Symmetry Groups in
Robotic Assembly Task

Planning and Specification

Yanxi Liu

The Robotics Institute
Carnegie Mellon University
5000 Forbes Ave.
Pittsburgh, PA 15213

email: yanxi@cs.cmu.edu



ABSTRACT

Group theory is the mathematical theory of symmetry. This book
is trying to show that group theory provides a sound theoretical foun-
dation for applications involving solid surface contact by allowing gen-
eral, concise expressions describing the relative positions between solids.
This formalism presents challenging computational problems due to the
inhomogeneous nature of the symmetry groups that must be manipu-
lated, ranging from finite and infinite discrete subgroups to continuous
subgroups of the Euclidean group. This book presents a group theo-
retical formalization of surface contact among solids, together with a
geometric representation and efficient group intersection algorithm for
the TR subgroups of the Euclidean group. The relevence of symmetry
group concepts and the effectiveness of the intersection algorithm are il-
lustrated through a detailed design of an automated system for robotics
assembly task specification and planning. Besides serving as an exam-
ple for how technology can be enhanced by introducing a computational
mathematical formalization, this book also serves as a step-by-step in-
troduction to group theory for engineers.
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Chapter 1

Group Theory and Contact

Tyger, Tyger burning bright,

In the forests of the night:

What immortal hand or eye,
Dare frame thy fearful symmetry?

William Blake

One basic question in robotics automation is how to describe
contacts between solids to a robot? For example, how would you
ask a robot to put a cube in a corner? This seemingly simple task re-
quires 24 equivalent, but different, sets of task specifications if you wish
to enumerate all the geometric possibilities. What if there is an infi-
nite number of possible relative positions between the contacting solids
such as in the case of putting a cylindrical peg in a cylindrical hole?
It is a non-trivial task to communicate the full spatial relationships
between locally symmetrical objects with a robot that does not under-
stand symmetry. Such task specifications are forced to be either tedious
and redundant, or suffering from incompleteness. Current engineering
practice is still limited to a finite set of case-based scenarios.

Computing the relative positions of solids that are in contact is
a fundamental problem in many fields, including robotics, computer
graphics, computer aided design and manufacturing (CAD & CAM)
and computer vision. It is the focus of this book to formalize solid con-
tact based on local symmetry, to construct a computational framework
using group theory, and to demonstrate the effectiveness of applications
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of computational group theory in robotics. Under our unified formal-
ism, asymmetry is seen to be special cases of symmetry, contrary to
today’s common engineering practice where local or global symmetries
of an object are often treated as degenerate or pathological instances
from the norm.

1.1 Symmetry and Motion

Symmetries have long been used to describe the visual appearance of
an object, a scene, or a set of symbols (music, language etc.). Figure
1.1 demonstrates the appearance of five regular solids. However using
symmetry as a pertinent descriptor of the functions of an object is less
explored. For example, why are car wheels round instead of square or
any other shape with finite symmetries? Why do Philip screw drivers
have a 4-fold symmetry at the tip? In particular, there is a tight cou-
pling between the shape symmetry of contacting surfaces of two solids
and the possible relative motions between the solids in contact. This
coupling can be observed in Figure 1.2 where the six lower pairs! are

shown.

1.1.1 Symmetry and Symmetry Groups

A simple abstract view of our 3D physical world contains two key basic
components:

e an object S — a subset of R?, and

e an action, mapping, or transformation g that can act on S
in R3.

Formally, we define symmetry as follows:

Definition 1.1.1 A mapping g : R* — R3 is a symmetry of S C R3
uf

! Mechanical joints that have surface contact are called lower pairs in mechanical
engineering.
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Figure 1.1: The five regular solids (platonic solids): Tetrahedron, Cube
(Hexahedron), Octahedron, Dodecahedron and Icosahedron
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Figure 1.2: The six lower pairs
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1. g is an isometry (a distance preserving mapping), and

2. g leaves S C R? setwise invariant, i.e. g(S) = S where g(S)
denotes the set g(S) = {g(s)|s € S C R3}.

