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Abstract: Consider the problem of pricing items under an unlimited supply witt single minded
buyers, each of which is interested in at mbgif the items. The goal is to price each item with profit
marginpy, ps, - - . , pn SO as to maximize the overall profit. There is@(¥)-approximation algorithm
by [BB06] when the price on each item must be above its margin cost; i.e.pgach.

We investigate the above problem when the seller is allowed to price some of the items below their
margin cost. It was shown in [BB06, BBCHO08] that by pricing some of the items below cost, the
seller could possibly increase the maximum profithyog n) times. These items sold at low prices to
stimulate other profitable sales are usually calleds$ leadet. It is unclear what kind of approximation
guarantees are achievable when some of the items can be priced below cost. Understanding this
guestion is posed as an open problem in [BBO6].

In this paper, we give a strong negative result for the problem of pricing loss leaders . We prove that
assuming the Unique Games Conjecture (UGC) [Kho02], there is no constant approximation algorithm
for item pricing with prices below cost allowed even when each customer is interested in at most 3 items.

Conceptually, our result indicates th@though it is possible to make more money by selling some items
below their margin cost, it can be computationally intractable to do so.

Keywords: Complexity Theory; Game Theory; Approximation Algorithm; and Uniqgue Games Con-
jecture

1 Introduction and Krysta. Later in{], Balcan and Blum im-
proved the approximation ratio 10 (k). In par-
We study the following item pricing problem. Aticular, whenk = 2 (such a problem is also called
seller has an infinite supply of different items. graph vertex pricing their algorithm gave ad-
There arem buyers, each of which are interestegpproximation. On the hardness side, an APX-
in a subset of the items with certain budget limihardness result was obtained for the general prob-
These buyers are alingle mindedli.e., they either |em in [5]. Later, Demaine, Feige, Hajiaghayi,
buy all the items they are interested in if the overadind Salavatipour obtained a poly-logarithmic hard-
cost is within their budget or they will buy none ohess f]. As for the case that each customer is only
them. The algorithmic task is to price each itefimterested in at most of the items, &-hardness
i with a profit marginp; to maximize the overall result was obtained in6[ assuming the Unique
profit of the seller. Games Conjecture (UGC).

Serval results were known when the profit mar- Much less is known when the seller is allowed
gin p; on each item is required to lpositive A to assign negative profit margjn for some of the
O(logn + logm) approximation for the generalitems. The motivation behind selling some items
problems is given by Guruswandt al. [5]. If below the margin cost is to increase the overall
we assume that each customer is only interestaabfit by stimulating the sales of other products.
in a constant numbek of the items, aO(k?)- These items sold below the cost are usually re-
approximation algorithm was given iB][by Briest ferred as theloss leaders. One example of the



loss leaders is that in the market of digital bool graph where each customer is corresponding to
reader (such as the Kindle and IPad), the sell@thyperedge and each item to price is correspond-
may price the reading device at a low price so asittg to a vertex. Let us start by formally define the
make more money on the sales of the digital booksllowing VERTEX-PRICING problem.

Studying the problem of pricing loss leaders is
formulated as an open prob|em |_’ti|’[the authors Definition 1.1. (VERTEX'PR|C|NG) A vertex priC—
asked: “ what kind of approximation guaranted§9 problem is specified by the tuple
are achievable if one allows the seller to price some
items below their margin cost?” Interestingly, the (G(V, E), {be | e € E}))
authors found that by optimally pricing some of . .
the items below cost, one could possibly achieve'_‘l:lere G(V,E)is a mu_ltlgraph where each vertex
profit that isQ2(log n) times of the maximum profit vi € V represents an item. Ea.lCh hyperedge E
under the positive price model. The problem c[]epresents? a_set of |tems_(vert|ces) that a particular
pricing loss leaders is further studied by Balcaf/Stomer is interested with the ?”d@@‘(be > 0).
et al.in [2]. They introduced two new models: For the purpos_e_of normallzatl_on, let us also as-
the couponand discountmodel. Roughly speak-Sume that the minimum budget is 1.
ing, the dis_count model is Fhe item pr.icing problem When the corresponding graphlishypergraph
with negative prof|t' margin aIIowgd, the COUpO?Le., each customer is interested in at mést
mod'el' adds an additional assumption th'at a se'llet ms), we call the problemERTEX-PRICING.
profit is at least for the entire transactions with

each customer. The sanfilogn) “profitability pefinition 1.2. Given a VERTEX-PRICING in-
gap” was shown under these models. stanceZ, and a price functiorp : V — R, the

In this paper, we give a negative result for pricyrofit is defined as follows:
ing loss leaders. In particular, we show that ob-

tain aconstant approximatiofor item pricing, un- _ :

der either the coupon or discount model, is NP- profitz(p) Z price(c)
hard assuming the Unique Games Conjectures; our
hardness result holds even for the very simple cagiereprice(e) = 3", ., p(v).

