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Abstract

We studytheproblemof extractingEPRpairsfroma gen-
eral source of entangement.SupseAlice andBobshae
a bipartite statep which is “r easonaly close” to perfect
EPR pairs. The only information Alice and Bob possess
is a lower bourd on the fidelity of p and a maximallyen-
tanded state They wishto “purify” p usinglocd opela-
tions and classicalcommuitation and output a statethat
is arbitrarily closeto EPRpairs. We prove that on aver
age, Alice andBobcannd increasethe fidelity of theinput
statesignificantly. On the otherhand there exist protocols
that may fail with a small probability, and otherwisewill
output statesarbitrarily closeto EPR pairs with very high
probability. Theseprotocds comefromthe “purity-testing
protocds” of Barnumetal [2].

1 Intr oduction

Randombits areanimpartantcompuationalresoucein
rancdomizedcompuation. Therehasbeena lot of work on
extractinggoodrandan bits from impeifect source of ran-
dommess. Von Neumam [16] showved that a linear num-
ber of perfectrancbm bits canbe extraded from indepen-
den tossef a biasedcoin. More recen researctascon-
structedextractas[19, 23] which canextractalmostperfect
random bits from ary sourcewith a certainmin-entopy,
without ary otherassumptios. The bestconstructios ex-
tracta numbe of randm bits closeto the min-entopy of
therandm sourcegivena polylogaithmic numter of per
fectrandm bits asauxiliary input [22].

Quanturrentamglemenis animportantresoucein quan-
tum computation, similar to randan bits in probabilistic
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computation. It comesin the form of Einstein-Podlsky-
Rosen[8] (EPR) pairs. An EPR pair is the stateof two
quartum bits ﬁﬂ 00) 4+ | 11)) sharedby two parties,with
one party (Alice) holding one quantum bit and the other
party (Bob) holding the secondbit. This is the quarium
courterpartof arandan bit sharedy two parties.

Besidesbeingconcepually interestingin quarium me-
chanicsEPRpairsarealsoveryusefulin quantum informa-
tion theory Usingan EPRpair, Alice andBob canperfam
guaniumteleportéion. By performingonly localopegations
and classicalcomnunication (LOCC), Alice can “trans-
port” a qubit to Bob, who could be miles awvay from Al-
ice[3]. SOEPRpairs,alongwith aclassicacommunication
chanml, effectively constitutea quantum chanml. Con-
versely “supercensecoding is possiblewith EPRpairs: if
Alice andBob sharean EPR pair, thenAlice cantransport
2 classicabits to Bob by just sendingonequht [7].

For thetelepatationanddensecodirg to work perfectly
perfect EPR pairsare needd. Individual quhts are prone
to erras, which make for impefrfect pairs. This createghe
needfor generatig perfect(or almostperfect) EPR pairs
from impeifect ones.This problen of extracting EPRpairs
is sometimesnown as“entanglenentdistillation” or “en-
tanglenent purification”. It hasbeenthe focus of muchre-
searchwe list themostrelevart workshere.

Bennettet. al. [4] gave a pratocol for the casethat Al-
ice andBob shareidenticalcogies of the pure state| ¢) =
(cos@]01) + sin|10)). This was extenced to the case
whenAlice andBob shareidertical copiesof a mixedstate
[5, 6, 11]. Vidal [24], andsubsequatly, Jonatha andPle-
nio [12], Hardy[10], andVidal, Jonatha, andNielsen[25]
consideedextractingentandgementfrom asinglecopy of an
arbitray pure state,assuminghatwe know a completede-
scriptionof the state.All theseworksuserelatively simple
mockls for impeirfect EPR pairs, and have courterpartsin
theclassicalprodem of randbmnessextraction. Themodel
whereAlice andBobsharddenticd copesof thesamestate
correspondgo geneating perfect rancbm bits from the se-
qguerce of i.i.d. biasedcoinflips. Extractingentanglerant
from a single copy of a known statecorrespndsto con-



structinguniform/almetuniform randbmbitsfrom abiased
distribution whenwe know a comgete descriptim of the
distribution. Both of thoseare very easytasksclassically
Dealingwith quarnium statesmakesthemmuchhardey but
their apgicability remaindimited.

More geneal errormocels were consicgredin quanum
cryptograghy. In the cortext of quantun key distribution,
Lo and Chau[14], andlater Shorand Preskill [21], con-
sidereda prodem similarto entandgementextractian. They
proved that there exist “testing protacols” involving only
LOCC, suchthat perfect EPR pairswill “pass” the proto-
col with certainty while ary statefar from EPRpairs“f ail”
with very high prokability. Thisallows oneto concluck that
astatethatpassesverification protocad will have veryhigh
fidelity with the perfe¢ EPR pairs. This testing problem
was formulated more explicitly by Barnumet al. [2], in
the settingof authenticing quantum messagesThey also
give a more efficient constrietion. In this paper we con-
siderthe prablem of extractionwith respecto generaler
rors. Nonethelesthe apprachandresultsof [14, 21, 2]
will prove veryuseful.