Definition 1.1.2 A symmetry g of S C R? is a proper symmetry
if g is a symmetry and g belongs to the proper Euclidean Group £

Given an arbitrary subset S C R®, S has at least one symmetry
— the identity mapping which maps each point in S to itself. Since
a symmetry of an object is a transformation in space, it is important
to distinguish how it acts on the whole space versus on the object to
which this symmetry belongs. For a given coordinate system XY Z
defined on R3, the identity mapping, a reflection about the X Z plane
and a rotation about the Z axis are three distinct symmetries of the Z
axis. Even though they cause the same effect to the points on the Z
axis (pointwise invariant), they affect the whole space of R? differently.

Some objects have only one possible symmetry (irregular), some
have many, and yet some have an infinite number of symmetries. The
set of all the symmetries of an object S forms a group G. The size of
G is called the order of the group. Now let us review the mathematical
notion of a group G:

Definition 1.1.3 G is a set of elements that satisfy the following con-
straints:

e an associative binary operation * is defined on the set;

e for any pair of elements g1,g, in G, g1 * go is also in G (G is
closed);

e there exists an identity element e such that any element g in G,
€exg=g*xe =g,

e any element ¢ in G has an inverse element g !

that gxg ' =g txg=ce.

also in G, such

All the rigid transformations (translations, rotations, reflections,
and combinations of them) on R? ie. symmetries of R3 form the
Euclidean Group &£, where
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e the composition of any two transformations is an associative
binary operation over all the rigid transformations in R?,

e the identity mapping is the identity transformation,

e every transformation has its reverse transformation as its in-
verse,

e any two transformations carried out one after the other remain a
rigid transformation in R3, thus the composition is closed.

Proposition 1.1.4 All the symmetries of a subset S € R® for a sym-
metry group Gg of S.

Proof : ... ...

All the handedness-preserving isometries, i.e. excluding reflections
in &, form the proper Euclidean Group £*. £7 is a subgroup of £.
The symmetry group of any S C R? is a subgroup of &, or of £ if
reflections are excluded.

Using the composition of mappings in R? as the binary operation *
defined on the set of symmetries of a S C R3, one can prove that all
the symmetries of S form a group, which is thus called the symmetry
group of S. An object’s symmetry group is one of its most important
descriptors.

Proposition 1.1.5 The proper symmetries of a set S C R form a
subgroup of ET.

Proof :

Let G denote the set of the symmetries of S C R3. Obviously,
1(S) =S,s01 € G. If g € G then g(S) = S, multiplying by g~* we
have g 1g(S) = g 1(S) therefore g !(S) = Sand so g ! € G. Finally, if
91,92 € G then (9192)(5) = g1(92(S5)) = 91(S) = S therefore g19, € G.
By the definition of a group (Definition 1.1.3) and the fact that G is a
subset of €1, G is a subgroup of £*. O

Definition 1.1.6 G4, G, are subgroups of group E1, G is conjugate
to Gy iff there exists g € ET such that G; = gGag™.
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Proposition 1.1.7 If G is the symmetry group of S C R3 then for any
rigid transformation g in EY,gGg™ " is the symmetry group of g(S).

Proof : ... ...

Thus one way to denote the symmetry group of S computationally
is to use a pair: a canonical symmetry group Geanon and an element
g of &' that transforms S from the origin (some standard position)
to its current location. Table 1.1 shows a sample of some canonical
symmetry groups in &' where i, j, k are orthogonal unit vectors along
axes X, Y, Z. trans(z, y, ) is a translation and rot(a, b) is a rotation
about axis o for angle b. gp indicates a group instead of a set. The
doubled lines divide this set of subgroups into: the identity group, ro-
tational subgroups, translational subgroups and subgroups containing
both translations and rotations. These canonical subgroups are chosen
with respect to a specified coordinate system in a systematic way: if
they have a single axis of rotation, it is chosen to be the Z-axis, if
they leave a single point in R?® fixed, that point is chosen to be the
origin. If they leave a plane setwise invariant, the plane is chosen as
the X-Y plane. A list of finite rotation groups are shown in Table 1.2.
These are symmetry groups of the five platonic solids shown in Figure
1.1. See Figure 1.3 for the relative containment relationship among the
subgroups defined in Tables 1.1 and 1.2.

