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Abstract: Consider the problem of pricingn items under an unlimited supply withm single minded
buyers, each of which is interested in at mostk of the items. The goal is to price each item with profit
marginp1, p2, . . . , pn so as to maximize the overall profit. There is anO(k)-approximation algorithm
by [BB06] when the price on each item must be above its margin cost; i.e., eachpi > 0.

We investigate the above problem when the seller is allowed to price some of the items below their
margin cost. It was shown in [BB06, BBCH08] that by pricing some of the items below cost, the
seller could possibly increase the maximum profit byΩ(log n) times. These items sold at low prices to
stimulate other profitable sales are usually called “loss leader”. It is unclear what kind of approximation
guarantees are achievable when some of the items can be priced below cost. Understanding this
question is posed as an open problem in [BB06].

In this paper, we give a strong negative result for the problem of pricing loss leaders . We prove that
assuming the Unique Games Conjecture (UGC) [Kho02], there is no constant approximation algorithm
for item pricing with prices below cost allowed even when each customer is interested in at most 3 items.

Conceptually, our result indicates thatalthough it is possible to make more money by selling some items
below their margin cost, it can be computationally intractable to do so.

Keywords: Complexity Theory; Game Theory; Approximation Algorithm; and Unique Games Con-
jecture

1 Introduction

We study the following item pricing problem. A
seller has an infinite supply ofn different items.
There arem buyers, each of which are interested
in a subset of the items with certain budget limit.
These buyers are allsingle minded; i.e., they either
buy all the items they are interested in if the overall
cost is within their budget or they will buy none of
them. The algorithmic task is to price each item
i with a profit marginpi to maximize the overall
profit of the seller.

Serval results were known when the profit mar-
gin pi on each item is required to bepositive. A
O(log n + log m) approximation for the general
problems is given by Guruswamiet al. [5]. If
we assume that each customer is only interested
in a constant numberk of the items, aO(k2)-
approximation algorithm was given in [3] by Briest

and Krysta. Later in [1], Balcan and Blum im-
proved the approximation ratio toO(k). In par-
ticular, whenk = 2 (such a problem is also called
graph vertex pricing), their algorithm gave an4-
approximation. On the hardness side, an APX-
hardness result was obtained for the general prob-
lem in [5]. Later, Demaine, Feige, Hajiaghayi,
and Salavatipour obtained a poly-logarithmic hard-
ness [4]. As for the case that each customer is only
interested in at most2 of the items, a2-hardness
result was obtained in [6] assuming the Unique
Games Conjecture (UGC).

Much less is known when the seller is allowed
to assign negative profit marginpi for some of the
items. The motivation behind selling some items
below the margin cost is to increase the overall
profit by stimulating the sales of other products.
These items sold below the cost are usually re-
ferred as the“loss leaders”. One example of the
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loss leaders is that in the market of digital book
reader (such as the Kindle and IPad), the seller
may price the reading device at a low price so as to
make more money on the sales of the digital books.

Studying the problem of pricing loss leaders is
formulated as an open problem in [1]; the authors
asked: “ what kind of approximation guarantees
are achievable if one allows the seller to price some
items below their margin cost?” Interestingly, the
authors found that by optimally pricing some of
the items below cost, one could possibly achieve a
profit that isΩ(log n) times of the maximum profit
under the positive price model. The problem of
pricing loss leaders is further studied by Balcan
et al. in [2]. They introduced two new models:
the couponanddiscountmodel. Roughly speak-
ing, the discount model is the item pricing problem
with negative profit margin allowed; the coupon
model adds an additional assumption that a seller’s
profit is at least0 for the entire transactions with
each customer. The sameΩ(log n) “profitability
gap” was shown under these models.

In this paper, we give a negative result for pric-
ing loss leaders. In particular, we show that ob-
tain aconstant approximationfor item pricing, un-
der either the coupon or discount model, is NP-
hard assuming the Unique Games Conjectures; our
hardness result holds even for the very simple case
that each customer is only interested at mostk = 3
items. Our result should be compared with the
case when only positive prices is assigned, there
is an 1

3e -approximation for such a problem. In ad-
dition, given a item pricing instances, we show that
it is hard to distinguish whether it has a big prof-
itability gap. Formally assuming the UGC and for
k = 3, we show that finding out whether the prof-
itability gap (either under the coupon or the dis-
count model) is aboveα for anyα > 6 is NP-hard.
Therefore, our result also indicates the hardness of
finding a loss-leader pricing strategy, not necessary
optimal, that is substantially larger than the maxi-
mum profit using positive prices only.

Conceptually, our results convey the following
message:although it is possible to make more
money by selling items below their cost, it can be
computationally intractable to do so.

1.1 Problem definitions
The item pricing problem is also called the

VERTEX-PRICING problem; it can be defined on

a graph where each customer is corresponding to
a hyperedge and each item to price is correspond-
ing to a vertex. Let us start by formally define the
following VERTEX-PRICING problem.

Definition 1.1. (VERTEX-PRICING) A vertex pric-
ing problem is specified by the tuple

(G(V,E), {be | e ∈ E}))

Here G(V,E) is a multigraph where each vertex
vi ∈ V represents an item. Each hyperedgee ∈ E
represents a set of items (vertices) that a particular
customer is interested with the budgetbe (be > 0).

For the purpose of normalization, let us also as-
sume that the minimum budget is 1.