This current uncerstandingf quartum entandementex-
tractionis quite differentfrom thatof classicarandmness
extraction, where an extractor works with a very geneal
mockl of randanness:solong astherandam sour@ hasan
certainmin entropy, the extracta is guarateedto extract
almostperfect rancbm bits, regadlessof the input distri-
bution. Moreover, extractos can be madevery efficient:
thenunberof perfectrancdbm bits they outputis almostthe
min entropy of theirinput,andonly alogarithmic numker of
perfectrandan bits areinvestedasauxiliaryinput . Canwe
have an“entandementextradion proto®!” in the quarium
world that matcheghe extracta in the classicalworld? In
otherwords,canwe have a protocd thatworks regadless
of the input state,and canour protom| be madeefficient,
namdy, output asmary nearperfect EPRpairsaspossible
andinvestasfew perfectEPRpairsaspossible?Theseare
thequestios we setoutto considelin this paper

1.1 Modelsof Imperfect EPR Pairs

We usethefollowing modelfor theimperfe¢ EPRpairs
in our paper: Alice andBob startby sharinga stateof n
perfectEPRpairs,andthensome"distortion operate” D is
appied to thestate.ThisopertorD isn’t necessarilya uni-
tary opaatorandthusthe stateAlice andBob endup with
coud be a mixedstate. The only assumptiorthatwe have
is thatthedistortion is not“verylarge”. More preciselywe

IFurthemore,it is proven [20] thatit is optimat thenumberof randan
bits output by an extrador canrot exceed the min entopy of the input
distribution, and the numberof perfectrandombits an extrador invests
mustbe at leastlogarithmicin theinputlength.

assumehatAlice andBob sharea statep with fidelity? at
least(1 — €). We call thismocel of imperfectEPRpairsthe
“Generd Error’ mockel. We call theprotocds for thismodel
GeneraEntanglerentPurificationProtaols (GEPPS)

As thereades might have noticed our modelof imper
fect EPRpairsdoesnt look similar to the mocel anextrac-
tor uses.An extrador workswith anyrandan sourcewith
enowh entrqy, andthusit is temptirg to requre anentan-
glemen extraction protacol to work with anybipartitestate
with enowgh entanglenent. Ideally, we would like a prato-
col thattakesary bipartitesystenthathasa certainamaunt
of entamglementand outputs somenearperfectEPR pairs.
However, our modé doesn't allow this— we only require
our protocd to work with statesthatare“close” to perfect
EPRpairs. This “closeness’condtion seemso be a seri-
ousconstraif. Neverthelessaswe will shawv laterin this
paper this constraintis necessarytheresimply dorit exist
protccols that will product nearperfect EPR pairson ary
input of certainentanglerantvia LOCC. This situationis
very differentfrom thatof rancdbmnessxtractian.

1.2 Our Contribution

We consider3 typesof GEPPs. Roughly speakimy, a
GEPPis absoluely successfu[AS), if it never fails, and
always outpus a stateof very high fidelity. A GEPPis
condtionally successfu[CS), if the probability it fails is
small, andwhenit doesrt fail, it outpus a stateof very
high expectedfidelity. A deterministicconditicnally suc-
cessful(DCS) GEPPR on the otherhand,outpus a stateof
highfidelity with probability 1, condtioned on notfailing.

1. Theredonotexist absolutelysuccessfuGEPPwwith “in-
teresting”parametes. More precisely Suppae Alice
andBob shareastateof fidelity 1 —eto ¥ 5, amaximally
entangledstateof dimensionNV. Supposehey alsohave
anauxiliaryinput ¥ i. They thenperfam LOCCto cre-
ateastates in a subspacef dimensionM x M. Then
the maximal fidelity of the statec which Alice andBob
canguarateeis 1 — 2+ (1 — £ )e. If K is significantly
smallerthan/ improvemer of fidelity is very small.In
otherwords, Alice and Bob cannotarbitrarily increase
theavelage fidelity of theinput state.

2. GoodCS andgood DCS pratocols exist. In fact, they
arecloselylinked to the purity-testingschemeof Bar-
numetal. [2]. Informally, a purity testingprotocd is an
LOCC protacol wherethe inputis joint statesharedoy
Alice andBob which they think might bethe EPR state
| &) = | &1)®", Alice andBob wantto testif their

2Mostof thetimein this paperwe areinterestedn thefidelity of astate
p anda (pre-ddined) maximally entanded state(e.g.,anEPRpair). In this
casewe simply usethe “fidelity of statep” to denotethefidelity of p and
the pre-definel maximally entangledstat of the apprriatedimenson.



sharedstateis indeed| (™), while sacrificingthe least
numter of EPRpairs.We obsere thatary purity-testing
schemeimmedately yields a GEPP In particular this
will yield a CSpratocol that,on ary stateof n imperfect
EPR pairs with fidelity 1 — ¢, will fail with probabil-
ity at moste. Whenthe protoml doesnt fail, it outputs
(n—s) nearperfectEPRpairsof expectedidelity atleast
1—-27%/(1 —€). Soaswe increases, we cangetEPR
pairsthat are arbitrarily closeto perfe¢. This protocol
doesnt needary perfect EPR pairs as auxiliary input.
Usingtheconstructia of [2], we alsoobtaina DCSpro-
tocolthatrequres(2s + 1) additioral perfectEPRpairs
andoutpus astateof fidelity 1 — 2=5+1987 /(1 — ¢) with
prokability 1, conditioredon notfailing.

