


where ri E R2 is the position vector of finger i. 
Next, to determine the grasp finger position regions 

for a given object, the force equilibrium condition is 
used firstly to select which combination of the object 
edges is suitable for grasping. 

3 Selecting the Edge Candidates 

bY 
all 

When the grasp finger position regions are computed 
the scanning method, it is necessary to compute 
the sample points selected on every edge. In this 

section, we consider to select candidates of edges for the 
successful grasp from combinations of the object edges 
using the force equilibrium condition. Consequently, 
the grasp finger position regions can be computed only 
for the selected edge candidates by using the moment 
equilibrium condition. 

The force equilibrium condition eq.(2) of n fingers 
can be expressed as 

E l k = O E R 2 ,  k 1 0 ,  (4) 

1 ( 5 )  
A E ~ 2 x 2 n  

A 
El=[e l i  e 1 2  e 2 1  e 2 2  ... enl en21 

k=[ki i  ki2 k21 k22  ... k,i kn2IT E R2". (6) 

In order to select candidates of graspable edges, we 
solve the k in eq.(4). The set of k is a convex poly- 
hedral cone [lo] and can be given by 

k = N a  = [hi, ha, ..., ~ J ] C Y ,  CY 2 0,  (7) 

(8) 
A 

C Y =  [ a ,  a2 ... QJI'ERJ, 

where hj, j = 1, 2,. . . , J are span vectors of the poly- 
hedrai cone. a is a coefficient vector for representing 
the magnitude in hj. Note that, the obtained k rep- 
resents the possible solution set where some k is not 
permissible since the moment equilibrium condition is 
not considered. 

If a robot hand with n fingers is used to grasp an 
object that has d edges, the number of the combinations 
of the edges is nCd. For each combination of edges, k 
is computed by eq.(4). If the k does not exist, the 
combination of edges can be excluded. If the k exists, 
the combination of edges will be graspable candidate. 
In the next section, The grasp finger position regions 
will be determined based on the edge candidates by 
using moment equilibrium condition. 

4 Determining the Finger Position Re- 
gions 

When n fingers are used to grasp an object, the fin- 
gertips are located on n edges of the object respectively. 
As it is shown by Fig.1, the fingertip position vector on 
i th edges with respect to CO can be described as 

T I  = T O ,  + l a & ,  i = 1 , 2 , . . .  ,n, (9) 

where, rot E R2 is a vertex position vector of the edge 
where i th  finger acts on, ti E R2 is i th  edge vector from 
the vertex, li is a position variable of i th  finger contact 

point. When the length of i th  edge is La,  the limit of 
li is 0 < li  < Li. 

For n edges touched by n fingers, let 
A 

(10) 1 = [ I 1  12 .. . I,]* E R" 

0 L; l < L ,  (11) 

L = [Li Lz ... LnIT E R". , (12) 

refer to a Finger Position Vector, its limit is 

A 

In this pa er the permissible regions of 1 is defined 
as GraspabEfi) h g e r  Position Regions that meet the 
force equilibrium, the moment equilibrium and the edge 
length limits, for grasping an object stably. 

Substituting eq.(7) and (9) into eq.(3), the equation 
on variables 1 and CY can be obtained as 

ITA + b)a: = 0, 

where, A and b are denoted as 
(13) cx 2 0, 

[t l@] 0 . . .  0 
0 [ t 2 @ ]  ... 

A 2  [ i; ... 0 R n x J ,  (14) 

. . . [&@I 
r e l l  e 1 2  0 0 . . .  0 0 1  

. . . . . . . . . . . . . .  

. . . . .  
0 0 e 2 1  e 2 2  . .. 

[ti @ ] = [-ti, t i , ]  E R 1 X 2 ,  

[TOi @ ] = [-Toay TOiO] E RlX2.  

From eq. 13), we know that determining 1 and CY si- 

to the span vectors of polyhedral cone I C ,  we introduce 
boundary hyperplanes of 1 . .  Then, we derive an algo- 
rithm to determine grasp finger position regions using 
the boundary hyperplanes. 

