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Abstract 

 
Involutory matrices are of great importance in matrix theory and algebraic cryptography. This paper is concerned 

with involutory matrices over Z2
m (the ring of integers modulo 2m). We use the straightforward way to establish the 

canonical forms under similarity for involutory matrices over Z2
m and reduce the canonical forms into the very simple 

structure. By the definite procedure presented in the paper, an arbitrary involutory matrix over Z2
m can be easily 

transformed into one of the canonical matrices. 
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1. Introduction 

 
A square matrix A is called involutory matrix if A2=I. In particular A is an involutory matrix over the 

ring Zk (the ring of integers modulo k) if A2≡I (mod k). The construction of involutory matrices is a classical 
mathematical problem with applications in many areas of mathematics, especially in algebraic cryptography. 

(see [11], [12]) The involutory matrices over finite field have been investigated by Hodges [1]. Reiner [3] 

and Brawley [4] determined all the involutory matrices over the ring Zp
m, where p is an odd prime. In [5], [6], 

Levine and Korfhage have also made studies of involutory matrices over residue class rings of integers and 

obtained the formula to calculate the numbers of these involutory matrices. In this work, we use the 

straightforward way based on similar transformation to prove that the involutory matrices of any order over 

the ring Z2
m are similar to the matrices with the very simple structure. The matrices with the simple structure 

called canonical form under similarity can be represented as   

1 1 0 1 0 1
( 2 ) ( 2 )

1 0 1 0
m mI F I F− − ⎛ ⎞ ⎛ ⎞′+ ⊕ − + ⊕ ⊕ ⊕⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
… ,  

where matrices F, F′ are in the well known rational canonical form of matrices over the field Z2. 
 

2. Canonical forms under similarity for inovlutory matrices over the ring of Z2
m

     
Let ϕ : Z2

m → Z2 be a homomorphism. ∀ a∈ Z2
m, if a is an odd number aϕ =1, otherwise aϕ =0. For 

involutory matrix A of order n over Z2
m, H is the homomorphic image of A (hij = aij

ϕ ). Certainly H is an 
involutory matrix over the field Z2. It is well known that there exists an invertible matrix P over the field Z2 , 

1
1

0 1
diag( , , )    where =  (1 ) 2 .

1 0r t iP HP H I E E E i t r t n− ⎛ ⎞′= = ≤ ≤ + =⎜ ⎟
⎝ ⎠

…  

P is also an invertible matrix over Z2
m, so 
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gi  (1≤ i ≤n) is an odd number, other entries in the matrix above are all even numbers which will be denoted 
by bi j in following . It is fairly clear that if the matrices A, A′ are similar, in symbols, A ∼ A′, A is an 
involutory matrix iff A′ is an involutory matrix. So A′ is also an involutory matrix over Z2

m. 
 
Theorem 1. Any involutory matrix A over the ring Z2

m of the previous form 
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 is similar to the direct sum of diagonal blocks, that is  
1 12 1

21 2 2

1

0 1 0 1
1 0 1 0

r

r

r r

g b b
b g b

A

b g

⎛ ⎞
⎜ ⎟

⎛ ⎞ ⎛ ⎞⎜ ⎟⊕ ⊕ ⊕⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎜ ⎟⎜ ⎟
⎝ ⎠

"
"

∼ …
# % #

" "

 

 
Proof. For an arbitrary odd number g over Z2

m, since g is a unit, there exists the inverse element g−1. 
If bin≠0 (1≤ i ≤n−2), 

1 1 1 1

1
1 1

11 11 1

1 1 1 1 1 1

1 1

( )
0( )

n n

i n inn

i i n in i inn

n n n n n n

n n n n n n

g b g b

r r g b
b b bc c g b

b g b g
b g b b g

−
− −

−
− −

− − − − − −

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟

+ −⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟+⎜ ⎟ ⎜ ⎟

⎯⎯⎯⎯⎯⎯⎯⎯→⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

" " " " " " " " " "
# % # # % #

" " " " " " " " " "
# % # # %
# % # # %
# #

" " " " " " " "

 

“ ” denotes the similar transformation adding ⎯→⎯ 1
1( n ing b−
−− times n−1 th row to i th while adding 