2 Notations and Definitions
2.1 Generd Notations

All logaithmsarebase-2

We studyquantun systemf finite dimension Weiden-
tify a purestate(written in the “ket” notationas| ¢)) with
a (column) vecta of unit length. We identify a mixed state
with its densitymatrix. For a quarium systemwhosestates
lie in the Hilbert space# of dimensionN, we alwaysas-
sumethatit hasa canoiical computationalbasisanddende
it by {|0),|1),...,| N —1)}. Furthernore,we oftendende
|0) € H by | Zy) to specifythe dimersion of the Hilbert
space.

We areinterestedn symmetric bipartite quantum sys-
tems namdy, systemssharedbetweenAlice and Bob,
whosestateslie in a Hilbert space = H” ® HP and
HA = HE. Alice canaccess{“ andBob canaccessi”.
We superscripsubspaesandstatego distingush statesac-
cessibleby Alice andBob. For exanple, a generabipatite
state| ¢) canwrittenin thefollowing way:

@)= Zazﬂ iy 5)2

where|i)4 dendesthestateof Alice and| j)? derotesthe

stateof Bob. We sometimesubscripia spaceby its dimen-

sion. For examge, H y meansa spaceof dimensionV.
Bell stategeferto thefollowing 4 states:

¥ = %(|0>A|O>B+|1>A|1>B)
= = 7(|o> 10)7 [ 1)4]1)7)
w = 7(|o> 1% +[1)410)7)
¥ = (1047 - [1)41)?)

These4 statesform a basisof the 2-qubit systemsandall
these4 statesaremaximally entandged.

A gquantun stateis disentangled if it is of the form
[4)4 ® | ¢'YE. Any otherpure statein H4 @ HP is en-
tanded. For apurestate| ) in a bipartite systemwe de-
fine its entanglemento bethevon Neumanrentropy of the
redwcedsub-systenof Bobwhenwe traceout Alice:

E(l¢)) = S(Tra(le){e)) (1)

whereS(p) = —Tr(plog p) is the von Neunannentrogy.
We have S = 0 if andonly the stateis disentanted. A
mixedstatep is disentangledf andonlyif it is equivalentto
astatethatis amixture of pure stateq ;) with probalilities
p;. Any other mixed stateis entanged. However, there
is no universally agree upondefinition for the amour of
entangementin a mixedstate.

If we dende the dimensionof #4 by N, thenthe max-
imum amoun of entandementin this systemis log N. We
definethe state¥ y to be

1 N-1
Uy = o ; liy4]4)" )

It is a maximally entanded statein %4 @ HE. Noticeit is
a statein a spaceof dimensionN2. In particular if NV is
apowerof 2: N = 2™, thenthe state¥  is the stateof n
EPRpairs.We call this specialkind of statefEEPRstates

2.2 Fidelity

For two (mixed)states ando in thesameguariumsys-
tem, their fidelity is definedas’

F(p,0) = Tt(p'?ap'/?). 3
If o = |p){p| is apure state thedefinitionsimplifiesto
F(p, [o)el) = (@ lpl o) (4)

In the specialcasethat| ¢) = ¥ is themaximelly entan-
gled state,we call the fidelity of p and|¢) the fidelity of
statep, andthedefinitionsimplifiesto:

F(p) = (¥n|p| ¥n) ()
Thefidelity is linearwith respecto ensembls.

Claim 1 Let p bethe densitymatrix for a mixedstatethat
is anensembldp;, | ¢;)}. Thefidelity of p is theweighted
averagesof thequdities of the pure states:

sz |¢z ¢z

Thislinearity is usedin severalproofsin this pager.

SNotice thatwe areusinga differentdefinition from someotherlitera-
ture,including[18].



3 General Entanglemernt Purification
Protocols

3.1 The Generd Setting

Alice and Bob are given a statein H# @ HE. They
arealsogivenanauwiliary input ¥ x € Hit @ HE. Alice
canperform unitarytransfornationson herpartof the state
(H& ® Hit) andBob canperfam unitary transfomations
onhis part(HE ® HE). Sincethosetransfornationsonly
affed onepartof thestate they arecalledlocal opertions
Alice andBob are also allowed to communicateclassical
bits but notquantum bits. Thismode is called LOCC(loca
opeationsandclassicalcommurcation) [4, 17].

If the startingstateis disentagled, applying LOCC op-
eratiors keepsthe statedisentagled[4]. Thus,LOCC op-
eratiors canrot createentan¢ementbut they canbeusedto
extracttheentanglenentthatalread@ existsin thestate.