When the corresponding graph isk-hypergraph
(i.e., each customer is interested in at mostk
items), we call the problemVERTEX-PRICINGk.

Definition 1.2. Given a VERTEX-PRICING in-
stanceI, and a price functionp : V → R, the
profit is defined as follows:

profitI(p) =
∑

be≥price(e)

price(e)

whereprice(e) =
∑

v∈e p(v).

When we restrict the range of the price func-
tion p, we get the positive price model, as well as
the discount model, coupon model andB-bounded
model that is introduced in [2]

Definition 1.3. Given a instanceI of VERTEX-
PRICING:

For the positive price model, the objective func-
tion is

Optpos = max
p:V →R+

profitI(p).

For the discount model, the objective function is

Optdisc = max
p:V →R

profitI(p)

For theB-bounded coupon model, the objective
function is

OptB = max
p:V →[−B,∞)

profitI(p)
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The B-bounded model applies to the case that
each item has the same margin costB and the
seller could not price the profit margin below−B.
The authors in [2] also defined the coupon model
which assumes that the profit is at least0 for each
sale with the customer.

Definition 1.4. Given a instanceI of VERTEX-
PRICING, the profit under coupon model is defined
as

profit+
I (p) =

∑

be≥price(e)

max(price(e), 0)

and the objective function is the following:

Optcoup = max
p:V →R

profit+(p)

It is easy to see the following relationship
among these models.

Fact 1.5. For anyB > 0 and aVERTEX-PRICING

instanceI,

Optpos ≤ OptB ≤ Optdisc ≤ Optcoup.

We also define the profitability gap as the ratio
between the optimum profit under these negative
profit models and positive profit model.

Definition 1.6. We define the profitability gaps as
follows:

• GapB = OptB

Optpos
.

• Gapdisc = Optdisc

Optpos
.

• Gapcoup = Optdisc

Optpos
.

1.2 Main result
Our main result is the following theorem:

Theorem 1.7. Assuming the UGC, given a
VERTEX-PRICING3 instance. Then for any posi-
tive integerB, it is NP-hard to distinguish the fol-
lowing two cases:

• OptB ≥ Ω(log B);
• Optcoup ≤ 6 + o(1).

Above decision problem is is hard even under the
additional assumption that3 ≥ Optpos ≥ 1.

Using fact (1.5) and takingB = 2Ω(α), we get
the following corollaries:

Corollary 1.8. (Hardness for coupon model) As-
suming the Unique Games Conjecture, for any
constantα > 0, VERTEX-PRICING3 under the
coupon model is NP-hard toα-approximate.

Corollary 1.9. (Hardness for discount model) As-
suming the Unique Games Conjecture, for any
constantα > 0, VERTEX-PRICING3 under the dis-
count model is NP-hard toα-approximate.

Corollary 1.10. (Hardness for B-bounded
model) Assuming the Unique Games Conjecture,
VERTEX-PRICING3 under the B-bounded model is
NP-hard toΩ(log B)-approximate.

Corollary 1.11. (Hardness for deciding profitabil-
ity gap) Assuming the Unique Games Conjecture
and for anyα > 0, it is NP-hard to tell whether
the profitability gap (under either the coupon or
the discount modes) is aboveα or below6 + o(1).

2 Preliminaries
2.1 Mathematical tools

Notations: For m ∈ R+, we use [m]
to denote the set{1, 2, . . . , bmc} (This is
slightly non-standard as we usually use[m] to
denote{0, 1, . . . ,m − 1} for m ∈ Z+). For q be-
ing an integer, we use the notation⊕q to denote
the addition of two numbers (or vectors) modulo
q. We use1(∙) to denote the indicator function.

Our proof relies on tools from Harmonic analy-
sis of Discrete functions. Here we make a quick
review. For a complete introduction, one can
check [7, 12]. We will be considering functions
of the form f : [q]n → Rt whereq, n, t ∈ N.
We denotef = (f1, f2, . . . , f t) wheref i is the
i-th coordinate off . The set of all functions
f : [q]n → Rt forms an inner product space with
inner product

〈f, g〉 = E
x∼[q]n

[f(x) ∙ g(x)];

Herex is uniformly random over[q]n andf(x) ∙
g(x) is the usual vector inner product. We also
write ‖f‖ =

√
〈f, f〉.

For a givenx, we sayy is ρ-correlated withx if
y is generated by setting eachyi = xi with proba-
bility ρ and a random number from[q] with proba-
bility 1 − ρ.
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For 0 ≤ ρ ≤ 1, we defineTρ to be the linear
operator on this inner product space given by

Tρf(x) = E
y
[f(y)],

where y is a random string in[q]n which is ρ-
correlated tox.

For i ∈ [n], we define the influence ofi on f :
[q]n → R to be

Infi[f ] = E
x1,...,xi−1,xi+1,...,xn∼[q]

[
Varxi∼[q][f(x)]

]
,

whereVar[f ] is defined to beE[‖f‖2]−‖E[f ]‖2.
More generally, for0 ≤ η ≤ 1 we define theη-
noisy-influence ofi onf to be

Inf(1−η)
i [f ] = Inf i[T1−ηf ].

One may observe that
∑n

j=1 Inf1−η
i f j =

Inf1−η
i f .