Definition 1.1.8 A pole of a rotation group R = tR.t™', R. C SO(3),t €
T3, is a point p on the unit sphere Sy that is left fired by some rotation

of R, other than the identity, i.e. for some p € Sy,dr € R.,r # 1 such
that r(p) = p.

Groups can be divided into different categories. For example, G is
a finite group if there is a finite number of elements in G. Otherwise
G is infinite. Infinite groups can be further divided into discrete, non-
discrete and continuous groups. For example, Gr,¢, in Table 1.1 is not
a discrete nor a continuous group but a non-discrete group. One way
to define a discrete symmetry group is to use the concept of orbit.

Definition 1.1.9 An orbit of a point © € R® under group G, or the
G-orbit of z, is G(z) = {g(z)|g € G}.
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Table 1.1: Typical Members of Some Canonical Subgroups of £

‘ Canonical Groups ‘ Definition
| Gig | {1}
Rotation
Subgroups
SO(3) gp{rot(i, f)rot(j, o)rot(k, )|0, 0, € R}
0(2) gp{rot(k, f)rot(i,nm)|d € R,n € N'}
SO(2) gp{rot(k,0)|6 € R}
Doy, gp{rot(k, 27 /n)rot(i,mn)m e N},ne N
Cn gp{rot(k,27/n)},n e N
Translation
Subgroups
Tt gp{trans(0,0, 2)|z € R}
Ti (o) gp{trans(0,0,%)},t € R
T? gp{trans(z,y,0)|z,y € R}
& gp{trans(z,y,z)|z,y,z € R}
Mixed
Subgroups
Geyt gp{trans(0, 0, z)rot(k, f)rot(i,n7)|n € N,0,z € R}
G gir _cyi gp{trans(0,0, z)rot(k, 0)|z,6 € R}
G plane gp{trans(z,y, 0)rot(k, O)rot(i, n7)|z,y,0 € R,n € N'}
G dir_piane gp{trans(z,y,0)rot(k, 0)|z,y,0 € R}
Gserew(D) gp{trans(0,0, z)rot(k, 227 /p)|z € R},p € R
Grc, gp{trans(0,0, z)rot(i,n7)[n € N,z € R}
ET gp{trans(z, y, z)rot(i, f)rot(j, o)rot(k, @) |z, y, z,0,0, ¢ € R}
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Figure 1.3: Here the arrows A — B means B is a subgroup of A.
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Table 1.2: Types of finite rotation groups

GROUP THEORY AND CONTACT

Group |G| Poles in | Poles in | Poles in | Comments
Name size Orbit 1 | Orbit 2 | Orbit 3
Gia 1 00 0 0 the only rotation that
leaves more than two
points of a solid fixed
Cr = Geyaic n 1 1 0 generated by the
27 /n rotation
Gom = Gaihedral | @ = 2m n/2 n/2 2 for a regular m-gon,
m + 1 rotation axes
G ietrahedral 12 6 4 4 7 rotation axes
G octahedral 24 12 8 6 13 axes, same as cube
Glicosahedral 60 30 20 12 31 axes, same as
dodecahedron

A discrete symmetry group can be defined in terms of its orbits:

Definition 1.1.10 A discrete group G is a subgroup of £ such that for
any © € R® and any sphere B, = {y|ly € R3,||y|| < r} there are only a
finite number of points in the G-orbit of x that are contained in B,.