We usethe letter P to derote protacols for extracting
entarglementoy LOCC operatims. At theendof apratocol
P, Alice andBob have two optiors:

1. They canabot andclaim failure by outputting a special
symbolFAIL. We dende thisby P(p) = FAIL.

2. They canoutput a(possiblymixed stateo in 4 4, @ HE,.
We derotethisby P(p) = o.

We now definethe errormodel. We first give anunsuc-
cessfuldefinitionto illuminate someof difficulties that we
faceandto explain thereasonsehind ourfinal definition

3.2 Extracting EntanglementFrom an Arbitrary
State

Ideally, we would like to have a pratocol that takes ary
entargledstatein H4 ® HE with atleasta certainamournt
of entangementandextractsa statecloseto ¥ 5, for some
M < N. Thiswould correspondthedefinitionof extractas
transfaming ary probalility distribution with min-entropy
atleastm into a probaility distribution closeto uniform.

Unfortunately this is not possible,even if we restrict
ourselesto startingstateswith the maximum possibleen-
tanglenent. Unlike in the classicalworld wherethereis
just one prokability distribution over N elementswith en-
tropy log N (the uniform distribution), thereare infinitely
mary quarum stateswith entamglementlog N. Namely
ary quarium stateof theform

N-1

|) = > auli)]i) (6)

=0

with |a;|? = 1/N forall i € {0,..., N — 1} hasentande-
mentlog N. In particdar, thisincludes

N-1 1
W) = e2iab7r/N Wb
00 =3 U5 )] b)
fora € {1,...,N}. Assumethatwe have a pratocol that

extrads ¥, from ary | ¢,). This meanshat, given| ¢,),
theprotacol ends with thefinal stateof theform ¥y, ® | ¢1,).
We conside runnirg this proto®l on the mixed statep that
iS | ¢o) with probaility 1/N, | ¢1) with prokability 1/N,
..»| ¢n—1) with prokability 1/N. Then thefinal stateis of
theform ¥ 5, ® p' wherep' is somemixed state.

The problemis that p is equivalentto the mixed state
thatis | 0)| 0) with probability 1/N, |1)| 1) with protabil-
ity 1/N, ...,| N — 1)| N — 1) with probaility 1/N. (This
equivalencecanbe verified by writing out the densityma-
tricesof bothstates.)Noneof thestateqd )| ¢) is entanded,
sothe mixed stateobtainedby combiring themis alsonot
entanded. Yet, sincethis mixed stateis equivalentto p, it
getstransfornedinto ¥ ,; ® p', whichis entangled

We have constricteda protacol thattransfoms a disen-
tangledstartingstateinto entanded endstatewithout quan-
tum communication. Sincethis is impossible[4], our as-
sumption is wrong andthereis no protocd thatextrads ary
¥, fromanarbitray | ¢,,).

The agumentdescriled above is still valid if we relax
therequiementto extracting a statecloseto ¥ , andif we
allow to useaperfectauxiliarystate¥ g. Inthesecondtase,
we cangettheperfet ¥ i backbut cannotgetanentanded
stateof higher dimersion.

This is a cleardistinctionbetweerthe situationof clas-
sicalrandaonnessextradion andquartum entanglerantex-
traction In the classicalcase all the probailities arenon-
negativerealnumkbers,andthemin entropy of arandan dis-
tribution alreadycharaterizesthe distribution well. In the
guartum case,the magnituesare complex numters, and
the entanglerant aloneisn’t good enoud to describethe
state.Evenmoreinterestinglysinceonehasthefreecbomto
switchbasesn quarium, onecanbuild a mixedstatewhich
is a mixture of maximally entangledstates,yet the mixed
stateitself is comgetely disentangld. This pheromenm
doesnt seemto have acountepartin classicalprobability.

3.3 Extracting From a State Closeto ¥ »

Thereasorfor theprodemin theprevioussectionis that
therearemultiple maximdly entanded statesandcombin-
ing theminto a mixed statecan cancelthe entanglerant
andcreatea statewith no entandgement. To be ableto ex-
tract entangement, we have to restrict oursehes to states
thatarecloseto a fixed highly entanded state(ratherthan



somehighly entamgledstate).Therebre,weassumehatthe
startingstateis closeto ¥ 4.

A comnon way to measurehe closenesso ¥ y is the
fidelity (section2.2). This gives thefollowing definitiors.

Definition 1 (Absolutely SuccessfuGEPP) A Genesl
EntenglementPurification Protocol P is absolutelysuc-
cessful (AS) with parametes (N, K, M, ¢, ), if for all
statesp sudthat F'(p) > 1 — ¢,

Prob [P(p) = FAIL] = 0

and
Prob [F(P(p)) >1-46]=1

Definition 2 (CS Protocol) A Geneal EntandementPu-
rification Protocol P is conditinally successfu(CS)with
parametes (N, K, M, ¢, 6, p) if for all input statesp such
that F'(p) = 1 — €, wehaveProb [P(p) = FAIL] < p and

Ep [F(P(p)) | P(p) # FAIL] > 1 -9,

whee Epr dendesthe expectatio taken over the classical
commuicationin theprotocd P.