that each customer is only interested at nost 3

items. Our result should be compared with the When we restrict the range of the price func-
case when only positive prices is assigned, thefen p, we get the positive price model, as well as
is an 2 -approximation for such a problem. In adthe discount model, coupon model afiebounded
dition, given a item pricing instances, we show thanodel that is introduced irg]

it is hard to distinguish whether it has a big prof- = | . )

itability gap. Formally assuming the UGC and foPé€finition 1.3. Given a instance of VERTEX-

k = 3, we show that finding out whether the profPRICING. o

itability gap (either under the coupon or the dis- For the positive price model, the objective func-
count model) is above for anya > 6 is NP-hard. tonis

Therefore, our result also indicates the hardness of

be >price(e)

finding a loss-leader pricing strategy, not necessary Opt,,s = max profitz(p).
. . . . p:V—R+
optimal, that is substantially larger than the maxi-
mum profit using positive prices only. For the discount model, the objective function is
Conceptually, our results convey the following
message:although it is possible to make more Optgise = ;g@cRproﬁtI(p)
money by selling items below their cost, it can be P
computationally intractable to do so. For the B-bounded coupon model, the objective
1.1 Problem definitions function is
The item pricing problem is also called the Optz = max profit;(p)
VERTEX-PRICING problem; it can be defined on p:V—[~B,00)



The B-bounded model applies to the case th&orollary 1.8. (Hardness for coupon model) As-
each item has the same margin cdstand the suming the Uniqgue Games Conjecture, for any
seller could not price the profit margin belewB. constantae > 0, VERTEX-PRICINGs under the
The authors inZ] also defined the coupon modetoupon model is NP-hard t@-approximate.

which assumes that the profit is at leagbr each
sale with the customer. Corollary 1.9. (Hardness for discount model) As-

suming the Unique Games Conjecture, for any
Definition 1.4. Given a instancel of VERTEX- constanty > 0, VERTEX-PRICINGs under the dis-
PRICING, the profit under coupon model is definedount model is NP-hard ta-approximate.

as
Corollary 1.10. (Hardness for B-bounded

profit} (p) = Z max(price(e), 0) model) Assuming the Unique Games Conjecture,
be>price(e) VERTEX-PRICING3 under the B-bounded model is
NP-hard tof2(log B)-approximate.
and the objective function is the following:
Corollary 1.11. (Hardness for deciding profitabil-
coup = MaAX profit™ (p) ity gap) Assuming the Unique Games Conjecture
pV—R and for anya > 0, it is NP-hard to tell whether

It is easy to see the following relationshiﬁhe profitability gap ('under either the coupon or
among these models. the discount modes) is aboweor below6 + o(1).

Opt

Fact 1.5. For any B > 0 and aVERTEX-PRICING

instanceZ, 2 Preliminaries

2.1 Mathematical tools

Opt,es < Optp < Optyise < OPtegyy- Notations: For m € R*, we use [m)]
. o to denote the set{1,2,...,|m]|} (This is
We also define the profitability gap as the ratigjightly non-standard as we usually uge] to
between the optimum profit under these ”egaﬂ\ﬁ%note{o, 1,...,m —1}form € Z+). Forq be-
profit models and positive profit model. ing an integer, we use the notatien, to denote
the addition of two numbers (or vectors) modulo

Definition 1.6. We define the profitability gaps asq. We usel (-) to denote the indicator function.

follows: i .
e Gapy — Opt Our proof relies on tools from Harmonic analy-
B Opo'ﬂpots' sis of Discrete functions. Here we make a quick
o Gapg;y. = 01;{:‘::« review. For a complete introduction, one can
« G _ Opty;.. check 7, 12]. We will be considering functions
apcoup - Optpos .

of the form f : [¢]* — R! whereq,n,t € N.
We denotef = (f1,f2,..., f!) wheref? is the
) ) ) i-th coordinate off. The set of all functions
Our main result is the following theorem: f: [g]" — Rt forms an inner product space with

Theorem 1.7. Assuming the UGC, given alnnerproduct

1.2 Main result

VERTEX-PRICING; instance. Then for any posi- . )
tive integerB, it is NP-hard to distinguish the fol- {f.9) = ENIE,]H [f(@) - 9(@)];
lowing two cases:
e Opty > Q(log B); Herez is uniformly random ovefg]” andf(x) -
e Optey,, <6+ o(1). g(x) is the usual vector inner product. We also
Above decision problem is is hard even under th#ite || f|| = \/(f, f).
additional assumption that > Opt,,,, > 1. For a givernz, we sayy is p-correlated withy if

y is generated by setting eagh= x; with proba-
Using fact (.5 and takingB = 2%(®), we get bility p and a random number frofg] with proba-
the following corollaries: bility 1 — p.



