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ABSTRACT- An analytical method of inverse
kinematics for human lower extremity is devel-
oped in this paper. With this method, the
posture of lower extremity can be determined
by using the position and orientation of foot.
The kinematic calculations are performed on the
model with six or seven degrees of freedom. Fur-
thermore, example calculations of kinematics on
6D0OF and 7YDOF are given, respectively The
kinematics experiment of a mechanical model
with 61DOF has been performed

1 Introduction

It is well known that the exercise therapy is an ef-
fective method for rehabilitation in hemiplegic lower ex-
tremity of apoplexy patients. It is evident that increas-
ing the times of 1epeated practice can approve the cura-
tive effect However, since the human strength and time
ate iestricted, it is hard for an apoplexy patient to do
plenty of training under the assistance of a physical ther-
apist. Therefore, the development of exercise assisting
system has become of increasing importance

For making progress in rehabilitation, the two 1e-
spects are hoth of importance The first is to ensure
the repeated training number of times The second is
to let the patient take an active interest in training by
biofeed back

Figure 1: The sketch of the exeicise assisting system

As represented in Fig 1, when a patient is undertak-
ing the training, the lower extiemity position and ori-
entation of the patient are required to be shown on a
computer screen. So that the patient can get his/her
lower extremity information by his/her visual sense at
any time For this end, this paper trys to give a tech-
nic which determine the posture of lower extremity from
the position and orientation of foot by using inverse kine-
matic calculation.

Recently, the human body kinematics has been stud-
ied extensively. The motion scopes of human joints and

the motion principle of the human musculoskeletal sys-
tem are studied and illustrated in detail [1]. About the
kinematics of Human motion, joint geometry, joint kine-
matics, and biomechanics of human motion are analyzed
[2], where, the inverse kinematics of human lower ex-
tremity is analyzed on 2DOF or 3DOF In general, in-
verse kinematic problem on more than 3DOF is very
difficult to solving by analytical method, but by numer-
ical method 'This paper proposes analytical methods
of inverse kinematics for lower extremity with 6DOF o

7TDOF.

2 Outline of the exercise assisting system

®)

Figure 2: The machine frame of the exercise assisting

gystem

We designed and made a device, shown as Fig.2, for
obtaining the position and orientation of foot, This sup-
porting and measuring device can be allowed to move
in a horizontal plane This device is composed of three
parts, which can be allowed to rotate around the shafts
T4, Yd, Zd, vespectively. We can measure the rotation
angles 7, @, @, by encoders installed on the rotation
component parts, respectively The position of the dis-
tal foot can be measured by another encoders installed



on the places A and B of the device as shown in Fig 2. In
this paper, the distal foot orientation will be desciibed
using Euler’s angles a, 4, 7. The Euler’s angles «, 8 v
can be obtained from the angles v, ¢, ¢ of the rotation
component parts by conversion calculation.

3 Direct kinematic calculation

Thete are seven joints on human lower extremity, the
knee motion involves two joints, extending joint and ro-
tation joint Because the displacement scope of the 1o-
tation joint is small, usually it can be neglected In
this case, the human lower extremity can be described
with a 6DOF model, the inverse kinematics calculation
can be uniquely solved from the position and orienta-
tion of the distal foot. For a precise results of kinematic
calculation, we shall consider also setting up the model
including the rotation joint of knee Since there is one
redundant DOF on human lower extremity with TDOF,
the method of inverse kinematics calculation for 6DOF
can not be used to the inverse kinematics calculation
on 7DOF. Therefore, in the ensuiing subsection, we will
petform the kinematic calculations on 6DOF or TDOF,
respectively.

3.1 The case of six degrees of freedom {6DOF)

Figure 3: Model of six degrees of freedom in space

Shown as Fig 3, an attitude of lower extremity with
6DOF is described by base coordinates (o, va, z0)
A proximal coordinates ;(m1,v1,21) originating at
the thigh joint is fixed with the trunk, and coordi-
nates Xq(zy,41,21) s set up to overlap coordinates
Zo(zo,¥0,20) The terminal point of the distal lower
extremity is designated by p with the coordinates
Yp(z,y,2) The links are numbered from zero to 6,
where the lengths of links L1, Ly and Lo equal zero,
link 0 is an imaginary unmovable object connected with
link 1. Except for the last link, each link of the chain has
two joints connecting to the adjacent bodies. The joints
are numbered from 1 between the links zero and 1, to
6, between links 5 and 6. Local coordinates ¥;(x;, v, ;)
are attached to each link ¢ The position and orientation
of each link can also be repiesented in the coordinates
Lo(zo, yo, za)

The link lengths are Ly, L3, Lg, Lp, and joints 1, 2, 3
ale connected at one point. ag is a twisted angle of link
6. The external (o1 anatomic) angles are 81,0, .0
Show as Fig 3, joints 1, 2, 3 are in “hip”, joint 4 is in

“knee”, joints 5, 6 aze in “foot”, and point p is the distal
foot.