According to this definition, C,, is a discrete group but SO(3) is not.
There are many ways to denote a group, such as, exhaustively listing
all the members (e.g. the identity group for {1} ) or using a multiplica-
tion table for finite groups [5], exponent representation for Lie groups
[4], or generators-and-relations [10] for countable (finitely generated)
groups. For the affine subgroups, for example, one can use homoge-
neous matrices; for the rotation subgroup only, quaternions. However,
given the diversity of the groups listed in Table 1.1, to have a uniform
denotation on computers for the symmetry groups of all the solids and
surfaces in FEuclidean space is a challenging problem. One cannot list
all the members of an infinite group (e.g. the symmetry group of a
sphere SO(3)), nor can generators-and-relations be used to represent a
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Lie group. The exponent representation of Lie groups cannot be used
to represent finitely generated groups such as crystallographic groups.
Furthermore, the denotation we are seeking should also accommodate
the computation of group intersections. This is the topic that will be
addressed in Chapter ?7.

1.1.2 Symmetry Groups and Solids in Contact

A solid is a three-dimensional, connected and closed subset of Euclidean
space. Fach solid is bounded by a set of oriented algebraic surfaces.

Definition 1.2.11 The contact region of two solids is composed of
those points in R® that coincide with both solids.

Two solids have a surface contact if their contact region is a 2D area.
By contacting surfaces of a solid we mean the algebraic surfaces that
coincide with the contact region and bound the solid, not the finite
contact region itself. One important observation can be made from
studying lower pairs in Figure 1.2: When two solids have a surface
contact, the contacting surfaces from the different solids must have the
same symmetry group. In other words: Having the same symmetry
group for the contacting surfaces of two solids is a necessary condition
for any two solids to have a surface contact.

There is a direct relationship between the symmetries of the con-
tacting surfaces and the possible relative motions between a pair of
solids under such a contact, as can be observed in Figure 1.2. For a
simpler and incremental case see Figure 1.4, where block A has one
surface in contact with its environment, block B has two, and block
C has three. One can uniquely and completely describe three different
kinds of relative motions between the block and its environment under
these three surface contacts. Block A can be translated horizontally as
well as rotated about any axis that is perpendicular to the contacting
planar surface — the symmetry group of the plane parallel with the
contacting surfaces of the two solids. Similarly, block B can be trans-
lated along the baseline where the wall and the floor intersect — the
symmetry group of the pair of planes that coincide with the wall and
the floor. Block C’s position is fixed when three surfaces of the block
sharing one vertex are chosen.
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Given the symmetries of each block (equivalence of its surfaces),
there are multiple choices on block’s contacting surfaces with its envi-
ronment. If the blocks are cubes, A has six choices and B has 24 (for
each of the six surfaces there are four ways to choose another surface
which shares an edge with the chosen one, or there are six edges on the
cube and each has two possible orientations.). Figure 1.5 demonstrates
the contact of block C as a cube. When instructing a robot to put a
cube in a corner there are 24 different possible positions for the cube
to be in. This is obtained by finding out that for each of the eight
vertices there are three choices for contacting surfaces, 8 x3=24. 24 is
exactly the size of the symmetry group of a cube. That is why the
simple task of putting a cube in a corner requires 24 different sets of
task specifications to be unambiguous and complete.

A

Figure 1.4: Block A has one contacting surface pair, block B has two
and block C has three

When one defines a coordinate system for each solid with respect to
the world coordinate system, one can talk about the relative position of
two solids, which is the transformation from the coordinate system of
one solid to that of the other. The relative positions of two solids under
any surface contact can be derived via the coordinates of the contact-



1.1. SYMMETRY AND MOTION 17

Figure 1.5: Put a cube in a corner is an ambiguous task specification,
and can be tedious when completeness is desired.
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ing surfaces and their symmetry groups. Figure 1.6 shows the relative
location of a surface feature with respect to the solid it resides on when
surface coordinates are defined.  The relative position of solid A

Figure 1.6: A set of surface coordinates are defined with respect to its
solid coordinates. The solid coordinates are defined with respect to
those of the world.