Following facts are well known:

Fact 2.1. For anyη,

n∑

i=1

Inf1−η
i (f) ≤

Var(f)
2eη

We also need the following “convexity of noisy-
influences” fact:

Fact 2.2. Let f1, . . . , f t be a collection of func-
tions[q]n → Rk. Then

Inf(1−η)
i

[

avg
m∈[t]

{
f (m)

}
]

≤ avg
m∈[t]

{
Inf(1−η)

i [f (m)]
}

.

Here for anyc1, c2, ...cm ∈ R (or Rk), we use
the notation avg(c1, . . . , cm) to denote their aver-
age: ∑t

m=1 ct

t
.

One major advanced tool we need in our analysis is
the following theorem that is essentially from [9].
Here we use one of its variants appeared in [12].

Theorem 2.3. Let (Ω = [q]t, μ) be a finite proba-
bility spaces with the following properties:

• a = (a1, a2, . . . , at) ∼ μ are pairwise inde-
pendent.

• α = mina∈Ω μ(a) > 0.

For η > 0 andf = (f1, ...f t) : Ωn → [0, 1]t be
function satisfying that for anyi ∈ [n], j ∈ [k] and
some constantτ > 0,

Inf1−η
i f j ≤ τ

Then

E[
t∏

i=1

T1−ηf (i)] −
t∏

i=1

E[f (i)] ≤ τC0η/ log(1/α))

Here C0 is a constant that only dependent ont.
The expectation is taken with respect to the product
distribution(Ω, μ)n.

Roughly speaking, above theorem states that for
calculating the product oft different functions, if
these functions do not have big noisy influence on
each coordinate, then the product of them is the es-
sentially the same under any pairwise independent
distribution or the fully independent distribution.

2.2 Relationship between Dictator Test and
hardness of approximation

Let us start by thinking of theVERTEX-PRICING

as defined on a weighted multigraph graph; i.e.
each edgee in the hypergraph has a certain positive
weight and the objective function is the weighted
sum of the profit obtained on each edge. As we
shall show later in section4.3, the hardness result
we obtain for the weighted vertex pricing prob-
lem also hold for the unweighted versionVERTEX-
PRICING.

The weightedVERTEX-PRICING3 problem can
be viewed as a 3-CSP over a set of variables
p1, p2, ...pn and a set of constraints specified by
the budgetbijk with weight wijk

1. For example
for the VERTEX-PRICING3 problem under the dis-
count model, the payoff function onbijk is

revenue(pi, pj , pk, wijk)

= 1(pi + pj + pk ≤ bijk)(pi + pj + pk).

The goal is to findp1, p2, . . . pn to maximize the
overall profit:

∑

i,j,k

wijk ∙ revenue(pi, pj , pk, bijk)

1 strictly speaking, for each(i, j, k), there can be different
bijk with different weightswijk.
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The work of Khot, Kindler, Mossel, and
O’Donnell [7] introduced a now-standard method-
ology for proving hardness results for weighted
CSPs based on the Unique Games Conjecture:
namely, the construction of Dictator vs. Small
Noisy-Influences Tests.

Formally speaking, a test for functions f with
domain[q]n is an explicit instanceT of aVERTEX-
PRICING3 with variable set[q]n. It is given
in the form of a probability distribution over
(x, y, z, w) ∼ [q]n × [q]n × [q]n × R+ ,where the
probability here can be thought of the weight put
on the constraint associated with(x, y, z, w). For
a given price functionf : [q]n → R , we define its
profit to be

profitT (f)

= Ex,y,z,w[revenue(f(x), f(y), f(z), w)].

We may now informally state what aDictator
vs. Small Noisy-Influences Testis. It is a test for
functionsf : [q]n → R with the following two
properties: (i)Dictator functions— i.e., func-
tions of the formh(xi) for a particular function
h : [q] → R and eachi ∈ [n] — pass the test
with high profitT (f) = c;2 (ii) Functionsf that
is of “low noisy influence” on each coordinate pass
the test with lowprofitT (f) = s. Then roughly
speaking, by the technique of [7], we can show
that assuming the UGC, it is NP-hard to distin-
guish whether aVERTEX-PRICING3 instance with
profit abovec or belows (which directly implies a
hardness of approximation ratios/c).

Above is the description of the Dictator Test for
the discount model. As for the coupon model, the
Dictator Test is essentially of the same except the
pay off function is defined as

revenue+(pi, pj , pk, wijk)

= 1(pi+pj+pk ≤ wijk)∙max(pi+pj+pk, 0).

and the profit of a functionf is defined as

profit+
T (f)

= Ex,y,z,w[revenue+(f(x)+f(y)+f(z), w)].

In the rest of the paper, we first design and ana-
lyze a proper Dictator Test forVERTEX-PRICING3.

2usuallyh(t) = t for most of the previous work.

With such a test, we then apply the reduction
of [7]. We want to emphasize here that we can
not directly use results from [7] as the variables in
VERTEX-PRICING is unbounded. The same prob-
lem also occurs in [11] on proving a hardness re-
sult for Unique Games over integer domain; the
authors handle it through a improved analysis with
the ”hyper-contractive inequality”. In comparison,
the proof in this paper can be viewed improved
as an analysis with the “invariance principle” [10]
over unbounded functions.

3 Dictator Test for VERTEX -PRICING

3.1 Description of the Dictator Test
To introduce our Dictator Test as well as analyz-

ing it, first let us define the following distributions
D0,D1,D2 on (x, y, z) ∈ [q]n × [q]n × [q]n. We
also assume here that

√
q is an integer.