When angles 01,0, - ,8q, are known, the position
and orientation of point p on the tip of the chain can be
solved easily [3] [4].

The position and orientation of coordinates ¥3; rela-
tive to the previous coordinates ¥, ; can be described
by a 4 x 4 transformation matrix **T;. Then, the posi-
tion and orientation of point p are defined as the com-
position of sequential coordinate transformations ™17,
where @ runs from 1 to 6 Because the compaosition of
several displacements is given by matrix multiplication
of the corresponding transformation matrices, the ho-
mogeneous transformation T'(6:,0,,83,604,05,086) of T,
with respect to Xy can be expressed by

T(61, ,06)="T1 'T2 *T5 *T4 “T5 T *T,,. (1)

Eq.(1) is termed by the structure equation of the
model Calculating the right-hand of eq (1}, can be de-
scribed by the form

i1 T2 7z &

21 ¥a2 T2z ¥ :
T(gly T 96) = (2)
31 Tsz 733 %
0 0 0 1
Since 1, -, 8¢ are known, elements of matrix T’ can

be obtained. By describing the distal foot orientation
using Euler’s angles, the orientation can be expressed as

a=tan"" 2 (£ ra3, =+ r13), (3)
B=tan"! 2 (% /r% 41k, 733), )
v= tan~! 2 (4 r3s, F ra). {5)

The distal foot position is expressed by the form
y =z ]” (8)

3.2 The case of even degrees of freedom (7DOF)

Really, human knee motion involves two joints 84, 84
For a precise result of kinematic calculation, we shall
consider to set up the model including 6,4

Poo=|[ =

(=2 L
L SIS
~ ﬁii i

Figure. 4: Model of seven degrees of freedom in space

As shown in Fig 4, we insert 2y {Tas, Yar, 24+ ) hetween
local coordinate systems E4{x4, ¥, 24} and Es{zs, ys, 25)
on the model of 6DOF. Similar to 3.1, joints 1, 2, 3 is
also in “hip”, joint 4, 4’ are in “knee”, joints 5, 6 are in
“foot”, and point p is the distal foot(Fig.4)

When angles 81, 0s, 03,04, 04, 05, Ogare known, the po-
sition and orientation of point p the tip of the model,
can be solved easily {3] [4]



The homogeneous transformation, T(y, 82, 83, 84,
4,05, 05), of £, with 1espect to Eg can be expressed by
the form
T(6:, -.04,05,06)="T1 Ty YT 5T ST, (7)

By the same method of 3.1, the position and orien-
tation of distal foot can be obtained.

4 Inverse kinematic calculation (analytic
method)

When position and oiientation of the point p is
known, the process of solving angles 84, 6s, - -, 85 is de-
fined as inverse kinematics. Because of the complexity
of the inverse calculation, in general, the inverse kine-
matic problem on more than 3DOF is solved by nu-
merical methods So far, there is no analytic inverse
kinematic calculation method for human lower extzem-
ity with more than 3DOF by analytic methods. The
puipose of this paper is to explore an analytic method
of the inverse kinematic calculation for human lower ex-
tremity with 6DOF o1 7DOF

4.1 The case of six degrees of freedom (6DGF)

Relative to coordinates %y, the ‘distal foot position
Pye and orientation (o, d,v) are known  The joint
angles, (81, ,#), of human lower extiemity well be
solved in this subsection.