with respect to solid B is a transformation from the coordinate system
of solid B to that of solid A. The relative position of solid A with
respect to solid B under a contact consists of all possible relative
positions of A with respect to B that maintain their contact region.
If solid A is acted upon by the symmetries of its contacting surfaces
the same contact remains. This can be seen by a simple example of a
sphere sitting on a table (Figure 1.7). Any rotations about the center
of the sphere (symmetries of the sphere) do not break the contact be-
tween the sphere and the table. Similarly, when any symmetries of the
planar surface of the table act on the table, the contact or the spatial
relationship between the table and the sphere remains. Contrast this
surface to surface contact with the following cases:

e putting the apex of a cone on a planar surface requires the singular
point of the conic surface to be in contact with the plane, thus
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rotations

rotations

translations

Figure 1.7: The contact between a spherical surface and a planar surface
remains the same when the symmetries of the contacting surfaces are
applied to each solid.

the symmetries that keep the contact are those of the apex of the
cone, not just those of the cone itself;

e putting one edge of a block on a table requires the intersection of
two planar surfaces of the block to be in contact with the planar
surface of the table, so only the symmetries of this intersection
— a line — can act on the block and keep the contact.

The following definitions are stated for surface to surface contact but
can be extended to non-surface contacts as described above.

Let B; and B, be two solids, with surfaces ; and 5 in contact.
G, G,y are the symmetry groups of Sp, Sy respectively. Suppose 1, o
specify the locations of solids Bj, By in the world coordinate system
and ; and 5 specify the locations of {, 5 in their respective body
coordinates (Figure 1.8). A spatial relationship between two solids in
contact is a binary relation C £ x &1, where each pair ( 1, 2) €
specifies one pair of possible positions for B; and B,. Regardless of
what kind of contacts occur between ; and o, if we move B; or B,
by a member of G; or (G5, respectively, the relationship between the
contacting surfaces remains?. Consider what we can infer about the

he motion ma not e legal ho ever since it ma cause inter enetration of
solids.
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Figure 1.8: The relative locations of two solids s  1,s 2, in contact
through their surfaces 1, o, are expressed in terms of their coordinates
and their symmetry groups G, G, respectively: 115 € 1G10Gy 5 .
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relative location of two solids that are in contact. The relative location
of B, with respect to By, i.e. ' o, can be expressed as® (Figure 1.8):

1_1 9 € 1G10’G2 2_1, (11)

where o is a rigid transformation which brings the coordinate of

1 into coincidence with the coordinate of 5. Since one can define a

coordinate for a surface arbitrarily, o can always be made to be the

identity element. However, in practice the coordinate is usually defined
in a convenient way (centrally located, for instance).

If the two solids have a surface contact through surfaces i, o, the
contacting surfaces coincide. , o are then the same subset in R3,
and thus have the same symmetry group. In this case expression (1.1)
reduces to a much simpler form:

o€ 1G5 (1.2)

where o is now the identity and G = G = Go.
The specific surface contact can be expressed as a spatial relation-
ship between solids By, By

={(1, 2)l1'2€ 1G 3} (1.3)

We can summarize this by saying that when two solids have a sur-
face contact, their relative locations belong to a two-sided coset of the
common symmetry group of the contacting surfaces.

If G is of infinite order, say G = SO(2), then can take infinitely
many values; this is the case for a revolute joint (Figure 1.2). If G
is finite, then there is a finite number of relative locations possible
between the two solids. If G is the identity group, then has only the
constant value ; 5 '. In this case the location of one solid with respect
to the other is uniquely determined. Under this formulation, we have
the simplest form for the most asymmetrical case.

