcoef�cient is 0:989 andthe p-value0, asshown in Fig. 11.

This indicatesthat the magnitudesof mostof the eigenvaluesreduceexponentiallyand is very closeto the origin

of the z-plane,althoughthe spectralradiusof the SHESN's reservoir is greaterthan1.

We alsoinvestigatedwhethertheperformanceof theSHESNdegradesasrandomdisturbanceincreases.We tried

a wider rangeof noiselevels and obtainedvery encouragingexperimentalresults.We conductedour experiments

with theSHESNbasedon dataset19,wheretheparameterswerechosento bethesameasthosein theSectionIII-C.

Whenthespectralradiusis setto be8.0andthenoisedisturbancev(k) rangesfrom [¡ 10¡ 7; 10¡ 7] to [¡ 10¡ 1; 10¡ 1],

theapproximatingerrorroughlyremainsunchanged.Thesystemhadindeeda very strongrobustness.Like thesame

reasonthatscale-freenetworksarerobust to randomfailures[1], our SHESNarchitectureis morerobust to random

noise.

Actually, thepower law distribution of theeigenvaluemagnitudesguaranteesthatevenwhentheSHESNreservoir

hasa larger spectralradius,only a few of eigenvaluesarebeyond the unit circle, whereasmostof themhave small

magnitudesthat fall sharply. Within the unite circle, a large numberof eigenvaluesthat arevery closeto the origin

of thez-planewill actasdominanteigenvaluesanddeterminetheglobalconvergenceof system,even in thecaseof
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larger randomnoise.Therefore,in the high-dimensionalphasespaceof internalneuronsin the SHESNreservoir, a

very few large eigenvalues,i.e., non-dominanteigenvalues,spanonly a much lower-dimensionalsubspace.In this

case,two trajectoriesmay diverge locally and very transientlydue to their different initial statesand the random

noises,they will not reachglobal divergence.

This researchwork may raisesomedeepissuesthat arenot resolved yet. For example,the SHESNis probably

quitesusceptibleto targetedattackson somespeci�c neurons,particularlyon thebackboneneuronsandtheneurons

with high degrees.Furthermore,the SHESNarchitecturemay be lessrobust to noiseon speci�c (hub) neurons.All

theseopenproblems,including strict mathematicalproofsof the SHESN's enhancedechostateproperty, arereally

very interestingtopicsandworthy of beingexplored in the future.

V. CONCLUSION

In this paperwe proposeda scale-freehighly-clusteredechostatenetwork (SHESN),which is an extendedESN

model that containsa small-world and scale-freestatereservoir. In order to establishthe new statereservoir, we

presentedincrementalgrowth rulesthattook into considerationseveralnaturalcharacteristics:(1) shortcharacteristic

path length,(2) high clusteringcoef�cient, (3) scale-freedistribution for network degree,and (4) hierarchicaland

distributed architecture.We investigated the collective behavior of the SHESN and then applied the SHESN to

predictionproblemsof the MG systemand the laser time series.The experimentalresultsobtainedshowed that

comparedto the Jaeger ESN with a randomly connectedstatereservoir, our new SHESN network signi�cantly

improves the echostatepropertyand is capableof accuratelyapproximatinghighly complex nonlineardynamic

systems.Sucha naturalandef�cient recurrentneuralsystem,which could consistof thousandsof neuronsor even

more,is very likely to representsomeneurobiologicalfeaturesin many aspectssuchasscale-freedistribution and

small-world property. Futurework will focus on synchronizationproblemsof sucha small-world and scale-free

dynamicrecurrentneuralnetwork. Researchalong this line and practicalapplicationsto other complex dynamic

problemsare in progress.
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