4.1.1 solving process of angles g, 82, 61

Form the position (z,y,z) and orientation (o, 3,7),
we can obtained the homogeneous transformation,
T{o,3,v,2,y, z), and it can be expiessed as follows [1]

7

T(e B, v, 2, 4, 2)

ColpCy~8aSy —CoalpSy—SaCy Calp
SaCaCy+Ca8y —SaCaSytCuly SaSs y

- ~S5C, Ss8, Cs =z
0 0 0 1

411 Q12 413
Q21 G2z Q423
: (8)

Q31 Q32 433
0 0] 0

Lol S B

where, C, and S, denote cosé, and sinf,., repec-
tively, and a,. denotes the elements of matrix
T(a, 8, v,2,y,2) Taking into account eq.(1), we will
substitute T'(«, 0, ¥, 2, y, z) for T{8;, ,8)

There are two characters for the human lower extrem-
ity First, the rotation shafts of angles, &y, 8, 03, inter-
sect at one point Secondly, the rotation shafts of angles
B3, 84,05, are in the same direction. In consideration of
two characters, eq. (1) can be rewritten with the follow-
ing form,

[UTI 1T2 2T3 J—l T(CE, ﬁ: Y, T, U, Z)
= 3T 4T 3T °T,,. (9)

Terms on the left-hand of eq (9) only consist of func-
tions of angles 8;,0;,0;. Matiix elements on two sides

of eq.(9) are equal, respectively. Moreover, the third row
elements of the two matrix only consist of functions of
angles €1,9s,0 Accordingly,

a1: C1 C24ag; C2 S1+4-a3, 82=_8a6 56, (10)
a1z C1 C2+ag3 C2 Sltags 52=Sab C6, (11)

ayz C1 C2+4ag; C2 Sl+azs 52=Cab, (12)
zCl102+y C281+252=1L, Sa6 56, (13)

can be obtained, whete Ca6 and Sab denote cos ag and
sin ag. Eliminating terms C'1C2, €251, 52 from eq.(10)
~ (13), the equation about #5 can be obtained as

Ag 56 + Bs C6 = Dy, (14)
where, Ag, Bs, g are expressed in detail as foliows:

Ag = B 506 ai3(aza13 —aiza03)
—A Sob azz(aizy—aszz— Lyasiais+Lyaiians),
Bg=—B Sob a13(a21013- ar1a),
Dg =B Cob a1 {azeaiz—a12as3)
—B Cob aiz{azais—a1iaz3) _
—A Cab ayi{aizy—agzz)+A Cob (091013 —a11423),
A=(as1a13—a11a33){a22813 — G12023)
-—(G210«13—a11a23)(a32013*012033),
B =(asa13—an033){a1sy—agsz)
—(azmm—a11G23)(G13Z-—a3393)

From eq (14}, 8 is formulated in the form

fs=tan"' 2(Ag, Bg) L tan"'2(;/ A2+ B3~ D2, Dg) (15)

Substituting fs into eqs (10} ~ {13), 52 is formulated
in the form

S§2 = (By 86+ Dy 06+ Es) /A, (16)
where,Bg, Da, Eo, As are expressed in detail as follows:

By =(asz ai3 — a1z az3)a1z Sab,

Dy =(ag1 a3 —a1: az3)aiz Sab,

Ey = (agn a3 — ai; ag3)a:z Cob
—{az2 13 — a1z azg)an Cab,

Az = (a2 a13 — a2 ag3)(es1 413 — ayy asz)
—(as1 a3 — a1 az3){as2 a13 — a1z a33).

Using the obtained the #g, 52, €251 is then formu-
lated in the form:

€281 = (Sab ars 86 — Cab a;n — By 52) /41, (17)
where, Bq, A; are expressed in detail as follows:

By = (as1 a13 — an aas),
A1 = (a1 a13 — a1 a2).

From the obtained 85, 52, C281, finally, C'1C2 is for-
mulated in the form

0102 = (SO[G Sﬁ — 921 251 - 31 82) /all (18)



It cosfz # 0, 61 can be formulated in the form
61 =tan™' 2 (£C251, +C152) (19)

When 8y = 5 o1 —%, 0 can not be determined
uniguely.
From egs. (17), (18), C2, is obtained in the from

C2==+/{C251)2 + (C152)2 (20}

From egs (16}, (20), &2 can be formulated in the

form

Oz =tan 12 (82, C2) (21)

4.1.2 solving process of angles 05, 0,4, 85

Now, by using the known joint angles 81, 2, 0, let
us begin to solve angles f3, 81, 5. Because joint angles
61, 82 are known, similar to subsection 4.1 1, eq. (1) can
be rewritéen in the form

[OTI 1T2 ]_1 T(Ol, ﬁa Yy T Y, z)
= 273 3T, 4T 3T T, (22)

Terms on the left-hand of eq (22) only consist of func-
tions of angles 81,82, and terms on the right-hand of
equation consist of functions of unknown 83, 60,,85 Ma-
trix elements on two sides of equation are equal Ac-
cording to elements of third and forth columns on the
fitst row, third and forth columns elements on the thiid
Low

?