For0 < p < 1, we defineT}, to be the linear Forn > 0 and f = (f*,...f%) : Q" — [0,1]* be
operator on this inner product space given by  function satisfying that for aniy< [n], j € [k] and

some constant > 0,
T, f(x) = E[f(y)], ,
Y Inf, " <7
where y is a random string irg]™ which is p-

correlated tor. Then
Fori € [n], we define the influence afon f : t ¢
[¢)" — R to be E[H Tl_nf(i)] _ H E[f(i)} < 7Con/log(1/a))
=1 =1

Inf; [f] = E [Varwwv[q] [f(x)]] 3 .
L1y Tim 1, Tig 1T~ 4] Here C is a constant that only dependent én
The expectation is taken with respect to the product

whereVar|f] is defined to b&[|| f||%] — | E[f]]|*. distribution (2, )"

More generally, fold) < n < 1 we define they-

noisy-influence of on f to be Roughly speaking, above theorem states that for
(1) calculating the product of different functions, if

Inf;"V[f] = Inf; [Ty, f]. these functions do not have big noisy influence on

" Lo e each coordinate, then the product of them is the es-

One may observe thad . ,Inf; "f’ = sentially the same under any pairwise independent
Inf} " f. distribution or the fully independent distribution.

Following facts are well known:
2.2 Relationship between Dictator Test and

Fact 2.1. For anyn, hardness of approximation
n Let us start by thinking of theERTEX-PRICING
Z Inf!~"(f) < Var(f) as defined on a weighted multigraph graph; i.e.
i—1 2en each edge in the hypergraph has a certain positive

) ] ~weight and the objective function is the weighted
. We also need the following “convexity of noisy,m of the profit obtained on each edge. As we
influences” fact: shall show later in sectioa.3, the hardness result
Fact 2.2. Let f1,.... f* be a collection of func- we obtain for the Weightgd vertex pricing prob-
tions [g]" — RE Then IPeFrer:Ca:I,\?g hold for the unweighted versigaRTEX-
The weightedvERTEX-PRICING3 problem can
Inf{' =" [avg {f(m)}] < avg {Infz(.l”’)[f(m)]}be viewed as a 3-CSP over a set of variables
melt] me(t] p1,p2,-..pn and a set of constraints specified by
L the budget;;; with weightw;;,*. For example
Here fgr anyey, ez, ...cm € R (0 R), WE US€ ¢4 the VERTEX-PRICING; problem under the dis-
the notation avfy, ..., ¢, ) to denote their aver- count model, the payoff function dn;y, is

age:
t
_1Ct
z:m%. revenue(p,—,pj,pk, wijk)

: . = 1(pi+p; + e < bigk) (i + 05 + ).
One major advanced tool we need in our analysis is (pi+pj + i < bign)(pi + p; + r)

the following theorem that is essentially fro®l[ The goal is to findpy, po, . .. pn to maximize the
Here we use one of its variants appearedli#l.[  oyerall profit:

Theorem 2.3. Let (2 = [q]%, 1) be a finite proba-

bility spaces with the following properties: Z wijy, - revenue(p;, pj, P, bijk)
e a=(ay,ay,...,a;) ~ p arepairwise inde- gk
pendent 1 strictly speaking, for eacty, 5, k), there can be different
e a =mingeq p(a) > 0. bi;x with different weightsw; ;..



The work of Khot, Kindler, Mossel, andWith such a test, we then apply the reduction
O’Donnell [7] introduced a now-standard methodef [7]. We want to emphasize here that we can
ology for proving hardness results for weightedot directly use results from7] as the variables in
CSPs based on the Unique Games ConjectusERTEX-PRICING is unbounded. The same prob-
namely, the construction of Dictator vs. Smalkem also occurs in][1] on proving a hardness re-
Noisy-Influences Tests. sult for Unique Games over integer domain; the

Formally speaking, a test for functions f withauthors handle it through a improved analysis with
domain[g|™ is an explicitinstanc& of avERTEX- the "hyper-contractive inequality”. In comparison,
PRICING; with variable set[q]". It is given the proof in this paper can be viewed improved
in the form of a probability distribution overas an analysis with the “invariance principle(j
(2,9, 2,w) ~ [q]™ x [q]™ x [¢]" x RT ,where the over unbounded functions.
probability here can be thought of the weight put

on the constraint associated with, y, 2, w). For 3 Dictator Test for VERTEX -PRICING
agiven price functiory : [¢]" — R , we define its 3.1 Description of the Dictator Test

profit to be ) )
To introduce our Dictator Test as well as analyz-
profit (f) ing it, first let us define the an||OWIFJLg dlstr7|Lbut|ons
_E revenue(f(x), f(y), f(), )] Dy, D1, Dz On (z,y,2) € [q]" x [¢]" x [¢]". We
ToUmyEw I A also assume here thgf is an integer.

