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Abstract .

In this paper, an analytical approach for obtaining
finger position regions of an object with multifingered
hond is proposed. The successful grasp of the object
can be achieved if the resultant force and resultant mo-
ment acting on the object are zero. At first, a method
that can be used to determine which combination of the
object edges touched by fingers is possible to be used for
grasping, is given by using the force equilibrium con-
dition Then, Graspable Finger Position Region on an
edge combination is defined where the object can be held
successfully and that the region is bounded by plural
boundary hyperplanes is shoun. With the combining of
these boundary hyperplanes, an algorithm for obtuin-
ing the Graspable Finger Position Region is proposed.
Lastly, computing examples are performed to verify the
effectiveness for the proposed approach.

1 Introduction

The grasp of an object by a robot hand is a primitive
but very important subtask in automatic systems. Ad-
vanced applications sometimes require multiple robotic
fingers to petform a task coordinately If a multifin.
gered robot hand is used to achieve greater generality,
a procedure for computationally synthesizin% SUCCess-
ful grasps is required. Therefore, for a given object, the
determining of the object grasp finger position regions
is a fundamental and important question.

Inn literatures, finger position and finger force on an
object were treated as variables simultanecusly. The
problem of solving the object grasp finger position re-
gions was dealt with as nonlinear problem. The mul-

tifingered finger positions are computed generally by -

the method of scanning every sample poinis selected
on the object, but this method is complicated and the
computing spends too long time.

The studies on two, three, four finger’s grasping have
been researched. In [1] an algorithm is represented for
directly constructing force-closure grasp based on the
shape of the grasped object. The synthesis of force-
closure grasps was used in to find independent regions
of contact for the fingertips. In [2] an analytical method
is represented to find an optimum foree closure grasp
of a planar polygon using a three-fingered robot hand
In [3} it has been shown that form-closure of a polyg-
onal object with four fingers can be achieved. In {4}
maximal object segments are obtained where fingers
can be positioned independently while force-closure is
found by linear optimization within the grasp finger
position regions. In[5] Omata proposed an algorithm
for approximately computing the positions of fingertips
maintaining equilibrium when they grasp a polyhedral
object.

IAbout finger position regions for multifingered hand,
many attempts have been made by analytical method
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But most of these studies lay stress on the problem of
grasp force analysis. The object grasp regions with the
finger position has not been solved yet.

The purpose of this paper is to exactly determine the
finger position regions of a given object. In this study,
at first, we distinguish candidates from combinations
of object edges. The forces and the moments exerted
by the fingers are equilibrium if the grasp is successful
We use the force equilibrium condition to select candi-
dates grasped successfully from combinations of object
edges. This is the necessary condition for the successful
grasp. Moreover, we use the analysis method to solve
the problem of the object grasp finger position regions.
for a candidate of the successful grasp edges, the regions
of successful grasp finger position are analyzed by us-
ing the moment equilibrium condition. Therefore, the
computational load can be reduced.

2 Force and Moment Equilibrium Con-
ditions

The following discussion is based on two assump-
tions: (1) The object is a 2D polygon with definite ge-
ometric shape; (2) The fingertips of a robot hand will

“touch the object by point contact with Coulomb fric-
tion and the contact point number of fingertips on each
edge is not more than one.

As shown in Fig 1, with respect to coordinates T,
f. € R? is the applied force of finger 1, the direction of
F, is toward the object. e;; € R? and e;; € R? are the
edge vectors (toward the object) of the friction cone
ki3, kin are the components of the force f; in e, ep
respectively. Therefore, f; can be described by

fi=kaentkizen, kia,kiaz0 {1}

For a successful grasp with n fingers, the force equi-
librium and moment equilibrium are required:

Z f,-=2(ki1eu+kizesz)=0 € Rﬂ, ki, kiz 2 0,

i=1

@

iml

Figure 1: Fingertip forces and fingertip positions
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Zr.-xf,. =Z"'ix(kilei1+ki2€iz)=0 c RI, ki1, kiz 20.(3)

i=1 i=1

where 7; € R? is the position vector of ﬁnger 7.