Saff S5{34+4+5)=a33C2—a130182—0a235152, (23)

LyC3+LsC(3+4)+ (Lo +L,C6) C{3+4+5)~
L,Cab §6 S(3+4+ 5)=-C182z—S182y+C2z, (24)

—Sab C(3+4+5}:—CL2301+&1351, {25)
L5483+ LsS(344)+ (L + LyC6) S(3+4+5)+
L,Ca6 56 C(3+4+5)=S1e—C1y, (26)

are obtained, where S3,C3, 5(3+4),C(3+4),5(3+4+
5),C{3+4+5) are be treated as new variables. Elimi-
nating S5(34+4+5}, C(3+4+5) from eq.(23) ~ (26),

Ly C3 4 L 0(3 + 4) = Fa, (27)
L4834 Ls S(3+4) = P, (28)

are obtained, where, Fs, F3 are

Ey=-C1522-5152y+C2z
+{Lg +LPC6)(H&23CI+G1351)/S(}46
+L,Cab56{a33C2—015C152—0935152)/Sab,
Fy=81z-Cly
—(Le +LPO6}(G,33C2—&130152ﬁa235152)/8046
+Lp0a686(7a236'1+a138’1)/8a6

From egs (27) and (28), the equation about ¢3 is ob-
tained @3 is formulated in the form

As 853+ Bs C3 = Dy, (29)
where, Az, B3, and Dj ate

Az=2 Fy Ly,
B3 =2 E3 Ly,
Dy=E2 + Ff + 13— L}

Then @5 is formulated in the form

83 =tan ' 2(A3, Bs) £tan"'2(/ A2+ B2Z-D2, D3). (30)

Also, from equation (27),(28), the equation about (63 +
84) is obtained as

Ay S{(3+4)+ By C(3+4) = Dy, {31}
where, As, By, and D, are

Ay=2Fy Ls,
B4=2 E3 L53
Dy=E{+F2 12 L2

Therefore, (85 + 84) is formulated in the form

((93 + 94) :tan_l 2(A4, B4) :i:ta.n“12(\ / AE‘FBE*DE, D4)
(32)

From equations (30) and (32), 85 can be obtained by

04 =tan~! 2(A,, By + tan~12(
—tan ' 2(As, Bs) F tan—12(

AZ¥BZ-DZ, D))
AZFBI-DI,D

Fromeq (23) and {25), the equation about (83 -0, +
#5) can be formulated by

(B3 + 04 +05) =tan 12 (As, Bs).
Thereby, we have
85 —tan™ 2 As, Bs)— s — b5, (34)
where As, By are expressed as follows:

A5 = (a336’2—algClS2—a238152)/Sa6,
B5 = (a2301 "—&1381)/5016.
Tilt now, for human lower extremity with 6DOF, the

method for obtaining the angles 6, - -, 8 from the
position and orientation of the distal foot is derived

4.1.3 Example calculation

Let us consider an example, where the stiuctural pa-
rameters of a lower extremity are

L4 L5 L6 Lp Qg
37cm | 38cm | 4om | 12cm | 15 °

the position and orientation of the distal foot are

z Y z o B 0
86cm | 27 ° | TR ° | 165 °

—1%m | —5cm

By the proposed analytic method of inverse kinematic
calculation an unigue solution of joint angles is obtained
as follows:

& 2 B3 N fs e
11.66 °|12.44 °| —12.22 °|29.44 °| -17.27 °|-11.69°




Figure 5: Schematic illustration of the example calcu-
lation on 6DOF

where, the displacement scopes of joint angles are given
1espectively by

0<éh <27, —F<bh<i -—%

|A
I/\

[/\
w2l el

&3
0<0, <, s

w T
~I<G<T, <

Structural parameters, position and orientation of the
distal foot and the joint angles are shown in Fig 5.