We may now informally state what Rictator Definition 3.1. (DistributionD,) Chooser, y uni-

vs. Small Noisy-Influences Tast It is a test for form random]y and independent]y from]n; for
functions f : [¢]* — R with the following two eachi, we have that

properties: (i) Dictator functions.— ie., fun_c- o zi=q— (zi+uy)ifa +y; <q.

tions of the formh(z;) for a particular function o 2, = 2¢ — (2; + ;) if ¢ < 2 +y; < 2¢.

h : [¢] — R and eachi € [n] — pass the test o

with high profit, (f) = ¢;2 (i) Functions f that ~ BY definition, we know that; + y; + z; = 0

is of “low noisy influence” on each coordinate pasiiod ¢ for eachi. One important property of above
the test with lowprofit(f) = s. Then roughly d|§tr|t_)ut|on is that(z;, y;, z;) for eachi are pair-
speaking, by the technique of][ we can show Wise independent

that assuming the UGC, it is NP-hard to distinpefinition 3.2. (Distribution D;) For z,y, > ~
guish whether &ERTEX-PRICING; instance with 1 “| at4/ 4/ »' be 1l — ¢ correlated witha yo 2

profit abovec or beIQWS (yvhich_directly implies @ \we call the corresponding distribution ary, /', 2
hardness of approximation ratigc). asD;

Above is the description of the Dictator Test for
the discount model. As for the coupon model, tHeefinition 3.3. (Distribution D,) Choosez, y,
Dictator Test is essentially of the same except th@iform randomly and independently frdnj”.

pay off function is defined as Following is the Dictator Test for vertex pric-

n ing. Here, we usé to indicate the all 1" vector:
revenue (piypjapkvwijk) (171) 71) c R”.

= 1(pitpj+pr < wijr) max(p;+p;+ps,0). - .
Pitp) i) Pitp) ) Definition 3.4. (Dictator Test7) For z’,y/, 2’

and the profit of a functiorf is defined as generated fromD; with ¢ set to bel/q and
an integer £ randomly chosen fronj,/q], we
profit;(f) generate avERTEX-PRICING constraint among

F@), f(), f(z" @ |Va/k] - 1) with budget
| \/a/k|. We define

In the rest of the paper, we first design and ana- , ,
lyze a proper Dictator Test ffERTEX-PRICING;.  Profitr(f) = E[revenue((f(z'), f(¢),

2ysuallyh(t) = t for most of the previous work. &' & [Va/k] - 1), L\/a/kj)]

=By zw[revenue™ (f(2)+f(y)+£(2), w)].




and

profit7(f) = E[revenue™ ((f(2"), f(y/),
T )

fE &g lVa/k] - 1), [Va/k])-

For the purpose of analyzirng, we also define
the following Test7”.

Definition 3.5. (Test7’) For z,y,z generated
from D, and randomly choosé& € [,/q], we
generate avERTEX-PRICING constraint among

f(@), f(y), f(z) with budget| \/7/k]).
We define

profit (f)
= E[revenue ((f(z), f(y), f(2), [Va/k])].

and

profitz, (f)
= Efrevenue™ ((f(z), f(y), f(2), [va/k])]-

We claim that for7”, it has the following prop-
erty:

Proposition 3.6. For any functionf : [¢]" — R,
profitt, (f) < 1.

Proof. Notice that for each tripléz, y, z) , if there
existsk’ such that,/q/ (k' +1) < f(z) + f(y) +

f(2) < |/a/K'|. Then the profit on edges associ-

ated with(x, y, z) is nonzero only whe# is set to

Theorem 3.7. (Completeness df’) For function
f(z) = x; — q/3 for x € [¢]", profit+(f) >
Q(logq).

Proof. Supposer’,y’,z’ ~ Dy is1 — 1/q corre-
lated ofz,y, z ~ Dy.

Sincez;, y; are randomly generated frojg], we
know that,/q < z; + y; < q with probability at
least1/3. When this happens;; + y; + z; = ¢
andz; < q — ,/q. Also as each of the;, y;, z;
is reset to a random number with probability=
1/q, we know that with probability /3—3/q, =, =
zi, Yy, = i, 2z, = z; and we have that] + y; +
z; = qandz; < ¢ — /q. We call theséz’,y', 2')
“good”.

Then for “good” («/,y',2'), if we choose
f(t) = t; — q/3, we know thatf(z') + f(v') +
F& ®q | Valk]) = zi+yi+2z®q | Va/k] —a =
| \/a/k|. Therefore,

revenue ((f(='), f(y'). /(' @, LVa/k) - 1), Lva/k)) = La/k].