Analyzing the eq.(13), one can be find that eq.(13) 
represents a hyperplane of 1 for a given C Y .  For one span 
vector hj by setting aj = 1, ai = 0, (i # j ) ,  we can 
obtain one hyperplane p j .  For J span vectors of k, we 
can obtain J hyperplanes of 1 correspondingly, 

These hyperplanes are boundary hyperplanes of the 
grasp finger position regions. As shown in Fig.2, for 
the two span vectors of I C ,  for example h, and h,, the 
two boundary hyperplanes p ,  and p ,  can be obtained. 
When a k exists between h, and h,, the corresponding 
I exists between p ,  and p,.  Therefore, corresponding to 
the region between the two span vectors h, and h, of 
the polyhedral cone, the finger positions of successful 
grasps are located in the region between p ,  and p, .  The 
hyperplanes p ,  and p ,  can be represented as follows: 

(20) 
(21) 

multaneous '1 y is a nonlinear problem. Corresponding 

l T A j + b j = O ,  j = l , 2 , . . . , J  . (19) 

lTA, + b, = 0, 
lTAr + br = 0, 
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Force polyhedral cone 

-.... 
4 )I Pr 

.. ..... . 
Boundary hyperplanes 

Figure 2: Force polyhedral cone and boundary hyper- 
planes 

1 1  

Figure 3: Boundary hyperplanes and edge length limit 
hyperplanes 

As shown in Fig.3, the len th  limit 0.5 1 5 L of edges 
are presented as the hyperpfanes forming the rectangu- 
lar parallelepiped in the case of three fingers. When 
the length limit condition is considered, the graspable 
finger position region between the two boundary hy- 
perplanes will be cut by the hyperplanes of the edge 
limit 1. Namely, The graspable finger position region 
will be determined by the boundary hyperplanes and 
the length limit hyperplanes. 

Generally, the region bounded by two boundary hy- 
perplanes is divided into two convex polyhedrons by an 
intersection line of the hyperplanes p ,  and p, .  The two 
polyhedrons V i p  and Vir can be represented by 

V&={ZIZTAq+bq 2: 0,  ZTA,+br 5 0 ,  0 5 15 L} 

V&={ZIZTAq+b, 5 0,  ZTAr+br 2 0 ,  0 5 15 L }  

(22) 
q , T = L  2, . * ' ,  J, q # T ,  

(23) 
q , ~  = 1, 2, . . . ,  J ,  q # T .  

The finger positions of a stable grasp are located el- 
ementarily in one region enclosed by two hyperplanes. 
For J boundary hyperplanes, the grasp finger position 
regions are located in the union set of the all of the 
both hyperplane's combinations. Therefore, the region 
of 1 is given as the following from 

J 

v1= (1  I U U V&)}* (24) 
q,r=l,qZr 

Vl is the graspable finger position region on a given 
object. An arbitrary element of Vl, is one combination 
of successful grasp finger positions. 

5 Determining Grasp Finger Forces 

fingers can be represented by the equations 
Awarding to eq.(l) and eq.(7), the finger forces of n 

( 2 5 )  F = E2k = E z H a  E R2", Q 2 0 ,  

where, H had been obtained by eq.(7). Note that, the 
obtained F represents the possible region where some 
F is not permissible since the moment equilibrium con- 
dition is not considered. 

Substituting an 2 of Vl into eq.(13), the (I! can be ob- 
tained that meet the moment e uilibrium. Then substi- 
tuting the obtained (I! into eq.q25), corresponding pos- 
sible finger forces can be obtained. 

In the following section, we will give numerical ex- 
amples using this proposed approach to determine the 
grasp finger position regions 

6 Implementation 
For a polygon object shown as Fig.4, we plan to 

determine its grasp finger position regions with 2 or 
3 fingers respectively. 