To examine the solving process, we calculated po-
sition and orientation of the distal foot using di-
rect kinematic calculation from obtained joint angles
(61,62, -.8s) The obtained results (=, ¥, z, o, 5, 7)
ate equal to given (z, y, #, @, 8, v). This indicates that
the solving process proposed here is correct according to
the Fig 3

4.2 The case of even of degrees of freedom
{(7TDOF)

As mentioned, the inverse kinematics calculation on
6DOF can be uniquely solved from the position and ori-
entation of the distal foot. This method, however, can
not be used for the model of human lower extiemity with
7DOF, since there is one redundant DOFE. In this subsec-
tion, the position of knee will be added in the ensuing
calculation on 7DOF. The knee position will be mea-
sured by 3D digitizer and dual receiver motion tracker
installed on: the knee

4.2.1 solving process of angle 0

Represented in Fig 4, relative to coordinates ¥y, the
origin position of coordinate Y4(%4,y4,24), the distal
foot position pgy and orientation (a, f3,7) are known,
and joint angles, (8;, .8}, 05,85}, of human lower ex-
tremity are solved as the following,.

By the same method of 4.1, we will substitute
T(CE, ;Ba T T Y, Z) for T(Gla B 94")95) 96) in eq (7)

Since the origin position of coordinates Xg(zg, v, 24)
was given, the homogeneous transformation , 97'4(8,, 8o,
83,84, of 224 with respect to Ly can be desciibed by the
form

0Ty (81, 02, 03,04) =0T 103 203 3T,

bin bz bz @

_ bay boa baz Y4 (35)
b31 b3z b3z 74
0 0 0 1

where, b,. denote the elements of matrix °T4(6;, 84,65,
04), 4, ya, za ale expressed in detail by

24 = La(—C152C3 + 5183) (36)
ys = Ly(—5152C3 + C'153) (37)
24 = L,yC2C3 (38)

If the structural parameters of a lower extremity were
given, the origin position (x4, ¥4, z4) of coordinate Ty
is determined by 8,83, 63, but the angles 8,62, 85, can
not be determined by (24, ya, 2z4) uniquely

There by, let us notice that the 1otation shafts of
angles, #:,82, 85, also intersect at one point. In consid-
eration of the character of human lower extremity and
the origin position of coordinate L4 was known, eq (7)
can be rewritten with the following form,

[OTI ITZ 2T3 }_1T(O!, I81 Y E Y, Z) =
ST ATy YT 5T °T,  (39)
The terms on the right-hand of eq (39) only consist of
functions of angles 81, 84, 03, and the matrix elements of
the first 10w on the right-hand of eq (39) can be obtained
by eqs (36),{37) and (38) According to the two matrix

elements of the first, the second, and the third columns
on the first 1ow:

CB(C1C5 — §4C4'S5) + 50656(5454")
+SabS6(—S54C4'C5 — C455)
= a3:C2038 + azl(—SISZCS — 0133)
+a11(—~C152C3 4 §183), (40)
—S6{C4CH — S4C4'S5) + SabC6(5454")
+Cab86(—84C4'C5 — C455)
= 03202C3 + aga(—5152C3 — C153)
+a12(—C152C3 + 5183), (41}
Cab(9454") 4 Sab(—S54C4'C5 — C485)
= 4320203 + azy(— 815203 — C183)
+a12(—C182C3 + 5183). (42)

Substituting eqs (36), {37) and (38) into the terms on
the right-hand of eqs (40), (41) and (42), and defining
My, Ny, P as follows:

= (asi2e + @21¥a + 011%4) /Ly,
= (aa3224 + G22Ys + 012%4) /L4,
= (a3324 + G23Ys + @13%4)/ Ly,
(

then, egs {40},

C6(C4C5 — 54C4'55) + Sa656(5454")
+50656(~S4C4'C5 — C455) = M,  (43)

—S6(C4C5 — S4C4'§55) + SabC6(5454")
+CabS6(—S4C4'C5 — C455) = Ny, (44)
Cab(S454') + Sab(—S4CH'Cs — C4S5) = P1,  (45)
where, (CACH — S4C4'55), (5454} and (—S54C4'Ch —
(C455) are be treated as new variables. Eliminating
(C4C5-54C4'55) and (—54C4'Ch - C485) from eqgs

{43), {44) and (45), the equation about 5454', & can
be obtained as

8454 =

41) and (42) can be rewritten as

SabM156 + SabN1C6 + CabPl  (46)



In the follows, we will derive another the equation
about 5454', 8. Take account into that the rotation
shafts of angles, 81,05, 03, intersect at one point, and
the rotation shafts of angles 8,4, #4., intersect at another
point eq.{7) can be rewritten with the following form