Next, to determine the grasp finger position regions
for a given object, the force equilibrium condition is
used firstly to select which combination of the object
edges is suitable for grasping.

3 Selecting the Edge Candidates

When the grasp finger position regions are computed
by the scanning method, it is necessary to compute
all the sample points selected on every edge. In this
section, we consider to select candidates of edges for the
successful grasp from combinations of the object edges
using the force equilibrium condition. Consequently,
the grasp finger position regions can be computed only
for the selected edge candidates by using the moment
equilibrium condition.

The force equilibrium condition eq.(2) of n fingers
can be expressed as

E.k=0e¢R®, k>0, . (@)
Elé[ell €12 €2 €2 - en1 eng] € R¥™, (5)
kg[ku iz ka1 kaz -+ kni kn2)” € R™. 6)

In order to select candidates of graspable edges, we
solve the k in eq.(4). The set of k is a convex poly-
hedral cone [10] and can be given by

k=Ha = [h, h2, ---, hj]la, >0, (7)
aé[ou az e aJ]TERJ, (8)
where, hj, j =1, 2,---, J are span vectors of the poly-

hedral coné. a is a coefficient vector for representing
the magnitude in h;. Note that, the obtained k rep-
resents the possible solution set where some k is not
permissible since the moment equilibrium condition is
not considered.

If a robot hand with n fingers is used to grasp an
object that has d edges, the number of the combinations
of the edges is ,Cy4. For each combination of edges, k&
is computed by eq.(4). If the k does not exist, the
combination of edges can be excluded. If the k exists,
the combination of edges will be graspable candidate.
In the next section, The grasp finger position regions
will be determined based on the edge candidates by
using moment equilibrium condition. ‘

4 Determining the Finger Position Re-
gions

When n fingers are used to grasp an object, the fin-
gertips are located on n edges of the object respectively.
As it is shown by Fig.1, the fingertip position vector on
ith edges with respect to £, can be described as

ri=roi+lti, i=12,---,n, 9
where, r¢; € R? is a vertex position vector of the edge
where ith finger acts on, t; € R? is ith edge vector from
the vertex, l; is a position variable of ith finger contact
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point. When the length of ith edge is L;, the limit of
Lis0<l; < L.
For n edges touched by n fingers, let

AR )T € R (10)

refer to a Finger Position Vector, its limit is
0 <ILL, (11)
L2 L LT e R". (12)

In this paper, the permissible regions of ! is defined
as Gmspablg F P g th

force equilibrium, the moment equilibrium and the edge
length limits, for grasping an object stably.

Substituting eq.(7) and (9) into eq.(3), the equation
on variables ! and « can be obtained as

ITA+b)a=0, a>0, (13)
where, A and b are denoted as
'[t1®] 0O .-+ 0
0 [2@®] --- 0
A2l 7 |E.HeR™, - (14
L O 0 - [ta®)]
-811 €12 0 o --- 0 0
A 0 0 €21 €22 ‘- 0 0
E=) . . . . : € RO, (15)
| 0 0 0 0 - en ens
b2 [by by - bs]
= [ [ro1®] [roe®] --- [ron®)] ] E;Hec R/, (16)
[t: ® | = [tiy tis) € R**?, (17)
[roi ® | = [~Toiy Toiz] € R**2. (18)

From eq.(13), we know that determining ! and « si-
multaneously is a nonlinear problem. Corresponding
to the span vectors of polyhedral cone k, we introduce
boundary hyperplanes of I.. Then, we derive an algo-
rithm to determine grasp finger position regions using
the boundary hyperplanes.