Definition 3.1. (DistributionD0) Choosex, y uni-
form randomly and independently from[q]n; for
eachi, we have that

• zi = q − (xi + yi) if xi + yi < q.
• zi = 2q − (xi + yi) if q ≤ xi + yi ≤ 2q.

By definition, we know thatxi + yi + zi = 0
mod q for eachi. One important property of above
distribution is that(xi, yi, zi) for eachi arepair-
wise independent.

Definition 3.2. (Distribution D1) For x, y, z ∼
D0,, Letx′, y′, z′ be1 − ε correlated withx, y, z.
We call the corresponding distribution onx′, y′, z′

asD1

Definition 3.3. (Distribution D2) Choosex, y, z
uniform randomly and independently from[q]n.

Following is the Dictator Test for vertex pric-
ing. Here, we use~1 to indicate the all “1” vector:
(1, 1, . . . , 1) ∈ Rn.

Definition 3.4. (Dictator Test T ) For x′, y′, z′

generated fromD1 with ε set to be1/q and
an integer k randomly chosen from[

√
q], we

generate aVERTEX-PRICING constraint among
f(x′), f(y′), f(z′ ⊕q

⌊√
q/k
⌋
∙ ~1) with budget⌊√

q/k
⌋
. We define

profitT (f) = E
[
revenue((f(x′), f(y′),

f(z′ ⊕q b
√

q/kc ∙~1), b
√

q/kc)
]
.
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and

profit+
T (f) = E[revenue+((f(x′), f(y′),

f(z′ ⊕q b
√

q/kc ∙~1), b
√

q/kc)].

For the purpose of analyzingT , we also define
the following TestT ′.

Definition 3.5. (Test T ′) For x, y, z generated
from D2 and randomly choosek ∈ [

√
q], we

generate aVERTEX-PRICING constraint among
f(x), f(y), f(z) with budget

⌊√
q/k
⌋
).

We define

profitT ′(f)

= E[revenue ((f(x), f(y), f(z), b
√

q/kc)].

and

profit+
T ′(f)

= E[revenue+ ((f(x), f(y), f(z), b
√

q/kc)].

We claim that forT ′, it has the following prop-
erty:

Proposition 3.6. For any functionf : [q]n → R,
profit+

T ′(f) ≤ 1.

Proof. Notice that for each triple(x, y, z) , if there
existsk′ such that

√
q/(k′ + 1) < f(x) + f(y) +

f(z) ≤
⌊√

q/k′
⌋
. Then the profit on edges associ-

ated with(x, y, z) is nonzero only whenk is set to
be1, 2, ...k′. Therefore, the profits on edges asso-
ciated with(x, y, z) are bounded by:

k′(f(x) + f(y) + f(z))
√

q
≤

⌊√
q/k′

⌋
k′

√
q

≤
√

q
√

q
= 1.

The last step here uses the fact that
√

q is an
integer.

If f(x) + f(y) + f(z) ≤ 0 or f(x) + f(y) +
f(z) ≥

√
q, then the profit on edges associated

with x, y, z is below0.
Condition on every triple(x′, y′, z′), the expect

profit associated withf(x′), f(y′), f(z′) is at most
1, therefore the overall profit is also at most1.

3.2 Analysis of the Dictator TestT
We prove the completeness (Theorem3.7) and

soundness (Theorem3.8) for T in this section.

Theorem 3.7. (Completeness ofT ) For function
f(x) = xi − q/3 for x ∈ [q]n, profitT (f) ≥
Ω(log q).

Proof. Supposex′, y′, z′ ∼ D1 is 1 − 1/q corre-
lated ofx, y, z ∼ D0.

Sincexi, yi are randomly generated from[q], we
know that

√
q ≤ xi + yi ≤ q with probability at

least1/3. When this happens,xi + yi + zi = q
and zi ≤ q −

√
q. Also as each of thexi, yi, zi

is reset to a random number with probabilityε =
1/q, we know that with probability1/3−3/q, x′

i =
xi, y

′
i = yi, z

′
i = zi and we have thatx′

i + y′
i +

z′i = q andz′i ≤ q −
√

q. We call these(x′, y′, z′)
“good”.

Then for “good” (x′, y′, z′), if we choose
f(t) = ti − q/3, we know thatf(x′) + f(y′) +
f(z′⊕q

⌊√
q/k
⌋
) = xi +yi +zi⊕q

⌊√
q/k
⌋
−q =⌊√

q/k
⌋
. Therefore,

revenue
(
(f(x′), f(y′), f(z′ ⊕q b

√
q/kc ∙~1), b

√
q/kc

)
= b

√
q/kc .

Therefore for “good” (x′, y′, z′), the associate
profit is at least

(1/3 − 3/q) ∙

∑√
q

k=1

⌊√
q/k
⌋

√
q

≥ (1/3 − 3/q) ∙

∑√
q

k=1

(⌊√
q/k
⌋
− 1
)

√
q

≥ (1/3 − 3/q) ∙ (log
√

q − 1) ≥ 1/8 log q

for large enoughq.
Since the profit could be negative; we also

need to show bound the profit loss on those ”bad”
x′, y′, z′ such that for somek

f(x′) + f(y′) + f(z′ ⊕q b
√

q/kc ∙~1) < 0.