Therefore for “good” (2,3, 2'), the associate
profit is at least

Va
(1/3—3/q) - W
\/a J—
> (1/3— 3/q) - 2= (L\\/fg/’fJ 1)

> (1/3-3/q) - (log\/q—1) > 1/8logq

bel,2,...k’. Therefore, the profits on edges assder large enougly.

ciated with(x, y, z) are bounded by:

K@)+ fy) + () _ [Va/k] ¥
Vi T Ve
The last step here uses the fact thaf is an

integer.

If f(x) + fly) + f(z) < 0o0r f(z) + f(y) +

f(z) = /g, then the profit on edges associated

with z, y, z is below.

Condition on every tripléz’, y', 2’), the expect
profit associated witlf («'), f(y'), f(2) is at most
1, therefore the overall profit is also at mdst [

3.2 Analysis of the Dictator Test7

We prove the completeness (Theor&ri) and
soundness (Theore8) for 7 in this section.

< Vi,
Ve

Since the profit could be negative; we also
need to show bound the profit loss on those "bad”

z',y’, 2z’ such that for somé

F@) + )+ f(Z &4 [Va/k] - 1) <o.

This could happen far’, 1/, 2’ generated from the

following two cases:

1. Atleast one of the’, 4, 2! is reset, this hap-
pens with probability at most/q.

2. None of ther}, y., 2} is reset. Since; + y; +
z; = q or2¢, to makef (z')+ f(v/) + f (2’ &4
| va/k] - 1) < 0, we know that we must have
T, +y; + 2z =qgandz; > q— L\/(j/kJ We
must then have; +y; < |,/q/k| . We know
thatPr(z; + y; < |/q/k| < Pr(z;,y <
|Va/k]) = ga-



Therefore, we can have negative profit oprofit(f) in terms of () as follows:
(«',3y', 2") occur with probability at most/q. As
we know thatf (z) = x; — ¢/3 > —q/3,therefore, profity (f) = >
f@)+ fW)+ f(Z &4 |Va/k] -T) > —q, over- 0<atbte<| a/k],a.b,c€ld]

z(:tll/, w/e Iclj)se at most/q - ¢ = —4 on those “bad” [F() P () (2 @ |Va/k) - D) a+b+ )]
r,Y,z ).

z’,y’,z'~D1,k

_ la
Overall, for f(z) = x; — ¢/3, we must have — w,y,z}}jpo,k [ Z Ti-cf" (@)
thatprofit,(f) > 1/8 -logq — 4 = Q(log ) for 0sa+bres|Va/k]ab.ecld
sufficient largey. O f(y) - Tio o f(2 @q L a/k] - Da+b+ )]
_ la
= ]E[ Z . y,:zEng Tl—ef (x)Tl—G

Now we state the soundness statement. The O0S@t0te<lva/k|ab.celd
high-level idea is to show that for low influence -f"(y)Ti_.f"°(z ©4 | V/a/k| - 1)(a + b+ c)].
function, the profit is about the same under either l—¢ pra e
T or T' (of which the profit is bounded by). As _ Notice thatInf; =" f < Inf;~f" < = for
f : [¢ — R is not bounded, we define its in-* [n],a € [q]. Also,y,z ~ Do are pair-
fluence on a transformation gf as follows. We Wis€ independent, by Theore2r8 (with minimum
define f be the integral part of, being| f|. We Probability e = 1/¢), we can plug in indepen-
then definef’ € [¢] and is uniquely determined bydgnltl" bz~ Dy Vg'th additive error bounded by
f" = f mod ¢. By abuse of the notation, we alsd /(alosa) <1/¢°. Thatis
write ' : [¢]"* — {0,1}7 with ') being the indi- + a
cator funiti}onl(fi: z'} mod ¢). The influence of profitr(f) < ]1?[ Z x,y,im(f (@)
f’ is defined with respect to its vector form. 0artbtes|va/k].abecld

S ) - (2 @ LVa/k] - 1) +1/¢%) (@ + b+ )]

Theorem 3.8. (Soundness of 7) For < Eyi Lo f'(2 @ L\/(}/kj'f)
rCol/aloglr) < 1/¢° and any function o<a+b+c<L§fq:/kJabce[q] !

f : g™ — R such that (a+b+c)] +0(1/q).

max Inf; ¢ f <7, The last inequality uses the fact that- b+ ¢ <
! v/q and there are at mosgt terms in the summa-
tion.
+
we have thaprofitr(f) < 6 + O(1/q). A important observation is that for any fixdd

the random vector variable &, |,/g/k| - T al-
Proof. Notice that the soundness statement wgays follows the same uniform distribution over
proved for the coupon model which automaticalljy|™ and therefore is independent of the choice of
gives an upper bound fgirofit(f). k. Therefore, we can further boupatofit (f) by

First let us prove a stronger bound under the as-

sumption that the output value @fis an integer inaﬁk[ Z Hattopte(a + b+ )]+ O(1/q).
lql. 0<a+b+c<|/q/k],a,b,c€[q]