Notethatin the previousdefinition, we only requre that
the average fidelity be high when the proto®l succees.
Although goodenowgh in mary casesthereare situations
wherea strongerconditionis desired Considetthe follow-
ing adwersarialsetting: Alice andBob try to extract EPR
pairsthrough LOCC, andEve canseethe classicakcommnu-
nication betweenAlice andBob. The previous definition
doesn't rule out the possibility that when Alice and Bob
dorit obtainEPR pairsof high fidelity (which canhagpen
with small protability), Eve knows aboutit andcanattack
Alice andBob. This situationis undesirale sinceEve has
the knowledgeaboutthe fidelity. A stronger, more desir
abledefinitionwould imply thatthe classicalcommunica-
tion Eve seesis oblivious to the fidelity of the EPR pairs.
In otherwords, Alice andBob shouldalwaysoutpu EPR
pairswith high fidelity, regardlessthe classicalmessages
they send. We call pratocolssatisfyingthis strongerdefini-
tion deterministicallyconditianally) successful:

Definition 3 (DCS Protocol) A Generl EntandementPu-
rification Protocd P is deterninistically conditiorally suc-
cessfulwith parametes (N, K, M, ¢, 6, p), if for all input
statesp suchthat F/(p) = 1 — ¢, Prob [P(p) = FAIL] < p
and

Prob [F(P(p)) > 1 -4 | P(p) # FAIL] = 1

4The protomls canbe modifiedto useary other fixed stateof the form
(6) instea of ¥y

Clearly, ary DCS protoml is also CS. In the corverse
directin, thereis avery simplewayto corvertany CSpro-
tocolto a DCSoneby encryping the classicakcomnunica-
tion with a onetime pad. In this way, the communication
betweenilice andBobwill betotally obliviousto Eve. Al-
ice andBob cantheneraseall their private(classicalmem-
ories,andthenthe proto®l becanesDCS. To setthe one-
time pad,Alice andBob canstartby sharinge perfectEPR
pairs,if theclassicacommuricationcomgexity is c.

Proposition1 A CS protocol with parametes
(N, M, K,e, 6,p) which usesc bits of commuication
can be converted to a DCS protocol with parametes
<N7 MJ 26K76767p>'

Finally, we say a GEPPIis efficientif it canbe imple-
mentedoy quarium circuitsof sizeO(poly(log N + K)).

4 Summary of Results

4.1 Impossbili ty Resultfor Absolutely Sucaessful

Protocols

Wefirst prove thattheredon't exist absolutelysuccessful
protacolswith “interesting paraneters.

Theorem1

(a) For all absoluely successfuGEPPswith parametes
(N, K, M,e,d), wehavethefollowing inequdity:

s M—K N
="M N-1°

(b) Theboundin (a) is tight. For any integers N, M, K
suc that NK/M and M /K are both integers, there
exists an absoluely successfulGEPP with parametes
<N7Ka M7€7 %%6>
This shavsthatabsolutelysuccessfuprotomls arequite

weak.If wejustwantto extracttheauxliary state¥ x andt
moreEPRpairs,thenM = 2! K andwe canachievefidelity
atmostl — 221 N_¢ < 1—(1—L)ewhichis hardy better
than1 — e thatwe hadat the beginning. If we wantto get
¥ i plusalinearnumberof EPRpairs,theimprovenentin
fidelity is anexponentiallysmallfractionof e.

4.2 Constructionsof CS Protocds

We shaw that condtionally successfulGEPPscan be
constreted.

Theorem?2 For anyinteger n andanys € {1,2,...,n}:



(a) there exist efficiert CSprotocds with parameers

(1—-¢)

(b) there existefficiert DCSprotocolswith paraneters

<2n71’2nis7€7 7€>

2—s+logn
(1-¢)

Notice that our resultsare nearoptimal in termsof fi-
delity: by Theoreml , if theinput statehasfidelity 1 — ¢,
thenthe overall fidelity of the outputof a protocd canna
be significantlyhigherthan1 — . Therdore, if a CS pro-
tocol hasa very high fidelity in its output whenit doesnt
fail, thenthis protoml mustfail with prokability at least
abait e. Both pratocolsin Theoem 2 fail with probabil-
ity e, andwhenthey don't fail, the fidelity their outpu can
bemadearbitraily closeto 1. Also, the CS protacol in part
(a) of Theoem 2 is optimalin theusageof additinal EPR
pairs: it doesnt useary atall. This is interestingsincein
classicarandannessxtraction onehasto investlogarith-
mically numker of perfectrandon bits in orderto extract
high-quality randombits. However, in the caseof quarium
entamglementextraction, no perectEPRpairsareneeded

We will discusgheconstructio of the 2 pratocolsin the
next section.

<2n7228+172n_8767 76>'

5 Impossibility for Absolutely Successful
GEPPs

We prove Theaem 1 in this section.

We first study a simpler problem. SupmseAlice and
Bob sharea maximally entanded state® x and somepri-
vateancillarybits, initializedto | 0). Wedescrilethisshared
stateby

16) = (1 Zn)* ® | Zn)P) ® Tk

Thefidelity of this stateis K /M by asimplecomputation.