This could happen forx′, y′, z′ generated from the
following two cases:

1. At least one of thex′
i, y

′
i, z

′
i is reset, this hap-

pens with probability at most3/q.
2. None of thex′

i, y
′
i, z

′
i is reset. Sincexi + yi +

zi = q or 2q, to makef(x′)+f(y′)+f(z′⊕q⌊√
q/k
⌋
∙~1) < 0, we know that we must have

xi + yi + zi = q andzi > q −
⌊√

q/k
⌋
. We

must then havexi + yi ≤
⌊√

q/k
⌋
. We know

thatPr(xi + yi ≤
⌊√

q/k
⌋
≤ Pr(xi, yi ≤⌊√

q/k
⌋
) = 1

qk2 .
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Therefore, we can have negative profit on
(x′, y′, z′) occur with probability at most4/q. As
we know thatf(x) = xi − q/3 ≥ −q/3,therefore,
f(x′) + f(y′) + f(z′ ⊕q

⌊√
q/k
⌋
∙~1) ≥ −q, over-

all, we lose at most4/q ∙ q = −4 on those “bad”
(x′, y′, z′).

Overall, for f(x) = xi − q/3, we must have
thatprofitT (f) ≥ 1/8 ∙ log q − 4 = Ω(log q) for
sufficient largeq.

Now we state the soundness statement. The
high-level idea is to show that for low influence
function, the profit is about the same under either
T or T ′ (of which the profit is bounded by1). As
f : [q]n → R is not bounded, we define its in-
fluence on a transformation off as follows. We
definef̃ be the integral part off , beingbfc. We
then definef ′ ∈ [q] and is uniquely determined by
f ′ = f̃ mod q. By abuse of the notation, we also
write f ′ : [q]n → {0, 1}q with f ′(i) being the indi-
cator function1(f̃ = i mod q). The influence of
f ′ is defined with respect to its vector form.

Theorem 3.8. (Soundness of T ) For
τC01/q log(p) ≤ 1/q5 and any function
f : [q]n → R such that

max
i

Inf1−ε
i f ′ ≤ τ,

we have thatprofit+
T (f) < 6 + O(1/q).

Proof. Notice that the soundness statement is
proved for the coupon model which automatically
gives an upper bound forprofitT (f).

First let us prove a stronger bound under the as-
sumption that the output value off is an integer in
[q].

Lemma 3.9. Whenf ∈ [q], profit+
T (f) ≤ 1 +

O(1/q).

Proof. We know that by definitionf ′(i) = 1(f =
i). We also useμa to denoteEx∈[q]n [f ′a(x)]. We
can arithmetize and bound the objective function

profit+
T (f) in terms off ′(i) as follows:

profit+
T (f) =

∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

E
x′,y′,z′∼D1,k

[
f ′a(x′)f ′b(y′)f ′c(z′ ⊕q b

√
q/kc ∙~1)(a + b + c)

]

= E
x,y,z∼D0,k

[ ∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

T1−εf
′a(x)

∙T1−εf
′b(y) ∙ T1−εf

′c(z ⊕q b
√

q/kc ∙~1)(a + b + c)
]

= E
k
[

∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

E
x,y,z∼D0

T1−εf
′a(x)T1−ε

∙f ′b(y)T1−εf
′c(z ⊕q b

√
q/kc ∙~1)(a + b + c)].

Notice that Inf1−ε
i f ′a ≤ Inf1−ε

i f ′ ≤ τ for
i ∈ [n], a ∈ [q]. Also x, y, z ∼ D0 are pair-
wise independent, by Theorem2.3(with minimum
probability α = 1/q), we can plug in indepen-
dentx, y, z ∼ D2 with additive error bounded by
τC01/(q log q) ≤ 1/q5. That is

profit+
T (f) < E

k
[

∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

E
x,y,z∼D2

(f ′a(x)

∙f ′b(y) ∙ f ′c(z ⊕q b
√

q/kc ∙~1) + 1/q5)(a + b + c)]

≤ Ek[
∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

μaμbf
′c(z ⊕q b

√
q/kc ∙~1)

∙(a + b + c)] + O(1/q).

The last inequality uses the fact thata+ b+ c ≤
√

q and there are at mostq3 terms in the summa-
tion.

A important observation is that for any fixedk,
the random vector variablez ⊕q

⌊√
q/k
⌋
∙ ~1 al-

ways follows the same uniform distribution over
[q]n and therefore is independent of the choice of
k. Therefore, we can further boundprofit+

T (f) by

Ek[
∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

μaμbμc(a + b + c)] + O(1/q).

As for the term

Ek[
∑

0≤a+b+c≤b√q/kc,a,b,c∈[q]

μaμbμc(a + b + c)].

It is equal toprofit+
T ′(f) and by proposition3.6,

we know thatprofit+
T ′(f) ≤ 1. Overall, we

boundprofit+
T (f) by 1 + O(1/q) whenf ∈ [q].

Following two observation are useful in our
analysis of the more general case off .
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Observation 3.10. Above proof also works even
for random functionf(x) ∈ [q] specified byf i

in the following way: for eachx, with probabil-
ity f i(x), f outputsi. Here

∑
f i(x) = 1 for any

x ∈ [q]n.

Observation 3.11. For anyθ ∈ R+, f ∈ [q] , we
can also obtain the same bound on the profit of
functionf−θ; i.e.,profit+

T (f−θ) ≤ 1+O(1/q).