As for the term

Lemma 3.9. Whenf € [q], profitf(f) < 1+ Exl Z Hattbpic(a —+ b+ c)].
O(]-/(I) 0<a+b+c< L\/FI/kJ,a,b,cE[q]

It is equal toprofit, (f) and by propositior8.6,
we know thatprofit®,(f) < 1. Overall, we
Proof. We know that by definitiory’’) = 1(f = boundprofit}(f) by 1+ O(1/q) whenf € [q].
i). We also useu, to denoteE ¢, [f"*(x)]. We  Following two observation are useful in our
can arithmetize and bound the objective functicemalysis of the more general casefof



Observation 3.10. Above proof also works everiTherefore, iff(z) + f(y) + f(z) < |/a/k] for

for random functionf(z) € [q] specified byf? somek, it must be the case that

in the following way: for eachr, with probabil-

ity f*(x), f outputsi. Here3 f'(z) = 1forany — f'(x)+f'(y)+f'(2) € [0, |[va/k]],[a.a + [Va/k]]
z € [q]". or [2¢,2q + | Va/k]].

Observation 3.11. For anyf € R, f € [¢] , we

Then we have that,
can also obtain the same bound on the profit of

functionf —6; i.e., profits (f —6) < 14+0(1/q). revenue+(f(x),f(y), f(z), IVa/k))
To see this, simply notice that <revenue™ (f'(z), f'(y), '(2), [Va/k]))
) +revenue™ (f'(z) —q/3, f'(y) — a/3,
profity(f —0) f'(2) —q/3,Vq/k])) + revenue™ (f'(z) — 2q/3,
- > LB )~ 20/3,5) ~ 20/3,1a/K).

30<a+b+c<30+ /k |,a,b,c€[q] . .
Lva/k] b This proves 2). And by Observatior8.11, we

S @ WAkl T a+b+e—=30)] have that

and then we use the same proof and show trﬁtoﬁt}r(f) < proﬁtJTr(f)Jrg < 3143 < 6+0(1/q).
profit’(f — 0) < profitT, (f — 0) + O(1/q) <
14+ 0(1/q). O O

Now we are ready to analyze real-valued fungt The reduction from the UNIQUE-
tion f. Recall thatf = | f]. First use the fact that GAMES

f < f+1,wehave _ _ _
In this section we show how to use our Dicta-

+ / / / k| .17) torTestT to obtain our main result, Theoren?.
revenue ((f(2'), f(y )’Jrf(ZN Equ L\ﬁ{ 11, First let us recall the definition of the NUQUE-
Va/k]) < revenue™ ((f(z'), f(y'), GAMES.

F& @ LVa/k) - D, Va/kD) +3- @) pefiniion 41, For L e N a

UNIQUE-GAMESL (U, V. E, (T"") (u,0)e E)

instance consists of a bipartite graph having
rofit? (f) = E, ./ . 1[revenue™ N Fy 7vertex setd/, V and edge sef’, together with

Profitz (/) = Baryo il (), 1) a bijective constraintr** : [L] — [L] for each

£ @4 LVa/k] - D). LVa/k))] (u,0) € ..

+ / /
< le’y"z/’k[revemje (£, 1), The following equivalent version of the UGC is
f @q IVa/k] - 1), [Va/k]) + 3] due to Khot and Rege[ Lemma 3.6]:

< profit7(f) + 3. Theorem 4.2. Assume the UGC. For all small
. ¢, > 0, there existsL € N such
Recall thatf’ = f mod q. In the next step we given an UNIQUE-GAMES; instance ¢ =
show that (U, V,E, (7") (4.0)cr) Which isU-regular, it is
~ NP-hard to distinguish the following two cases:
profit} (f) < profit}(f')+profit}(f'—¢/3) 1. There is an assignment : (U UV) — [L]

Therefore,

+ profiti (f' —2¢/3) (2) and a subset/’ C U with |U'|/|U| > 1 —¢
such thatA satisfies all constraints incident
By definition of f/, we know that onU".

2. There is no assignmeri that satisfies more
f@)+fW)+f(2) = f'(@)+f (y)+f(z) mod q. than+~ fraction of the constraints.



1. Choose: € U randomly. 4.1 Completeness and soundness proof
2. Choose3 of u's neighborv,, ve, v3 ran-
domly (with replacement).