With respect to CO, the vertex positions of the object 

The direction vectors of the edges are: 
U 

The coefficient of friction between the object and fingers 
is set as 0.5 so that we have 

0.894 0.894 0.447 [ -0.4471 ' [ 0.4471 1 [ 0.8941 ' 
-0.447 -0.949 -0.316 

e2:2= [ 0.8941 , e 3 1 =  [ -0.3161 1 e 3 2 =  [ -0.949] 

-0.447 0.447 
e41 := [ -0.8941 e42 = [ -0.8941 . 

on th.e 4 edges and the lengths of the edges are: 
Li = 5.000, L2 = 11.000, L3 = 7.071, L4 = 6.000. 

Figure 4: The Polygonal Object of 4 edges 
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6.1 Selecting Edge Candidates 
6.1.1 Case for two fingers 

The combinations of edges are 4C2 = 6 for the given 
object when the object is grasped by two fingers. By 
using eq.(4), The edge candidates can be obtained if the 
solution set of k exists. As a result, the combinations 
of edges 1-3 and 2-4 are the candidates. For example, 
for the combination of the edges 2-4, the grasp force 
component k is 

- 
- k i ~ -  0.000 0.000 0.000 1.333' 
lclz 0.000 0.000 0.800 0.000 
k2l - 0.000 1.000 0.000 0.000 
k22 - 1.000 0.000 0.600 1.667 k =  

k41 0.000 1.000 1.000 1.000 
k42 1.000 0.000 0.000 0.000 - - -  - 

(29) 

kl = hl = [ 0.000 1.000 0.000 1.000 ]', (31) 

kz = h2 = [ 1.000 0.000 1.000 0.000 1'. (32) 

Correspondingly, two boundary hyperplanes are ob- 
tained by eq.(19): 

0.894 12 + 0.894 14 = 7.602, 
0.894 12 + 0.894 14 = 3.130, 

(33) 
(34) 

which are two parallel boundary lines shown in Fig.5. 
Taking into account the length limits of the edges 0 5 
12 _< 11.000,O 5 l4 5 6.000, for edges 2-4, the object 
grasp finger position region will be determined by both 
2 boundary lines and 4 length limit lines. From eq.(22) 
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lh, \The grasp region 

Figure 5: Graspable finger position regions of 2 fingers 

I \  
(a) Region for PI 

\+ Friction cone 

(!)Region for P, (d) Whole region 

Figure 6: Graspable finger positions on actual object 

(23) and (24), the graspable finger position region 1 is 
a convex polyhedron as the following form 

T 8.500 2.500 0.000 0.000 3.500 . 

P 5  

Vi =[12 141 = [O.OOO 6.000 6.000 3.500 0.000 ][:I, (35) 

p1," ' ,OS 2 0, P1 + ... f p5  = 1. 

As shown in Fig.5 and 6, corresponding to the bound- 
ary hyperplane p l  in finger position space, the object 
graspable finger positions are in the region of Fig.G(a) 
on the actual object. Similarly, for the p2, we have 
Fig.G(b), for a combination of p l  and p2 ,  we have 
Fig.G(c). Therefore, the whole graspable finger posi- 
tions are in the region of Fig.G(d). 

6.2.2 Case for three fingers 
Similarly, for edges 1-2-4, corresponding to the four 

span vectors of k in eq. (29), four boundary hyperplanes 
are obtained as 

(36) 
(37) 
(38) I 

(39) 

The length limits of the edges are: 0 5 11 5 5.000,O 5 
12 5 11.000,O 5 14 5 6.000. According to eq.(22) and 
(23), there are J = 4, q, T = 1, 2, 3, 4, q # T .  For 

0.894 12 + 0.894 14 = 7.602, 
0.894 12 + 0.894 14 = 3.130, 

0.716 11 + 0.537 12 + 0.894 14 = 6.708, 
1.192 11 + 1.491 12 + 0.894 14 = 9.091. 