To see this, simply notice that

profit+
T (f − θ)

=
∑

3θ≤a+b+c≤3θ+b√q/kc,a,b,c∈[q]

E
x′,y′,z′∼D1,k

[fa(x′)

∙ f b(y′)f c(z′ ⊕q b
√

q/kc ∙~1)(a + b + c − 3θ)]

and then we use the same proof and show that
profit+

T (f − θ) ≤ profit+
T ′(f − θ) + O(1/q) ≤

1 + O(1/q).

Now we are ready to analyze real-valued func-
tion f . Recall thatf̃ = bfc. First use the fact that
f ≤ f̃ + 1, we have

revenue+((f(x′), f(y′), f(z′ ⊕q b
√

q/kc ∙~1),

b
√

q/kc) ≤ revenue+((f̃(x′), f̃(y′),

f̃(z′ ⊕q b
√

q/kc ∙~1), b
√

q/kc) + 3. (1)

Therefore,

profit+
T (f) = Ex′,y′,z′,k[revenue+((f(x′), f(y′),

f(z′ ⊕q b
√

q/kc ∙~1), b
√

q/kc)]

< Ex′,y′,z′,k[revenue+((f̃(x′), f̃(y′),

f̃(z′ ⊕q b
√

q/kc ∙~1), b
√

q/kc) + 3]

≤ profit+
T (f̃) + 3.

Recall thatf ′ = f̃ mod q. In the next step we
show that

profit+
T (f̃) ≤ profit+

T (f ′)+profit+
T (f ′−q/3)

+ profit+
T (f ′ − 2q/3) (2)

By definition off ′, we know that

f̃(x)+f̃(y)+f̃(z) = f ′(x)+f ′(y)+f ′(z) mod q.

Therefore, iff̃(x) + f̃(y) + f̃(z) ≤
⌊√

q/k
⌋

for
somek, it must be the case that

f ′(x)+f ′(y)+f ′(z) ∈ [0, b
√

q/kc] , [q, q + b
√

q/kc]

or [2q, 2q + b
√

q/kc] .

Then we have that,

revenue+(f̃(x), f̃(y), f̃(z), b
√

q/kc)

≤ revenue+(f ′(x), f ′(y), f ′(z), b
√

q/kc))

+revenue+(f ′(x) − q/3, f ′(y) − q/3,

f ′(z) − q/3, b
√

q/kc)) + revenue+(f ′(x) − 2q/3,

f ′(y) − 2q/3, f ′(z) − 2q/3, b
√

q/kc)).

This proves (2). And by Observation3.11, we
have that

profit+
T (f) < profit+

T (f̃)+3 ≤ 3∙1+3 ≤ 6+O(1/q).

4 The reduction from the UNIQUE -
GAMES

In this section we show how to use our Dicta-
tor TestT to obtain our main result, Theorem1.7.
First let us recall the definition of the UNIQUE-
GAMES.

Definition 4.1. For L ∈ N, a
UNIQUE-GAMESL(U, V,E, (πu,v)(u,v)∈E)
instance consists of a bipartite graph having
vertex setsU , V and edge setE, together with
a bijective constraintπv,u : [L] → [L] for each
(u, v) ∈ E. .

The following equivalent version of the UGC is
due to Khot and Regev [8, Lemma 3.6]:

Theorem 4.2. Assume the UGC. For all small
ζ, γ > 0, there exists L ∈ N such
given an UNIQUE-GAMESL instance G =
(U, V,E, (πu,v)(u,v)∈E) which isU -regular, it is
NP-hard to distinguish the following two cases:

1. There is an assignmentA : (U ∪ V ) → [L]
and a subsetU ′ ⊆ U with |U ′|/|U | ≥ 1 − ζ
such thatA satisfies all constraints incident
onU ′.

2. There is no assignmentA that satisfies more
thanγ fraction of the constraints.
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1. Chooseu ∈ U randomly.
2. Choose3 of u’s neighborv1, v2, v3 ran-

domly (with replacement).
3. Generate(x, y, z) ∼ D2 andk randomly

from [
√

q].
4. Add a constraint among

fv1(π
v1,u(x)), fv2(π

v2,u(y)) and
fv3(π

v3,u(z) ⊕q

⌊√
q/k
⌋

∙ ~1) with
budget

⌊√
q/k
⌋
.

Figure 1: Reduction to Unique Games

We make the reduction from a UNIQUE-
GAMES instanceG to a VERTEX-PRICING3 in-
stanceI. Given the UNIQUE-GAMESL instance
G = (U, V,E, {πuv}), the reduction produces a
weightedVERTEX-PRICING instanceI with vari-
able setV × [q]L. We think of a price assignment
F to these variables as a collection of functions
F = {fv : [q]L → R}, one for eachv ∈ V .

For x ∈ [q]L and mappingπ : [L] → [L], we
also denoteπ(x) ∈ [q]L as the permutation ofx’s
coordinate according toi; i.e.,π(x)i = xπ(i). The
specific steps of the reduction is described in Fig-
ure1.

We claim that such a reduction have the follow-
ing properties.

Theorem 4.3. For ζ = 1/q, τ satisfies that
τC0q log q ≤ 1/q5 and γ = τ2/q5, above reduc-
tion satisfies that

• (Completeness.) If statement 1 in Theo-
rem 4.2 holds for G, then there is a price
assignmentF such that profitI(F ) =
Ω(log p). In addition, the price assigned on
each variable isq-bounded, i.e., with value
≥ −q.