4’T5 STG STP - [ OT; 1T2 2T3 3T4 4T4r ]-—1
T, B, v,y 4, 2) (47)
Matrix elements on two sides of eq (47) are equal, 1e-

spectively. According to the two matrix elements on the
first row:

az1 Vi + ay Ve + as V3 = —S5a656, {48)
ag V1 + a1aVa + azeVa = —Sa6C6, (49)
azsVh + a1aVa + assVs = —Cafb, (50}

ZVy + 2V +yVs = —LeSab86 — L5454,  (51)

where, 1, V3, V3 are be treated as new variables repre-
senting

Vi = —(C4'82) — C2(C48354’ + C'35454),

Vy = §1(C3CASH — S35454') — CC2C4
—52(S3CA84’ + C35454')),

V3 =C1(C3C484 ~ §35454) — S1(C204’
—82(830454' + C35454"))

Eliminating the new variables from eqs (48) ~ (51),
the equation about 5454/, 85 can be obtained as

QQS4S4’ = My56 + NoC6 + P, (52)

where, (J2, Mo, Np, Py are expressed in detail as fol-
lows:

Q2 = Lyan (anazz - 0126!21)((G22CE31 - flzlﬂsz)(ﬁuflzs
—az1013) — (a23a31 — aziozs){anias — apan)),

My = Ej((aza31 — az1asz)(a11023 — ag1aa3)

—(azzas: — agiaza){@11023 — 012021))
~E{(ag2031 — ap1032)(any — aznz)
—(az1y — az12)(a11a23 — ajaast)),

Ny = (any — az12){(e22a31 — az1a32)(@11023 — @21013)
—(azsas — aness)(aiics — aiz021)) — (11023
—az1013)((@22031 — azase){any — 021%)

—(as31y — ag12) (211823 — 412091 ) }50bas:,
Py = Cabasi(a11a2z — aiza21){(az2031 — a21032)
(au1y — amw)_ - (6131?; - 0212)(311023 - a12a21)),
E{=-8abass (@110 —aa1a13+Sabags{arieos —a12a01),
E; = —Sabag(any — aziz) + Saby(ana — aizas:)
—LgSabag; (arjazs — a12a1)

From eqn (46), (52), the equation only about 5 can
be obtained as:

Ag 86 + B C6 = Dy (53)
where, Aj, Bf, Dg are expressed in detail as follows,

Afs = SO!SM]_Q2 "" M?:
Bé = Sa6N1Q2 - NQ,
D} = Py — CabP,Q2.

From eqn(53), fs is formulated in the form,

06 =tan~" 2(A%, Bottan 12(,/A2+ BE D2, DY) (54)

4.2.2 solving process of angle 85

Now, by using the known angle g, let us solve angie
65 The origin position of coordinate ¥4 was given, tak-
ing this into consideration again, eq (9) can be rewritten
with the foliowing form,

T{a, B, v, 2, y, 2)[ Ty *T5 5T 8T, 1"
=07, 11, 21, 37, (55}

Matrix elements on two-hand of eq (55} are equal, 1e-
spectively In consideration of egs. (35), (39), according
to the elements of the second and the third rows on the
fourth column, the equations only about S5, C5 can be
chtained as

M385 4+ N3C5 = P, (56)
M85+ N,C5 = Py, (57)

where, Mgz, N3, P3, My, N4, Py are be expiessed in detail
as follows:

My = L5{a220a606 — aszSab + aglCaﬁSﬁ),
My = L5{azoCabC6 — agzSab + az1CabS6),
N3 = —Ls(ﬂ.glcﬁ — 62236),

N4 = —Ls(aglcﬁ - (13236),

Pya=ys—y+ LganC6 + Lpa.gl — Lgagz 56,
Py =z — z+ Lgaz U6 + Lpagz — Lgasy S6

From eqs.(56) and (57), S5 and C5 can be expressed
by:
55 = (Ny Py - NyPy)/(M3Ng — MyNs), (58)
C8 = (MyPy — M3Py) /(MyNy — M3INy) (59)

From eqs (58) and (59), 85 is formulated in the form,
05 = tan~' 2(85, C5) (60}
4.2.3 solving process of angles 6,, and

Now, by using the known angles &z and 5, let us
solve angles 8; and 6. the eqs (43), (44) and {45) can
be rewritten in the forms:

(C5C6 — CatS556)C4 — (8506
+CabC556)S404 + (SabSTIS484' = My, (61)
—(C586 + CabS5C6)C4 + (5556
—CabCBCE)S4CY + (CabST)S454 = Ny, (62)
(Sc6S5)C4 + (SabCB)S4CH + CabS4S4 = Py, (63)

Substituting angles 8 and 5, into egs (61), (62)
and(63), moreover treating C4, §4C4" and 5454 as
new variables C4, S4C4' and 5454’ can be obtained
and expressed in the from:

S454' =Ky = (HaJo — HiJi)/(Holh — HiIp), (64)

S4C4 =Ky = (J; — LK) /Ha, (65)
C4= (P — CabK, — Sa6C5K3)/SabS5,  (66)



where, Hy, I1, J1, Hy, I, Jo are expressed as follows:

H) = (C556 + CabS55C6)(S5C6 -+ CabC556)
—(C5C6 — Ca65556){ 8556 — CabCHCH),
I = —(C556 + CabS5C6)SabS6
—(C5C6 — CabS556)Cab,
Jy =—(C556 + CabS5CE) M ~ (C5C6 — CabS5S6) Ny,
Hy =—8a655(S5C6 + CabC5S6)
—(C5C6 - CabS5S56)Cas,
I, = Sa6*5586 — (C5C6 — CabS556)Cab,
.]2 = SQ!GMl - (0506 — CO!GS5S(5)P1

From eqs (64), (65), 54 can be expressed by

Sd=+4/K2+ K2 (67)

From eqs (66), (67), 84 can be formulated in the form:
84 = tan"12(54, C4). (68)

It ; # 0 or w, from eqs.(64) and (65), 4 can be
formulated in the form:

Gy = tan™! Q(ﬁ:K]_, :I:KQ) (69)

When 6, = 0 or w, &4 can not be determined
unigquely  In the extending state of human lower ex-
tremity, joint angle 84 becames zero and is unable to
displace, this is ingenicus character of human lower ex-
tremity structure

4.2 .4 solving process of angles §,, 0y, 03
Now, by using the known angles 8, 04, Os, 05, we
will solve the angles 64, f, 83. Accordingly, eq (7) can
be rewiitten with the following form:
o7, 1T, T
- T(GZ, !67 Y, T, U, Z)[ 3T4 4T4’ 4[T5 5Tﬁ 6TP ]_1 (70)
Terms on the left-hand side of equation (70) only con-
sist of functions of angles 61,82,63 All of the terms on

the left-hand side of equation (70) was known Eq.(70)
can be described in the following form:

~(C152C34-51583 S1C3+C18253 (C1C2 0
—8185203-C153 —C1C34+518253 51C2 0
C2C3 —(253 S2 0

0 0 0 1

€11 €12 €1z Ci4
| €21 €22 C23 C24 (71)
€31 €32 (33 . C3a

0o 0 0 1

Matrix elements on two-hand sides of equation (71)
are equal, respectively Accordingly, the equations:

C102 = e1g, (72)
5102 = Cag, (73)
52 = ca3, (74)
C2C3 = can, (75)
—(283 = C32, (76)

are obtained, where,

€13 = C4’(a130a6+auSa606+a118a636)+.S'4’(S5(a11
06—1'11236)+05(0,1200!606—(11380!64'0110(1656)),

Cpg = 04"(a23Ca6+&22805606+0,215@636)+S4’(35(0121
CﬁﬁaggSﬁ)—E—CS(angaGCﬁ ka238a6+a210a6‘5’6))

C33 = C4’(a330a6+a325a686+a315a656)+.5’4’(5‘5(&31
Cﬁ—aggSﬁ)+C5(a320a66‘6—a338a6+a310a656)),

£33 204(05(0‘,3106—&3256)— 85((132005606—0.335&6
+a310a686))+S4(S4’(a330a6+a326'65a6
+u31.5a656) —04’(35(0.316'6—(13236)4-05
(a320a606va338a6+a310a636}),

cao = S4(C5(as1C6—az256)— 55(azCabC6—az3 Sab
4ﬂ310a656))+O4(S4’(a336'a6+a32065a6
+a315a6.5'6) —04"(85((1,3106-* a3286)+6’5
(a320a606~a338a6+a310a65'6)).

?