Analyzing the eq.(13), one can be find that eq.(13)
represents a hyperplane of I for a given a. For one span
vector h; by setting a; = 1, oy = 0, (i # j), we can
obtain one hyperplane p;. For J span vectors of k, we
can obtain J hyperplanes of { correspondingly,

ITAj +b;=0, j=1,2,---,J. (19)

These hyperplanes are boundary hyperplanes of the
grasp finger position regions. As shown in Fig.2, for
the two span vectors of k, for example hy and h,, the
two boundary hyperplanes p; and p, can be obtained.
When a k exists between-h, and h,, the corresponding
l exists between pg and p,. Therefore, corresponding to
the region between the two span vectors hg and h, of
the polyhedral cone, the finger positions of successful
grasps are located in the region between p, and p,.. The
hyperplanes p, and p, can be represented as follows:
1TA, +b,=0, © o (20)
ITAr +0b. =0, (21)

inger Position Regions that meet.-the .-
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Figure 3: Boundary hyperplanes and edge length limit
hyperplanes ’

As shown in Fig.3, the length limit 0 < 1 < L of edges
are presented as the hyperplanes forming the rectangu-
lar parallelepiped in the case of three fingers. When
the length limit condition is considered, the graspable
finger position region between the two boundary hy-
perplanes will be cut by the hyperplanes of the edge
limit . Namely, The graspable finger position region
will be determined by the boundary hyperplanes and
the length limit hyperplanes. :

Generally, the region bounded by two boundary hy-
perplanes is divided into two convex polyhedrons by an
intersection line of the hyperplanes pg; and p.. The two

polyhedrons V;, and VZ, can be represented by

Vi ={llT Ag+bg >0, ITA+b, <0, 0<SI< L} (22)
ar=12 ---,J, q#m

V2 =17 Ag+by <0, ITA+b,>0,0<I< L} (23)
gr=12 -, J g#r

The finger positions of a stable grasp are located el-
ementarily in one region enclosed by two hyperplanes.
For J boundary hyperplanes, the grasp finger position
regions are located in the union set of the all of the
both hyperplane’s combinations. Therefore, the region
of 1 is given as the following from
J
U viuvidh (24)

g, 7=1,q#7

Vi={l|
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V' is the graspable finger position region on a given
object. An arbitrary element of V', is one combination
of successful grasp finger positions.

5 Determining Grasp Finger Forces

According to eq.(1) and eq.(7), the finger forces of n
fingers can be represented by the equations

F = E;k=E;Hac R*, >0, (25)

F=(fi f - fJ% (26)

where, H had been obtained by eq.(7). Note that, the
obtained F represents the possible region where some
F is not permissible since the moment equilibrium con-
dition is not considered.

Substituting an I of V'; into eq.(13), the a can be ob-
tained that meet the moment equilibrium. Then substi-
tuting the obtained « into eq.(25), corresponding pos-
sible finger forces can be obtained.

In the following section, we will give numerical ex-
amples using this proposed approach to determine the
grasp finger position regions

>

6 Implementation

For a polygon object shown as Fig.4, we plan to
determine its grasp finger position regions with 2 or
3 fingers respectively.

With respect to I,, the vertex positions of the object
2.000 oy | 2000 _[13.000 _[8-000
7.000]* "% |2.000* "*%| 2.000" "4~ |7.000| -

The direction vectors of the edges are:
s | 00000, _fo000] . _f-0707] . _[-1.000

= 1-1.000/* **~ |0.000> **=| 0.707|" *4=} 0.000] -
The coefficient of friction between the object and fingers
is set as 0.5 so that we have

0804] 0894 _[o0.447
v €12 loa7|r €217 | 0804

To1=

€=\ _0.447

e, | 04471 _[-0049] _ _[-0316
270 0894 T 03160 %27 | -0.949 |
[ —0.447 eu | 0447

€=\ o894 " %27 | o804 |-

on the 4 edges and the lengths of the edges are:

Ly =5.000, L, =11.000, L3=7.071, L4=6.000.
ew ea
2, 7
eu\A‘
el/
2, 2
a2 ~ 1, 2)
€2 €2
Zo0 x