Alice andBob try to corvert state| ¢) ascloseto ¥ s
aspossibleby LOCC. How closecanthey get?If M/K is
aninteger, Alice andBob justtraceout a subsystenof their
ancillarybitsto bringthedimersionof eachtheirsubsystem
to M, thenthey obtaina state

[0) = (| Zayx)* ® | Zaryx)P) ® U

which hasfidelity K/M by a straightfowvard compuation.
In fact,thisis the bestAlice andBob cando:

Lemmal Let|¢) = (| Zn)2®| Zn)B) @ Tk bea statein
abipartite systen#{ 4, ® HE - shaedbetweerAlice and
Boh Leto bethestateAlice andBoboutpu after perform-
ing LOCC opemtions. Sugposethat o is in the subspae
Hi; @ HE. WehaveF (o) < £. n

This lemmais a direct cordlary of a resultby Vidal,
Jonatha, andNielsen[25].

Proof: [Proof of Theoren 1, part(a)]

We prove part(a) of thetheorenby demorstratinga par
ticular mixedstatep suchthatp hasafidelity 1 — ¢, andno
LOCC canincreasts fidelity to morethanl — 24K N _¢,

Lete' = i~ e. We definethestatep to be

p=(1—-€)- [T} (Tn| +¢ - |25 ® Zg)Z5 © Z§|

In fact, p is themaximally entanded state® 5, with proba-
bility (1 — €') andthetotally disentangld stateZ 3 ® Z&
with probability €.
It is easyto velify thatF'(p) = 1 — ¢, since
(n | Za ® ZE) = 1/V/N and therefae,
Flp) = (1—€)F(|[Tn)XTn])
+€F(|Zx © Zp) (25 ® Z))

= (1—6')—}-%6,:1—(1—%)6’21—6.

For anarbitraryGEPPP thatneverfails, we define
fr = F(P([Tn){(TnI)),

f2=F(P(1Zy ® ZR){ZN ® Z§))

Thenwe have f; < 1andbylLemmal, f, < K/M.
By thelinearity of fidelity of quarium operaions,

M—-K

!
€

F(P(p)=0-€)fi+efr <1-

The part (b) of Theaem 1 is proven by the following
protccol.

Theinputto the protccol is a statep in H4 @ HE. The
outputis astatein H4, @H 2 whereM < N andM divides
N. Thereis noauxiliary stateused,.e., K = 1.

Construction 1 (Random Permutation Protocol)

1. Alice genertesa uniformlyrandompermutdion = on N
elementausing classicalrandomnessand transmitsthe
permutatiorto Boh

2. Alice apdies permutation = on H4;, mappng |i) to
| w(i)), Bobdoesthesameon HE.

3. AliceandBobdecompee? y asHy @ Hy, L = N/M
andmeasuetheH , part.

4. Alice sendsthe resultof her measuemenm to Bob, Bob
sendshis resultto Alice.



5. They compae the results. If the resultsare the same
they output the statethat they havein H4, ® HB,. If the
resultsare differert, they output | Zns) ® | Zas).

If theinput statep hasfidelity 1 — ¢, thentheoutpu state
hasfidelity at least1 — 2=K _N_¢ matchingthe lower
bound of part(a). Theproof is straightfoward,andis omit-

teddueto spaceconstrairs.

6 Constructing Conditionally Successful
GEPPs

Purity-testing Protocols We constriet corditionally suc-
cessfulGEPPS basedon the “purity testing” protacols of
[2]. A purity testingprotacol is an LOCC protacol where
theinputis joint statesharedby Alice andBob which they
think might bethe EPRstate| ® () = | ®+)®"_ Alice and
Bobwantto testif their sharedstateis indeed| & (™)), while
sacrificingtheleastnumker of EPRpairs.

Definition 4 ([2]) A purity testingprotocolwith error « is
aLOCCsuperopemtor 7 which maps2n qubits(haf held
by Alice andhalf heldby Bob)to 2m + 1 qubits(m of which
are heldby Bob)andsatisfieghe following two condtions:

e Completerss:7 (| (™)) = | (™) ® | Acc)

e Sourdness:Let P be the projectionon the subspae
spamedby | #(™)) ® | Acc) and|+) ® | REJ) for all
| ). ThenT is soundif for all p,

T (PT(p)) > 1 - a.

It's corveniert to think of purity testingasappoximat-
ing the measuementgiven by the prgjector onto | ® (™))
andits orthogonalcompement.

A particulaly simple purity-testingprotacol consistsof
picking a randan stabilizercodeof dimersion2”~#, hav-
ing Alice andBob bothmeasuraghe syndomeof the code,
andthenextractingthe encaledstateif bothmeasuement
resultsarethesame.

Lemma 2 (Randomhashing) Thele exist purity testing
protocds sud thatm = n — s, a < 27% andwhich use
ns + s + 1 bits of (classical)commuitation.

This lemmaactually follows from the obseration that
the setof all stabilizercodes[9] of dimersion2™~¢ is a
puiity-testing codefamily with errora < 2¢ in the sense
of [2]. However, we give a direct prod with an explicit
pratocol descriptia in Section6.2belaw.

Barnumetal. provide aconstrictionwhichachievesbet-
ter communicationcompleity atthe costof increasingthe
erra by afactorof (roughly) n = log N.

Fact1 ([2]) Theee exist purity testing protocolssud that
m=n—s,a < 275" andwhich use2s + 1 bits of
(classical)commuitation.