Two solids in an assembly are typically related to each other through
multiple surface contacts. If two solids B; and B, are related by two
pairs of surface contacts, i.e. 11 fits 9; and 19 fits 99 with surface

f one uses homogeneous matrices to e ress the grou actions in formula
the order should e reversed.
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locations 11, 21, 12, 292, in their body coordinate systems, then the
relative location of body Bs to body B; is constrained by two relations
of the form (1.2), that is:

t2€ 1Gn o 12G12 2 (1.4)

where G1; is the symmetry group of 17 ( 21), G2 is the symmetry
group of 15 ( 22), and o is the identity. Expression (1.4) can be
rewritten into a one-sided coset of an intersection involving the original
groups G1; and Gio [27]. When the intersection is null, it implies
that the specified spatial relationship is impossible ( i.e. no feasible
positions 1, o can realize the required contacts between B; and Bs).
If the spatial relationship is realizable, the two surfaces of B; can be
viewed as one compound feature ; composed of 1; and 15 fitting
with another compound feature 5 composed of 5 and 9 of Bs.
The symmetry groups G; of ;| and G5 of 5 should be the same since

1, 9 coincide, let us call this common symmetry group G. Following
(1.2), we have:

1_1 2 € 1G 2_17 (15)

where 1, o are the locations of compound features 1, o with respect
to their body coordinate systems. The questions now are: what is G?
and how do we find G from G411, and G157

The more general questions are:

1. Given two solids 57, So, what is the relative location of the two
under n surface contact (n contacts from each side, Figure 1.9)?

2. Given two solids S1, S2, what is the relative location of the two
under n general contact?

3. Given m solids in a chaining general contact (Figure 1.10), what
is the relative location of the mth solid with respect to the first
solid?

From our reasoning so far we can express the relative locations in
each case above using the symmetry group of the contacting surfaces:
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_

S,———8S,

Figure 1.9: Solids S; and S; have n contacts

Figure 1.10: Solids Sy, S5, S, form a chain
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1. Two solids have n surface contact:
lae 1G5 (1.6)

where G is the symmetry group of all the contact surfaces of S;
or S,.

2. Two solids have n general contact:
Tl € 1G101Gay o 12G1209Gas o (1.7)
lnGannG2n 2;;1

where GG; is the symmetry group of primitive feature of S; and
; 1s its feature coordinates.

3. m solids have a chaining general contact, the relative location of
solid m with respect to solid 1:

€ 1G1201Ga 91t 2G2302Gl3g 331 (1.8)

m—lG m—1 mam—le m—1 7;1m—1
where (; is the symmetry group of the surface on solid in
contact with solid

1. e ri ti e or ormal ation

Understanding that group theory is relevant in describing solids in con-
tact is only the first step towards finding a solution to the problem of
dealing with local and global symmetries. The next step is to estab-
lish the basic vocabulary to formalize the problem. Since solids are
in contact with each other via the finite faces bounding their volumes,
these faces seem to be able to serve as the primitives. However, these
bounded faces are only a physical realization of the contact between
the sometimes unbounded algebraic surfaces that coincide with the fi-
nite faces. When a surface contact is specified between only one pair
of planar primitive features of two solids, no real physical contact of
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the two solids is enforced (Figure 1.11). To guarantee a physical con-
tact, additional constraints have to be added. This is precisely what is
meant by a pair of planar surface contacts. Assuming g is a symmetry
of some volume S C R3 (S can be unbounded) and S is the complement
of S,ie. S=R? S then g(S)=S=R S,9(5)=g(R® S)=
g(R®) g(S)=R* S =S. That is to say, S and its complement
S have the same symmetry group — the symmetries of the common
boundary of S and its complement. Thus, when describing contacts
and motions happening along the boundary of a finite solid in R3, it
is reasonable and more precise to formalize it as events happening to a
set, of possibly infinite surfaces bounding the solid.