• (Soundness.) If there is non assignment for
G that satisfies more thanγ fraction of the
edges, then for every price assignmentF such
thatprofit+

I (F ) ≤ 6 + 1/
√

q
• 1 ≤ Optpos ≤ 3.

By combining Theorem4.3 with Theorem4.2,
and settingq = B, we immediately prove Theo-
rem1.7.

We prove the completeness and soundness prop-
erties in Section4.1and bound the value ofOptpos

in Section4.2.

4.1 Completeness and soundness proof

Proof. (Completeness) To prove the completeness
part of Theorem4.3, suppose that assignmentA :
V → [L] and subsetU ′ ⊆ U are as in state-
ment 1 of Theorem4.2. Define an price assign-
mentF for I by takingfv(x) = xA(v)−q/3. Then
by definition and the property ofA, for u′ ∈ U ′,
fvi

(πvi,u
′
(x)) = xA(u′)−q/3 for i = 1, 2, 3. Thus

by the completeness of the Dictator Test (Theo-
rem 3.7), assignmentF will have profit at least
Ω(log p) conditioned onu′ ∈ U is picked. As for
the case thatu /∈ U ′ is picked, we lose a nega-
tive profit bounded by−q . Overall, we have that
profitI(F ) ≥ (1 − ζ)Ω(log q) + ζq. Notice that
we chooseζ = 1/q, therefore,profitI(F ) ≥
Ω(log p). In addition, we know that the assignment
on eachfv is above−q/3.

(Soundness) We prove the soundness statement
by contradiction. Suppose that some assignment
F haveprofit+

I (F ) ≥ 6 + 1/
√

q, we will exhibit
a assignment to the Unique Games instanceG that
satisfies at least aγ fraction of the edges. Notice
that the maximum profit on each constraint is at
most

√
q, then by an average argument, we must

have for at least1/q fraction of the verticesu ∈ U
picked in the first step, such that the expected profit
on theseu is above6 + 1

2
√

q .

Let us call theseu “good”. Write N(u) as the
neighbor ofu. By definition, for a fixed “good”u,
let us denote the expected cost givenu is picked as
profit+

I,u(F ) =

Ev1,v2,v3∈N(u),x,y,z,k[

revenue+(fv1(π
u,v1x), fv2(π

u,v2(y)),

fv3(π
u,v3(z) ⊕q b

√
q/kc ∙~1), b

√
q/kc)]. (3)

Then we know that for goodu,

profit+
I,u(F ) ≥ 6 +

1
2
√

q
.

Similar to the analysis of Theorem3.8 , we de-
fine f̃v = bfvc and introducef ′

v ∈ [q] such that
f ′

v = f̃v mod q, although we also writef ′
v as

[q]n → {0, 1}q with its i-th coordinate indicate
whetherf ′

v is i. We call the assignment corre-
sponding to{f̃v}v∈V asF̃ and the assignment cor-
responding to{f ′

v}v∈V asF ′.
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By the proof of (1), we know that

profit+
I,u(F̃ ) ≥ profit+

I,u(F ) − 3 ≥ 3 +
1

2
√

q

and by the proof of (2), we have that

profit+
I,u(F ′) + profit+

I,u(F ′ − q/3)

+ profit+
I,u(F ′ − 2q/3) ≥ profit+

I (F̃ ).

Therefore, one ofprofit+
I,u(F ′),profit+

I,u(F ′ −
q/3),profit+

I,u(F ′ − 2q/3) should be above1 +
1

6
√

q .

Let us assume thatprofit+
I,u(F ′ − q/3) ≥ 1 +

1
6
√

q and we will show that we can decodefu into
a few influential coordinates. (The other 2 cases
are very similar).

We know then

profit+
I,u(F ′ − q/3) =

Ex,y,z,k,v1,v2,v3 [
∑

q<a+b+c≤q+b√q/kc

[fa
v1

(πv1,u(x))

∙ f b
v2

(πv2,u(y))f c
v3

(πv3,u(z) ⊕q b
√

q/kc ∙~1)

∙ (a + b + c − q)]

= Ex,y,z,k[
∑

q<a+b+c≤q+b√q/kc

Ev1∈N(u)[f
a
v1

(πv1,u(x))]∙Ev2∈N(u)[f
b
v2

(πv2,u(y))]

∙Ev3∈N(u)[f
c
v3

(πv3,u(z⊕qb
√

q/kc∙~1))](a+b+c−q)]

If we definef i
u = Ev∈N(u)[f i

v(πv,u(x))] for i ∈
[q], then we have that

profit+
I (F ′−q/3) = Ex,y,z,k[

∑

q<a+b+c≤q⊕qb√q/kc

f i
u(x)f i

u(y)f i
u((z)⊕q b

√
q/kc ∙~1)(a + b + c− q)]

≥ 1 +
1

6
√

q
. (4)

Denotefu(x) = (f1
u(x), f2

u(x), . . . , f q
u(x)). It

is easy to check that
∑

f i
u(x) = 1 for everyx.

Thenfu can be viewed as a random function that
on a particularx such that it outputsi with prob-
ability f i

u(x). Then (4) is equal to the profit of
the Dictator TestT on fu − q/3 and we have that
profit+

T (fu − q/3) ≥ 1 + 1
6
√

q .