6.1 GEPP’sfrom Purity-T estingProtocds

Supposeve now usea pulity testingpratocolasa GEPP
Thatis, wesetN = 2", M = 2™ andK = 1, andjustrun
thepurity-testingpratocol, outputing FAIL whenthe purity
testingrejectstheinput. Supposet the endof the protacol
wetraceouteverything excep the2m output qubitsandthe
qubt indicatingaccept/rejectConsidethethreeprgectors:

P = |®Mya™ | g|acc)(acc|
P, = (Iy—|®™) @™ |) @ |Acc)(acc|
P; = Iy ®|REJ)(REJ|

And definey; = Tr[P;p'] wherep' is thefinal state.

If the input to the systemhad fidelity 1 — ¢, thenthe
competenes®f the purity-testingprotocd impliesthatthe
fidelity of the outpu to | ®(™))| Acc) mustbe 1 — ¢, and
sovy; > 1 — e. If the purity-testingprotacol hassoundess
errora, thenthesounchesscondtion impliesy: < a.

Now the output fidelity condtionedon acceptances

it 1 V2 a

7t Y+ Y2 l-eta

Choosingthe sourdnesserrorto be smallenoudy yields
very goodaverage fidelity of the outpu. Theonly prodem
hereis thatconditicmedon the communicationin the chan-
nel (which the adwersay will presumaly be ableto see),
thefidelity maybequitelow. Thus,wedonotobtainaDCS
protacol, but a CSprotacol with paraneters:

o
€
1—¢’

Applying thereasoningbove to Lemma2 andFact1 com-
pletesthe proofof Theoem?2.

<2n7 ]‘7 2n_s7€7

6.2 A Simple Random Hashing Protocol

Without loss of genertity, we descrile the pratocol in
termsof purifying the state| ¥ ~)°. We descrile a protacol
withm = n — 1 anderrora = % Repeatingheprotacol s
timesyieldsm = n — s anda = 27%.

Construction 2 (Simple Random Hashing Protocol)

1. Alicepicks2n randanbitsz, ..., z,, 21, ..., 2, Sud that
notall thebitsareO.

2. Alicewill measuetheopemtor givenby
Xn75 @ ---@ X% Z%  TodothisAlice:

(a) Consides only qubitswhee (z;,2;) # (0,0). Say
there remainf quhts.

5For example, Bob canperforma “phase-shift” (Z) followed by a“bit-
flip” (X) to every qubit he possessedhiswill transform| &) to | ¥ ~).



(b) Onqubitj, applieseither

1 1 .

m= (! _l)lf(xj,zj)z(o,l),
1 .

B:% il)lf(xj,zj)=(1,1)1

theidentityif (z;, 2;) = (1,0).

(c) AppliesC-NOT fromead of thefirstZ — 1 quhts onto
thelast.

(d) Measuesthelastin thecompuational basis.

(e) Appliesthe inverse transform#ion to the remaining
quhits.

3. Alice sendsz;, ..., Zn, 21, ..., 2, and her measuemen
resultto Boh

4. Bobperformsthe samemeasuementandsendsad the
result.

5. Alice andBobaccep if the two resultsare differentand
rejectotherwise

Proof: (Sketchof proof of LemmaZ2)

As arguedin [2], for protocds of thisform it is sufficient
to conside the perfamanceof the protacol on statesof the
form X @25 ¥—)®" whereX? dendesX® ® --- @ X
whend = (aq,...,a,) € {0,1}". WLOG we assumeall
the error operaors are appliedto Alice’s shareof the EPR
pairs.

The rediction to theseBell statesis via a “quartum-to-
classicalrediction”, as usedin [14] for key distribution.
The redwction works becauseultimately, the accept/rgact
decisionis diagmal in the Bell basis,andmorewer if the
input to the protacol canbe describedasX5Z5| gyen,
thethe output canbewritten X &' Z%'| & —)&m.

Theideais thatmeasuing theoperato X "1 Z*1 @ - - - ®
X?®nZ#* on both Alice and Bob'’s sharesand compaing
the resultsis equivalentto measuringhebit@ © £ + b ®
Z, i.e. arandm linear function of the vector (Z,2). To
seethis, first obsere that H X Z% = (—1)*X*Z°H and
BXe7b =i X**tb 7% B. Moreover,bothB® B andH @ H
have| ¥ ~) asaneigervector Thus,in eachpositionwe will
endupwith astatepropationalto X #i®i+ib Z¢| & ~) after
Alice andBobhave appliedtheirtransfamatiorsandbefore
they measurewherec is a bit. Measurirg both halvesin
the computationalbasisand compaing resultsallows one
to compue zja; + z;b;. Similarly, the pratocol compues
Fod+boz

A randon linear fundion will detecta nonzerovector
with probability % Thus,theoverdl erra probability of the
onestepprotool is bourdedby % Repeatinghe pratocol
s timeslowersthiserra to 2—5. ]

7 Conclusionsand Open Problems

We investigatedthe prodem of quarium entanglerant
extradion by Alice andBob via LOCC. We useda general
mockl of theimperfect EPRpairs:the only informationAl-
ice andBob have is alower bourd on thefidelity of thein-
putstate.We alsoarguedthatanapparentlymore“general”
mockel, whereAlice andBob only know the entandement
of the sharedstate,doesrt work: theredorit exist LOCC
protacolsthatoutput nearperfectEPRpairsonary inputof
acertainentangement.