Figure 4: The Polygonal Object of 4 edges



6.1 Selecting Edge Candidates

6.1.1 Case for two fingers

The combinations of edges are 4C; = 6 for the given
object when the object is grasped by two fingers. By
using eq.(4), The edge candidates can be obtained if the
solution set of k exists. As a result, the combinations
of edges 1-3 and 2-4 are the candidates. For example,
for the combination of the edges 2-4, the grasp force
component k is

ka1 0.000 1.000

| k2 | | 1.000 0.000

k=1 ku 0.000 1.000 | % «20. (27)
kaz 1.000  0.000

a::[ a;  az ]T (28)

6.1.2 Case for three fingers

The combinations of edges are 4C3 = 4 when the
object is grasped by a robot hand with three fingers.
According to eq.(4), all combinations of edges are the
candidates. For example, for the combination of the
edges 1-2-4, its k is obtained as

ku] [0.000 0000 0.000 1.333
kiz| 10.000 0000 0.800 0.000

kx| _ {0000 1.000 0.000 0.000

k=1km|=|1000 0000 0600 1.667|% (29
k| (0000 1.000 1.000 1.000
k| |1.000 0.000 0.000 0.000

a=[a1 [s %] a3 a4]T, 020. (30)

The obtained edge candidates will be used to deter-
mine the graspable finger position regions in the next
section.

6.2 Determining Graspable Finger Posi-
tion Regions

6.2.1 Case for 2 fingers
From eq.(27), for edges 2-4, for let a; = [1 0]T and
az =[0 1)T, we have
ki=hy=[ 0000 1.000 0.000 1.000 ],
ka=ha = 1.000 0000 1000 0.000 ]".

(31)
(32)
Correspondingly, two boundary hyperplanes are ob-
tained by eq.(19):
0.894 I, + 0.894 Iy = 7.602,
0.894 I> + 0.894 I3 = 3.130,

(33)
(34)

which are two parallel boundary lines shown in Fig.5.
Taking into account the length limits of the edges 0 <
lo < 11.000,0 < Iy < 6.000, for edges 2-4, the object
grasp finger position region will be determined by both
2 boundary lines and 4 length limit lines. From eq.(22)
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Figure 5: Graspable finger position regions of 2 fingers

(a) Region for P, (b)Region for P,

Friction cone

(c}Region for B,

(d) Wholeregion

Figure 6: Graspable finger positions on actual object

(23) and (24), the graspable finger position region 1 is
a convex polyhedron as the following form

~ r_[8.500 2500 0.000 0.000 3.500]| .
Vi=ll L4"=61000 6.000 6.000 3.500 o.ooo] L] (39)

5

Bryo+,Ps 20, Bi+---+p0s=1

As shown in Fig.5 and 6, corresponding to the bound-
ary hyperplane p; in finger position space, the object
graspable finger positions are in the region of Fig.6(a)
on the actual object. Similarly, for the p;, we have
Fig.6(b), for a combination of p; and ps, we have
Fig.6(c). Therefore, the whole graspable finger posi-
tions are in the region of Fig.6(d).

6.2.2 Case for three fingers
Similarly, for edges 1-2-4, corresponding to the four

span vectors of k in eq.(29), four boundary hyperplanes
are obtained as

0.894 I; + 0.894 Iy = 7.602, (36)

0.894 I + 0.894 I, = 3.130, (37)
0.716 Iy + 0.537 Iy + 0.894 L3 = 6.708, (38),
1.192 Iy +1.491 I» + 0.894 Iy = 9.091. (39)

The length limits of the edges are: 0 < I; < 5.000,0 <
I £11.000,0 < Il < 6.000. According to eq.(22) and
(23), there are J =4, ¢, 7= 1,2, 3, 4, ¢ # r. For
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Figure 7: Boundary hyperplanes and edge limit hyper-

planes of three finger grasp

each of both hyperplane combinations, we can obtain
convex polyhedrons V}F and Vg, separately, which are
V]1.2 ¢v (40)
0.000 5.000 0.000 5.000 0.000
3.500 3.500 0.000 0.000 8.500
0.000 0.000 3.500 3.500 0.000

il

2
Vi,

i

{1)1=

8.500 2.500 2.500 0.000 0.000 :
0.000 6.000 6.000 6.000 6.000 Bs

Bi+--+Ps=1}, (41)

?