We know then by a contrapositive statement of
Lemma3.9 along with Observation3.11and Ob-
servation3.10, there must be somei such that
Inf1−ε

i fu ≥ τ .
Then by Fact2.2, we know that

τ ≤ Inf1−ε
i fu ≤ Ev∈N(u)[Inf1−ε

i fv(πv,u(x))]

By an averaging argument, since
Infifv(πv,u(x)) =

∑
j∈[q] infi f j

v ≤ q, for
τ
2q fraction of the v ∈ N(u), we have that

Inf1−ε
i fv(πv,u(x)) = Inf1−ε

j=(πv,u)−1(i)fv ≥ τ/2.
Now consider choosing the following random-

ized assignment to the Unique Games instance.
Let Su be {i | Inf1−ε

i fu ≥ τ} and Sv be
{i | Inf1−ε

i fu ≥ τ/2}. By fact 2.1, we know that
|Sv| ≤ q2/τ.

The assignment would be randomly set a label
in Su for u and a label inSv for v. Then it is
easy to see for good vertexu and any of its co-
ordinatei ∈ Su, τ/2q fraction of its neighbor will
have a matching coordinatej = (πv,u)−1(i) in
Sv. Therefore above assignment satisfies at least
1/|Sv| ∙ τ/2q fraction of the edges for “good”u.
We know that there is at least a1/

√
q fraction of

theu is good. By the regularity of the graph at the
U side, we know that such a labeling strategy sat-
isfies at least1/

√
q ∙ (τ/q2)τ/2q ≥ τ2/q5 = γ

fraction of the edges.

4.2 BoundingOpt(I)

Proof. It is easy to verify thatopt(I) ≥ 1 by as-
signing a constant functionfv = 1/3 for every
v ∈ V .

Notice that the reduction add an edge among
fv1(π

v1,u(x)), fv2(π
v2,u(y)) andfv3(π

v3,u(z)⊕q⌊√
q/k
⌋
∙~1) with budget

√
q/k.

To upper boundOptpos(I), for the purpose of
analysis,we can imagine that along with the gen-
eration process ofI, we also construct the fol-
lowing three instanceI1, I2, I3. The instanceIk

for k = 1, 2 is constructed according to Figure
1 except in the last step we add an edge only on
fvk

(πv1,u(x)) with budget
⌊√

q/k
⌋
. And for I3

is constructed that in the last step a constraint is
added tofv3(π

v3,u(z)⊕q

⌊√
q/k
⌋
∙~1) with budget⌊√

q/k
⌋
. First we claim that

Opt(Ik) = 1 for k = 1, 2, 3.
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Let us just first look at the most complicated case
whenk = 3. Notice that for anyu and fixedk,
πv3,u(z)⊕q

⌊√
q/k
⌋
∙~1 follows the uniform distri-

bution over[q]L. Therefore, we can view the con-
straint as added onfv3(x) with budget

⌊√
q/k
⌋

for
x randomly chosen from[q]n. Similar analysis can
be made toI1, I2 and essentiallyI1, I2, I3 can all
be viewed as generated by the following process:

1. pick a random vertexu in U .
2. pick a random neighbourv in N(u)
3. generatex randomly from[q]L.
4. pickk from [

√
q]

5. add a budget over
⌊√

q/k
⌋

overfv(x).
By the analysis of Proposition3.6, we know that

Optpos is 1 for above instance.
For the remaining proof, we show that

Opt(I) ≤ Opt(I1) + Opt(I2) + Opt(I3) = 3.
This can be obtained from the observation that

for any constraint on variables(p1, p2, p3) with
budgetb, it is easy to verify that

revenue(p1, p2, p3, b)

≤
3∑

i=1

pi ∙ (pi < b) (5)

whenp1, p2, p3 > 0.
Therefore, for anypositivepricing functionf

for I, if use the same price function onI1, I2, I3,
the sum of the profit off over these three instance
is more than the profit off overI.

4.3 The hardness of unweighted vertex
pricing problem

Since the unweighted vertex pricing problem
is also defined over graph with parallel edges (as
many customers may be interested in the same set
of items). These parallel edges can be viewed as
assigning an integer weight to each edge in the
graph. Therefore, the only difference between
weighted and unweighted vertex pricing instance
is that weighted instance may take non-integer
weights. However, if we look at the reduction,
all the weights assigned to each edge is a constant
that only depends onL, which is the label size
of the UNIQUE-GAMES; therefore, we can prop-
erly scale them up to get an instance with integer
weights.3

3In fact, it is possible to obtain the same hardness results
even assuming that the graph is unweighted and without paral-

5 Conclusion and open problems
We believe the Dictator Test as well as the tech-

niques developed in this paper is also useful in
proving hardness results for theVERTEX-PRICING

problem under other settings. For example, for the
problem ofVERTEX-PRICINGk with positive price,
one should be able to obtain an improved hardness
results by designing a proper Dictator Test.

One of the obvious open problem is to prove
the same hardness result under the assumption that
P 6= NP. This is feasible as our Dictator test
is similar to Hastad’s 3Lin Test which is used to
prove the NP-hardness results of MAX 3LINq.

Technically, it would be challenging to gen-
eralize the above hardness results toVERTEX-
PRICING2 (i.e., the graph vertex pricing problem),
although we feel thatVERTEX-PRICING3 is al-
ready simple enough to demonstrate the inherent
intractability of the problem of pricing loss lead-
ers.
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