We definal 3 typesof Genera EntandementPurifica-
tion Protocols. Absolutely successfulAS) GEPPsnever
fail, andthey alwaysoutpu statesof high fidelity. Condi-
tionally successfu{CS) protacolsareallowedto fail with a
smallprobability, but condtionedonthatthey don't fail, the
expectedidelity of their outpu is high. We canstrengtien
a CSpratocol to a Determinstic (condtionally) successful
(DCS) protacols, which areguaranteedto outputa stateof
highfidelity with probability 1 whenthey dontt fail.

We proved a negdive resultthat theredont exist AS
protacols of interestingparaneters.Therebre,on average,
the ability of Alice andBob to enharce thefidelity is very
limited. However, Alice andBob can“concentrate”the fi-
delity into somecaseswhile fail in others.We used‘purity-
testingprotacols” [2] to obtainefficient CS and DCS pro-
tocols that are nearly optimal in terms of fidelity: they
canachieve arbitraily highfidelity whenthey succeedand
their failure probaility is abou the minimal possible. In
additin, the CS pratocol doesnt useary perfectEPRpairs
asauxiliary input. This shaws a stark contrastto the case
of classicafandannessxtraction, whete additional perfect
EPRpairsarenecessary

Our study shawvs someinterestingfactsabou the com-
parisonof classicarandannessextractionandquantun en-
tanglenent extradion. Therehave beena lot of appaent
similaritiesbetweenhetwo, themostobviousonebeingthe
protacol to extract perfect EPR pairsfrom identicd copies
of imperfect EPR pairs[4] andthealgorithm for extrading
perfect randan bitsfrom abiasedcoin[16]. However, there
aresomecleardistinctiors whenwe move to moregeneral
paradgms. A classicalextractor works with arny rancbom
sourceof enowh min-entropy, regardlessits distribution.
Thereare no suchcountepartsin the quantun world: no
LOCC protacol canwork with ary bipartite stateof certain
entandementandprodwce EPRpairs.An extractorneedsat
leastlogarithmic numter of perfed rancm bits asits auxil-
iary input, while we shavedthatthereexistsa CS protacol
thatdoesnt consune ary additioral EPRpairsatall.

Therearestill mary openproblens remainirg.

1. Complete Characterization of “Extrac table Entan-
glement”



In classicatandbmnessxtradion, themin entrofy com-
pletely chaacterizesthe amoun the “extractalte ran-
domress”of thesourcethereis anupperboundin terms
of min entrofy on how mary high-quality rancdbm bits
onecanextractfrom this source andthereareconstruc-
tions that almostmatcheshe bound. However, sucha
completecharactdaration for extractablequantum en-
tanglemenstill evadesus. Differentmodelsof imperfect
EPRpairshave beenproposed eachwith its own partic-
ular charactdration, which arenot comparableto each
other We have argued in our paperthat the entangle-
mentof a bipatite stateby itself isn't agoad characteri-
zation,andsome“closeness’tondtion to a pre-cefined
maximallyentarmyled stateseemsiecessaryWe feel that
finding suchacompletecharactdrationwill helpunder
standingentanglerentextractiongreatly

. Optimality

In the classicalcaseof randannessextraction where
have averygoodundestandingontheoptimalefficiency

of an extrador: how mary bits it canoutput, andhow

mary perfectrandomnbitsit hasto invest.In thequarium
casethe questionof optimality is muchlessclearly un-
derstood Thefactthatwe arestudyng apratocol (which
involves comnunicatior) ratherthan an algorittm fur-

ther comgicatesthe situation. Therearemary different
featuresandresourcaisage®necanoptimize:

(a) Fidelity and Failure Probability. We wantto max-
imize the fidelity of the outpu stateof a pratocol
and minimized the probability a pratocol fails. Our
CS andDCS protacols constrictedin this pager are
nearlyoptimalunderthe“genenl erra” model. What
abou othermodelsof imperfectEPRpairs?

(b) Yield. We want to maximizethe nunmber of high-
quality EPR pairsa pratocol outpus. It is not clear
whatthe optimal valueis, andwe dorit know if our
protacol is optimalin this sense.

(c) Perfect EPR Pairs Invested. We wantto minimize
the numter of perfectEPR pairs a protacol invests
asanauxiliaty input. The CS pratocol in our paper
doesnt useary perfet¢ EPRpairsandis thusoptimal.
The DCS protocd, however, uses(2s + 1) perfect
EPR pairs. Is that optimal? Canwe eliminatethe
needdor additioral EPRpairstotally?

(d) Communication Complexity. We wantto minimize
the comnunication comgexity betweenAlice and
Bob. How mary (classical)bits doesAlice needto
sendto Bob in orderto extract entangement? The
CS and DCS protacols in this paperonly involve
oneway comrunication save a single bit. Does
two-way communicationimprove thecommunication
compexity?
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