From egs (72), (73), €2 can be expressed by:

C2=44/c2s + ¢y (77

From eqs (74), (77), 82 is formulated by:
o = tan™1 2(S2, C2) (78)

If 85 # 0 or m, from eqs (72}, (73), (75) and (76) 6y,
f3 can be formulated ir the forms:

91 = tan_l 2(i623, iC13), (79)
fs = tan 1 2(Fesn, +ear), (80)

When #; = 3 or —%, 61 and 83 can not be determined
uniguely

Till now, we had derived the method for obtaining the
angles @, .. ., 04, 85,86 from the position and otientation
of the distal foot and the position of knee, for human
lower extiemity with 7TDOF.

4.2.5 Example Calculation

Wheie, we give the same structural parameters of a
lower extremity as 3.1 3, the position of knee joint is
given by

T4 Ya Z4
—8.8cm | 6.6cm | 35.4cm

the position and orientation of the distal foot are given
by

x y z o el ol
—18.8cm | —5.7cm |85.9cm [ 31.8 °{77.0 °|164.4 °|

By proposed analytic method of inverse kinematic
calculation, an unique solution of joint anglesis obtained
as follows:

91 92 53 94 92 95 66
10.7 °112.0 °|—11.9 °{30.0 °|5.3 °|—17.3 °|-11.6 °|




where, the displacement scopes of joint angles are given
respectively by

ks ™

0<8; <27 —-"2'<62<§ —%SGgS%
T J kis

0<ly<m —~F<6<T -—I<6<E
T w
—5<8<3

2
Structural parameters, the position of knee, position
and orientation of the distal foot, joint angles are shown
in Fig6

‘.\&( T 'Y

Figwre 6: Schematic illustration of the example calcu-
lation on 7DOF

To exarine the solving, similar to 4.1 3 we also calcu-
lated the position and orientation of the distal foot and
the position of knee using direct kinematic calculation
from obtained joint angles The obtained results indi-
cate that the solving process proposed here is correct
according to the Fig 4

5 Experiment

In order to examine the proposed analytic method
and calculation program, as shown in Fig.7, we made
a simple model of human lower extremity with 6DOF,
where, the joint parts are designed for protractors eas-
ily to be clung to them These angles can be precisely
measuied by the protractors.

Figute 7: The mechanical model of human lower ex-
tremity with 6DOF

We have performed a lot of experiments on the
model by changing link lengths and joint angles, let us
give an example of the experiments, where, we set up:
L,=35cm, Ls=45cm, Lg=6cm, L,=Tcm, ;=02 =0 °,
fg=—50 °.

The results of calculation and measurement are shown
in Tab 1. From the Tab 1, we can know that all of the

Table. 1: The 1esults of calculation and measurement

Data , 6 3[deg]

Number | Calculation |Measurement! Error[%]
1 —82.285 -82 —(,348
2 —74.374 74 =0.505
3 —70.653 -71.5 1.184
4 —55,824 =56 0.314
5 -30.783 -31 0.7
6 -13.51 -14 3.5

Data 8 4[deg]

Number | Calculation [Measurement Error[%]
1 132.294 132 0.222
2 122.489 1225 ~-0.009
3 118.561 118.5 0.051
4 95551 95.5 0.053
5 53.956 54 -0.081
6 23.714 25 =-5.144

Data 8 5ldeg]

Number | Calculation |Measurement Error[%
1 -51.644 -51.5 -0.279
2 -49.746 -50 0.508
3 —46.995 —~47 0.01
4 -41.341 41 -0.831
5 —24.804 -25 0.784
6 -11.835 11 -7.59

data errors are within +2°. Therefore, it is indicated
that the proposed analytic method is effective for lower
extremity kinematic calculation.

The Experiment of the mechanical moedel on 7DOF

just is under process

6 Conclusion

We proposed an analytical method of inverse kine-
matics for human lower extremity with 6DOF or 7DOF
By using the proposed analytical method, inverse kine-
matic calculation is performed. For examining the pro-
posed method, direct kinematic calculation is also per-
formed. The direct kinematic calculation results are cor-
respond with the inverse kinematic calculation results
This indicates that the proposed analytical methods are
cortect according to the mathematical model with 6DOF
o1 7DOF. Furthermore, the kirematics experiment of a
simple model with 6D0OF is performed, we confirmed the
proposed analytical method for human lower extremity
with 6DOF is correct
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