Figure 1.11: Two solids which share a planar surface feature

1.2.1 riented Sur ace rimiti es

Since contacts among solids happen via the contacts of the surfaces of
the solids, the representation and characterization of each contacting
surface constitutes the foundation of any formalization for solid con-
tacts. A group theoretic formalization of surface contact [31] treats
each surface of a solid as a (possibly infinite) subset S in Euclidean
space, which can be expressed as a polynomial. A symmetry of S is
defined as follows:
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A single surface, treated as a set of points or with orientation vectors
pointing inward, has the same symmetries as the surface with orienta-
tion vectors pointing outward . However, in real world problems it is
rare that only one surface is considered in isolation. In an assembly, it
is often the case that multiple surfaces of one solid are in contact with
multiple surfaces of other solids. This is a situation where treating a
surface as a set can run into problems. For example, Figure 1.12 shows
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Figure 1.12: Two adjacent planes, 57, S92, on a cube

2

two adjacent (infinite) planar surfaces Si, Ss of a block. If the two sur-
faces are treated as sets, the symmetries of the two planes include a
90° rotation about the line of the intersection of the two planes, which
is not a symmetry in reality. If one takes into consideration the fact
that one side of the plane is the material of the solid and the other is
the air, the only symmetries left are those 180° rotations that preserve
both the bounding surfaces and their orientations. Another example of
such non-real symmetries is illustrated in Figure 1.13. If the two cylin-
drical surfaces Si, Sy are treated as sets (infinite cylinders) then one
cannot distinguish the two cases (a) and (b). In case (b) the cylindrical
hole S; and the cylinder S5, though they have the same radius, are not
interchangeable if one takes their orientations into consideration.

lanar surfaces are an e ce tion hen an unoriented lane is treated as a set
there are i ing s mmetries that do not e ist for an oriented lane. n ractice
this can eeasil handled chec ing the signs of a surface given  a solid modeler.
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(b) R @
; S,
s

Figure 1.13: In both cases (a) and (b), S; and S, are interchangable
(2-congruent) if they are treated as sets.

Obtaining the accurate symmetry group of a set of oriented contact-
ing surfaces becomes crucial in applications where an assembly planner
needs to decide which assembly parts fit with each other [32, 27] based
on whether they have compatible symmetry groups. It is also crucial
when instructing a robot since the exact relative positions motions be-
tween a subassembly and the rest of the assembly have to be provided in
the task specification. These applications call for a more precise char-
acterization of surface features of a solid, i.e. taking the orientations of
a surface into consideration. This addition to a set-feature will require
that the symmetries of a surface keep both the points on the surface
and the orientations of the surface, respectively, setwise invariant. The
group theoretical formalization, thus, needs to be re-evaluated given
oriented surfaces as the descriptive primitives of a solid.

We introduce the concept of oriented features by defining a set of
outward-pointing normal vectors for each surface point of a solid. The
polynomial used to express an algebraic surface implicitly, such as pro-
vided by a geometric solid modeler, defines such normal vectors. Let

2 be the unit sphere at the origin embedded in %3, each point of 2
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corresponds to a unit vector in R3.

Definition 2.1.12 A solid 15 a connected, rigid, three dimensional
subset of Buclidean space R3.

Definition 2.1.13 An oriented primitive feature = (S, ) of a
solid  1s an oriented surface where

1) S C R is a connected, irreducible and continuous algebraic sur-
face which partially or completely coincides with one or more fi-
nite oriented faces of

2) C S x ?%isa continuous relation. or each s € S if s is a
non-singular point of surface S (p. 1 )then € 2 is one
of the two opposing normals of the tangent plane at point s such
that (s, ) € if s is a singular point of S (e.g. at the apex of a
cone) then, for all , where € 2 is the limit of the orientations
of its neighborhood, (s, ) €

) oralse (s, )€ , points away from

Intuitively speaking, a feature is composed of both skin , S, and
hair , the set of normal vectors which correspond to the points on 2.
Each element of relation is a correspondence between a point on S
and a unit vector on 2. Note, there may be more than one normal
vector’ at one point of a surface, e.g. at the apex of a conic surface.
Let £ be the proper Euclidean group which contains all the rota-
tions and translations in i3, T® be the maximum translation subgroup
of £, and SO(3) all the rotations about the origin. We now define
how an isometry g € £T acts on the relation defined in Definition
2.1.13:

Definition 2.1.14 Any isometry g = tr of £E¥,t € T3,r € SO(3) acts
on in such a way that (s, ) € (gs,r ) € gx