3. Generatdz,y, z) ~ Dy andk randomly

Proof. (Completeness) To prove the completeness
part of Theorent.3, suppose that assignmet:
V — [L] and subse/’ C U are as in state-

from [,/q]. _ ment 1 of Theoremt.2. Define an price assign-
4. Add a constraint amony - mentr for Z by takingf, () = 4y —q/3. Then

o (m00(2)), fop (72 (y)) _ @nd |y gefinition and the property of, for u’ € U,

Fos (703(2) @q [Va/k] - 1) with | i () — a(u)—q/3fori =1,2,3. Thus

budget| \/q/k|. by the completeness of the Dictator Test (Theo-

rem 3.7), assignmentt” will have profit at least
Q(log p) conditioned o’ € U is picked. As for
the case thatt ¢ U’ is picked, we lose a nega-
tive profit bounded by-¢ . Overall, we have that
profit;(F) > (1 — {)Q(log q) + (q. Notice that

Figure 1: Reduction to Unique Games

We make the reduction from a NJQUE-

GAMES instanceG to a VERTEX-PRICING3 in-
stanceZ. Given the WIQUE-GAMES;, instance

we choose( = 1/g, therefore,profit,(F) >
Q(log p). In addition, we know that the assignment

G = (U,V,E,{x"}), the reduction produces &" eachf, is above—q/3.

weightedVERTEX-PRICING instanceZ with vari-

(Soundness) We prove the soundness statement

able setl” x [g]~. We think of a price assignment?y contradictign. Suppose that some assignment
F to these variables as a collection of function& haveprofit; (£) > 6 +1/,/g, we will exhibit

F = {f,:[q/* — R}, one foreach € V.

a assignment to the Unique Games instaii¢leat

Forz € [¢]% and mappingr : [L] — [L], we satisfies at least 4 fraction of the edges. Notice
also denoter(z) € [¢]L as the permutation of's that the maximum profit on each constraint is at

coordinate according tg i.e., w(x); = z,(;. The MOSty/g, then by an average argument, we must
specific steps of the reduction is described in Fi§ave for at least/q fraction of the vertices, € U
urel. picked in the first step, such that the expected profit
We claim that such a reduction have the follow?" these is aboves + ﬁ

ing properties. Let us call these: “good”. Write N(u) as the
neighbor ofu. By definition, for a fixed “good’,

let us denote the expected cost giveis picked as
proﬁt;u(F)

Theorem 4.3. For ( = 1/q, 7 satisfies that
rCoaloga < 1/¢5 andy = 72/¢°, above reduc-
tion satisfies that
e (Completeness.) If statement 1 in Theo-
rem 4.2 holds for G, then there is a price
assignmentF such that profit,(F)
Q(log p). In addition, the price assigned on
each variable isg-bounded, i.e., with value
> —q.
e (Soundness.) If there is non assignment for
G that satisfies more thaty fraction of the
edges, then for every price assignmerguch
thatprofit (F) <6 +1//7
e 1 <Opt,,, <3.

E’U1,’U2,’U3€N(U);I7y:zxk[
revenue (f,, (T x), fu, (T "2(y)),

Foa (12 (2) ©4 LVa/k] - 1), LVa/K])]- - (3)

Then we know that for good,

1
fitf (F)>6+——.
pro I,u( )— +2\/§

Similar to the analysis of Theore;8, we de-
By combining Theorend.3with Theorem4.2, fine f, = | f,] and introducef, € [g] such that
and setting; = B, we immediately prove Theo- f], = f», mod g, although we also writef, as
rem1.7. [¢]* — {0,1}9 with its i-th coordinate indicate
We prove the completeness and soundness prefrether f! is i. We call the assignment corre-
erties in Sectiod.1and bound the value d@pt sponding to{fv}vev asE and the assignment cor-
in Sectiond.2 responding td f/ },ev asF’.

pos

pos



By the proof of (), we know that We know then by a contrapositive statement of
Lemma3.9 along with Observatiol3.11and Ob-
proﬁtIu( ) > proﬁtzu( )—3>3+4—— sServation3.1Q there must be some such that
2f Inf;~“f, > 7.
and by the proof of%), we have that Then by Face.2, we know that

< Inflf, < Epen(o[Infi=¢f,
proﬁt}’u(F’)—&—proﬁt;u(F’—q/3) Tz fu < Epen(w[Inf; = fo (77" (2))]

+ proﬁt;u(F’ —2q/3) > profit} (F). By an averaging argument, since
Inf; f, (V% (z)) = Zje[q] inf; fI < ¢, for
Therefore, one oprofit; ,(F'), profit; ,(F' — 5 fraction of thev € N(u), we have that
q/3),pr0ﬁt"£u(F’ — 2¢/3) should be abové + Inf; “f,(7"%(z)) = Infjl_;fﬂv’u)fl(i)fv > 7/2.