5.000 0.000 5.000 0.000 5.000] 2

1
Vi

2.500 0.000 0.000 0.000

0.000 5.000 3.125 1.8757 | A
(L= :
6.000 3.500 6.000 6.000

Ba
ﬂly"'1ﬂ4207 :61++ﬂ4=1}1 (42)
0.000 5.000 1.125 0.000

(1]1=

2.500 0.000 11.000 6.098
6.000 3.500 0.000 0.000

2
Vs

2.099 5.833 11.000 11.000 :
0.000 0.000 0.900 0.000 Bs

ﬂla"'xﬂBZO; ;61+"‘+ﬂ8=1}- (43)

Therefore, the region V; has the following form
4

)

5.000 5.000 0.000 0.000} P

vi= |J (viuvi). (44)
q,r=1,9#7
The regions of V;,, VZT and V are illustrated in Fig.8,
where V;r and VZT are convex polyhedrons respec-
tively, while the union set V; is a polyhedron but not
a convex one (see Fig.8).

The V', is the whole graspable finger position re-
gions in finger position space. For an arbitrary ele-
ment in the V', grasp finger force can be obtained cor-
respondingly. For example, in V§4 of eq.(53), when

182

s L2 l4
.. SLa oo
o) 2| /o \&F b
1 - '
1 1
@)V} bV
la 14 }

(S \ N
o 12 o N Y 12
o N
(Vi3 (& V3
la la
° o l2 o 12
h 1 h
(e) Va3 V4
le 14
l2 (] l2
[} h
(8) Vi (0) V34
¢ ls
. 3
) v NORY

Figure 8: Graspable finger position regions of 3 finger
grasp

B1 =P =+ = fg =0.125, the correspondingly gras-
pable finger positions I, (see Fig.8(j) and 9)
A 2.016
l, = [ 12} = [ 6.191} . (45)
la 1.300

According to eq.(13) and (25), the grasp finger force
S is a polyhedral cone and given by
0.967 0.290 3.272 0.000
y; 0.232 -0.145 1.636  0.000
F.— l:ij= —-0.425 —-0.629 -0.780 —0.334 e, (46)
@ 2 0.851 1.257  3.349 1.120(*
~0.541 0.338 -2.492 0.334
~1.083 —1.112 —4.985 —1.120

T
Qg = [aal Qg2 Qa3 Qa4] , O Z 0.

As shown in Fig.10, the columns of F', represent respec-
tively the force and moment equilibriums in the cases



Finger4

T Object

Finger1 l

Finger2

Figure 9: Finger positions of I,

Figure 10: Finger forces from position I,
that the finger forces are located in the edge directions
of the friction cone.
As shown in Fig.8 (j), if we select one point I, outside
of the V', for example,

5 1.000
- { 12] _ { 8.000] | )
L 5.000
substituting the element I, into eq.(13), the a that meet
the moment equilibrium does not exist, as shown in
Fig.11. Therefore, l; is not successful grasp finger po-
sitions.
Finger 4
/

L Object

X ls
Finger 1

la

Finger2 : k

Figure 11: Finger positions of I,

7 Conclusion

We have presented a novel analytical method to de-
termine candidates of graspable edges and graspable
finger position regions for a given object.

Some features of the analytical method presented in
this paper are summarized as follows:

e The permissible regions of the position variables
of contact points were defined as graspable finger
position regions.
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e The object graspable finger position regions are
determined exactly by using linear programming
method. The union set of the object grasp regions
is a geometrical polyhedron but not a convex one.

o The grasp edge candidates can be selected before
the problem of the object grasp regions are de-
termined. The computational load of the finger
position regions will be reduced considerably.
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