P4 P; P; 
Boundary hyperplanes 

Figure 7: Boundary hyperplanes and edge limit hyper- 
planes of three finger grasp 

each of both hyperplane combinations, we can obtain 
convex polyhedrons Vir and V &  separately, which are 

v:, = 4, (40) 
0.000 5.000 0.000 5.000 0.000 
3.500 3.500 0.000 0.000 8.500 [ 0.000 0.000 3.500 3.500 0.000 

V:, = { 1 I 1 = 

] [ ? I j  5.000 0.000 5.000 0.000 5.000 
8.500 2.500 2.500 0.000 0.000 
0.000 6.000 6.000 6.000 6.000 ps 
Pl,.*.,PS 2 0, 01 +...+ ps = l}, (41) 
.............................. 

1 

.............................. 
1 

] [ ? I j  0.000 5.000 3.125 1.875 
2.500 0.000 0.000 0.000 Vi4 = { 1 I 1 = 
6.000 3.500 6.000 6.000 p4 

(42) 

[ 
Plr...,P4 2 0 ,  ,&+...+p4=1}, 

0.000 5.000 1.125 0.000 
2.500 0.000 11.000 6.098 [ 6.000 3.500 0.000 0.000 

V,”, = { 1 1  1 = 

] [ ? I ,  5.000 5.000 0.000 0.000 
2.099 5.833 11.000 11.000 
0.000 0.000 0.900 0.000 ps 

pl,**’,P8 2 0, 01 f . . . + P 8  =I}.  (43) 

Therefore, the region V1 has the following form 
4 

VI = U (v;,uv:,). (44) 
q,r=l,q#r 

The regions of Vi,., V &  and Vl are illustrated in Fig.8, 
where Vir and Vir are convex polyhedrons respec- 
tively, while the union set V I  is a polyhedron but not 
a convex one (see Fig.8). 

The V I  is the whole graspable finger position re- 
gions in finger position space. For an arbitrary ele- 
ment in the V1, grasp finger force can be obtained cor- 
respondingly. For example, in Vi4 of eq.(53), when 

Figure 8: Graspable finger position regions of 3 finger 
gras€’ 
PI = P2 = = 08 = 0.125, the correspondingly gras- 
pable finger positions 2, (see Fig.8(j) and 9) 

2.016 
(45) 

According to eq. (13) and (25), the grasp finger force 
f a  is a polyhedral cone and given by 1 0.967 0.290 3.272 o.oool ,-a ~ 0.232 -0.145 1.636 0.000 

-0.425 -0.629 -0.780 -0.334 
Fa= 1!’1=1 0.851 1.257 3.349 1.1201aa1 (46) 

-1.083 -1.112 -4.985 
-0.541 0.338 -2.492 L 

a a =  [sal aaz  aa3 a a 4 1 T j  a 2 0. 

As shown in Fig.10, the columns of Fa represent respec- 
tively the force and moment equilibriums in the cases 
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\ 

Finger2 

Figure 9: Finger positions of 1, 

Figure 10: Finger forces from position 1, 

that the finger forces are located in the edge directions 
of the friction cone. 

As shown in Fig.8 (j), if we select one point l b  outside 
of the Vl, for example, 

1.000 

5.000 
l b  = [ = [ 8.0001 (47) 

substituting the element l b  into eq.(13), the a that meet 
the moment equilibrium does not exist, as shown in 
Fig.11. Therefore, #!b is not successful grasp finger po- 
sitions. 

Finger 2 

Figure 11: Finger positions of 16 

7 Conclusion 
We have presented a novel analytical method to de- 

termine candidates of graspable edges and graspable 
finger position regions for a given object. 

Some features of the analytical method presented in 
this paper are summarized as follows: 

The permissible regions of the position variables 
of contact points were defined as graspable finger 
position regions. 

The object graspable finger position regions are 
determined exactly by using linear programming 
method. The union set of the object grasp regions 
is a geometric$ polyhedron but not a convex one. 

The grasp edge candidates can be selected before 
the problem of the object grasp regions are de- 
termined. The computational load of the finger 
position regions will be reduced considerably. 
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