Now we define the symmetries for an oriented surface:

ere irre 1 le im lies that a rimitive feature cannot e com osed of an
other ore asi alge raic surfaces.
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Definition 2.1.15 A proper isometry g € £ is a proper symmetry
of an oriented surface (primitive feature) = (S, ) if and only if
g(S)=Sand gx =

Note, the difference between the symmetries of a set (Definition

. ) and this definition. There is an extra demand on a symmetry for
an oriented surface — it has to preserve the orientations of the surface
as well. Since orientations are points on 2, symmetries of an oriented
feature have to keep two sets of points in R? setwise invariant.

emma 2.1.16 orall g1, 92,93 € E1,(9192)*(g3% ) = g1%((g293)* ).

Proof.
Given the associativity and the closeness property of £ we have
(9192) * (g3 * ) = (919293) * = g1 * ((g293) * ). o

In proposition . .5 it has been proven that The proper symmetries
of a set S C RN form a subgroup of £f. One can prove that the
symmetries of an oriented surface form a group:

Proposition 2.1.17 The symmetries of an oriented feature = (S, )
form a subgroup of ET, called the symmetry group of feature

Proof :

Let G denote the set of the symmetries of . Since it has been
shown in Proposition . .5 that it is true for set .S, here we only concern
ourselves with

Obviously, * = ,so € G. If g€ G then (9% )= (By the
definition of symmetries). Multiplying by ¢! we have g ' x (g% ) =
g 'x . Using Lemma 2. . 6 we have g '* = andso g ! € G.
Finally, if g1, 92 € G then (g1g2) * =g1*(g2* ) =g1* = therefore
9192 € G. Hence G is a subgroup of £7. O

An assembly is a manifestation of surface interactions of its sub-
parts, albeit the physical property of each individual part (rigid or
deformable) or the nature of the contact (static or articulated). Thus
the representation of an assembly reduces to specifying a set of con-
tact constraints that dictate the configuration of a set of solids. It is
often the case in robotics and mechanical design that several surfaces
of a solid are in contact with one or more other solids. The possible
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motions of this solid under these contacts are determined by the sym-
metry group of the contacting surfaces considered collectively. We need
a denotation for such a collection:

Definition 2.1.18 A compound feature = (S, ) of primitive fea-
tures 1=1(51, 1), , n=(Sn, n), is defined to be

e 5=05; Sh

The advantage of using a relation to denote the orientations of

a feature (Definition 2. . 3) becomes more obvious for compound fea-

tures. When two primitive features are combined, there often are mul-

tiple normal directions at the points where the surfaces meet (Figure
. 4).

1.2.2 air ise elations ip o riented Sur aces

In order to determine the symmetry group of a compound feature sys-
tematically, we start with the simplest compound feature — a com-
pound feature composed of only one pair of primitive features. See
Figures . 4, . 5 and . 6 for examples of simple compound features
( Note that only a finite face on each primitive feature is drawn).

Given a pair of primitive features, what kind of relationship holds
between the two features and what is the effect of such a relationship in
terms of determining their symmetry group? The following definition
gives a characterization of four relationships between a pair of primitive
features:

Definition 2.2.19 Two oriented primitive features 1= (S1, 1), 2 =
(S2, 2) are said to be

e Distinct if for any open subsets S, C 51,5, C Sz, no g =tr €
ET exists such that g(S;) C Sy or ¢g(S,) C Si. See Figure . 4
for an example of a pair of distinct features 1, ».
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F1=(S5,5%) F2=(52.5,)

@

orientation vectors

51



F1=(S:, %) F2 = (S2.53)




F1 = ( S1, &%) F2 = (S2.5,)

U2

\ w/,ﬁs

b /\\

D

orientation vectors of 531, 532




F1=(51,5) F2 = (S2.5,)

|
52/
' N
Sl

pd

orientation vectorsof §; &

orientation vector s of S‘}









949



s






@






9

949

99

99

99

99

