ﬁ. Now consider choosing the following random-
Let us assume thatrofit} (F' — ¢/3) > 1+ ized assignment to the Unique Games instance.
Lu - Let S, be {i | Inf;"°f, > 7} and S, be

~L_ and we will show that we can decoglg into
6vg . . | Infl=€f, > 7/2}. By fact2.1, we know that
a few influential coordinates. (The other 2 cas&%l nfi *fu>7/2}. By L

o o < /T
T
are very similar). The assignment would be randomly set a label
We know then

in S, for v and a label inS, for v. Then it is
easy to see for good vertexand any of its co-
rofit (F' —q/3) = A : . : .
p Zou q ordinatei € S, 7/2¢ fraction of its neighbor will
| DR | Z (£ (mor () have a matching coordin_age = (w”’“)*_l(i) in
S,. Therefore above assignment satisfies at least
q<a+b+c<q+|_f/kj . “ n
b - 1/|S,| - 7/2q fraction of the edges for “goodi..
o, (@R )) 5, (7 (2) @q [Va/k] - T) We know that there is at leastlal, /7 fraction of

(a+b+c—q)] thew is good. By the regularity of the graph at the
_E U side, we know that such a labeling strategy sat-
= Boy k] Z isfies at least/\/q - (7/q¢*)7/2q > 72/¢° = ~
g<atbte<at|va/k] fraction of the edges. O

B, eniu L (7 (@) By v 5, (77 (1))]

Eupenulfe, (7 (20, | Va/k) D)l (a+bre—g) H2  BOUNGINGODL(T)

Proof. It is easy to verify thabpt(Z) > 1 by as-

If we definef’ = E,c [ fi(7"*(x))] fori € signing a constant functior, = 1/3 for every
[q], then we have that veV.
Notice that the reduction add an edge among
pI‘Oﬁt;(F/—q/?)) - Ex,y,z k[ fUl( v ( )) fvz( Y2 u( )) andf’l)s (st,u(z) 69q

q<a+b+c<zq£% L\Nklt\[/kj 1) with budget,/q/k.
, , , To upper bounc()ptpos( ), for the purpose of
Fol@) Fa) Fi((2) @q [Va/k] - T)(@a+b+c—q)]  analysis,we can imagine that along with the gen-
>4 1 @) eration process of, we also construct the fol-
6\[ lowing three instanc&,,Z,,Zs. The instancey,
for k = 1,2 is constructed according to Figure
Denotef,(z) = (fl(z), f2(x),..., fi(z)). It 1 except in the last step we add an edge only on
is easy to check thal’ f;(z) = 1 for everyz. f,, (7¥+"(x)) with budget|,/g/k|. And for Z;
Then f,, can be viewed as a random function thés constructed that in the last step a constraint is
on a particularr such that it outputs with prob- added tof,,, (75" (z) &g [ /q/k] - 1) with budget
ability fi(xz). Then @) is equal to the profit of Lf/kJ First we claim that
the Dictator Tes% on f,, — q/3 and we have that

profits (f, —q/3) > 1+ Gﬁ Opt(Zy) =1fork =1,2,3.

10



Let us just first look at the most complicated case  Conclusion and open problems

whenk = 3. Notice that for anyu and fixedk,
T84 (2) B | \/a/k] - 1 follows the uniform distri-

bution over[g]*. Therefore, we can view the con-

straint as added ofy,, (=) with budget| ,/g/k | fo

x randomly chosen frorfy]|™. Similar analysis can

be made td;, Z, and essentiall{f;, 7>, Z3 can all

be viewed as generated by the following proces

pick a random vertex in U.

pick a random neighbourin N (u)

generate: randomly from[q]*.

pick & from [/q]
. add a budget over,/7/k| over f,(z).

We believe the Dictator Test as well as the tech-
nigues developed in this paper is also useful in
proving hardness results for ti€ RTEX-PRICING
problem under other settings. For example, for the
problem ofvERTEX-PRICING; With positive price,
one should be able to obtain an improved hardness
Yesults by designing a proper Dictator Test.

One of the obvious open problem is to prove
the same hardness result under the assumption that
P # NP. This is feasible as our Dictator test
is similar to Hastad’s 3Lin Test which is used to

prove the NP-hardness results oAM 3LIN,.
OpE;y ch?r}?)I?/ZEO%LF:;(;?;;g:&Q we know that Technically, it would be challenging to gen-
pos h L p how tha eralize the above hardness results VBRTEX-

For the remaining proof, we sho LRICINGQ (i.e., the graph vertex pricing problem),
OPTté ) < Ogt(zi)) M Odptf(Ig) +h0ptb(I3) = 3. H ithough we feel that’ERTEX-PRICING; is al-

is can be obtained from the observation t ’ ady simple enough to demonstrate the inherent

for any constraint on variable®;, p2,p3) with o -
’ intr ility of the problem of pricing | lead-
budgeth, it is easy to verify that ertsactab ty of the problem of pricing loss lead

agprwNE

revenue(p1, p, p3, b)

6 Acknowledgement
-(pi<b) (5)  The author would like to thank Nina Balcan for
suggesting me to work this problem and anony-
mous reviewer for suggesting me to understand the
approximability of the profitable gap.

HMw

whenp, p2, p3 > 0.
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