1
1( n in )g b−
− times i th column to n−1 th. Since 1

1( n in )g b−
−  is an even number, the parity of each entry in the 

matrix remains the same after similar transformation so that we still use gi , bij to denote the entries. Perform 
the similar transformations until bi n (1≤ i ≤n−2) all become zero. Similar process can be performed to make 
bn j (1≤ j ≤n−2) become zero. Then 
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Since the matrix above is an involutory matrix, by the dot product of i th row and n th column, we 
obtain bi n− 1 gn− 1 ≡ 0 (mod 2m)  (1≤ i ≤n−2)  and similarly gn bn− 1 j ≡ 0 (mod 2m) (1≤ j ≤n−2). gn− 1, gn are 
odd numbers, so bi n−1 ≡ 0 (mod 2m) and bn−1 j ≡ 0 (mod 2m) . Hence  
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Perform the similar transformations successively, finally A is similar to 
1 12 1

21 2 2 1 1 1 1 1 1

2 2 2 2 2 2

1 2

,

r

r r r r r r r

r r r r r r

r r r

g b b
b g b b g b g

g b g b
b b g

+ + + + + +

+ + + + + +

⎛ ⎞
⎜ ⎟ ⎛ ⎞ ⎛ ⎞⎜ ⎟⊕ ⊕ ⊕⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠ ⎝ ⎠⎜ ⎟⎜ ⎟
⎝ ⎠

"
"

…
# # % #
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where all the diagonal blocks are involutory matrices. It is clear that the diagonal block of the form 

 is similar to . Therefore  ⎟⎟
⎠

⎞
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⎝

⎛
′′ bg

gb
⎟⎟
⎠
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⎝ ⎠

"
"

∼ …
# % #

" "
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Theorem 2. The involutory matrix of order n  

1 12 1

21 2 2

1

n

n
n

n n

g b b
b g b

A

b g

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

"
"

# % #
" "

 

 over the ring Z2
m is similar to the matrix  

1

2

1

.

n

n

g k k k
k g k k

k k g k
k k k g

−

′⎛ ⎞
⎜ ⎟′⎜ ⎟
⎜ ⎟
⎜ ⎟

′⎜ ⎟
⎜ ⎟′⎝ ⎠

"
"

# # % # #
"
"

  

k denotes 0 or 2m− 1 ，gi′ (1≤ i ≤n) is ±1 or 2m− 1±1. 
 
Proof. If m=2, since bij =0 or 2, gi =1 or 3, An itself is 
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When m≥3, we use the mathematical induction to prove theorem 2. 
At first, we prove that any 2×2 invoulutory matrix A2 of the form  

1 12

21 2

g b
b g
⎛ ⎞
⎜ ⎟
⎝ ⎠

 

is similar to  
1

2

.
g k
k g
′⎛ ⎞

⎜ ⎟′⎝ ⎠
 

Suppose b12≠k，perform the similar transformation 
2 1

1 2

2( )
1 12 1 21 12 2 1 21

21 2 21 2 21

( )c c l
r r lg b g b l b g g l b l

b g b g b l

+ −
+ ⎛ ⎞+ + − −⎛ ⎞

⎯⎯⎯⎯→⎜ ⎟⎜ ⎟ −⎝ ⎠ ⎝ ⎠
 

Let f (l) = b12+ (g2−g1) l −b21 l2. It is easy to verify that the coefficients of the polynomial f (l) can assure that 

the quadratic congruence equation f (l)≡0 (mod 2m) has solution (see [17]), i.e. 
1 12 1

1 1 21 2 2 21
21 2 21 2

0
,    = ,       

g b g
g g b l g g b l
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Perform the similar transformation again 
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The congruence equation b21+ ( g2′− g1′) l= b21+ (g2−g1) l−2b21l2 ≡0 (mod 2m) has solution. So 
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If b21≠k, similarly we can transform A2 into 
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g

g
′⎛ ⎞
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Consequently, A2 is similar to  

              1

2

g k
k g
′⎛

⎜
⎞
⎟′⎝ ⎠

  ( k =0 or 2m− 1 ) 

Since the matrix above is an involutroy matrix, (g1′)2 ≡1 (mod 2m) and (g2′)2 ≡1 (mod 2m). So g1′, g2′ = ±1 or 
2m− 1±1.  

Now we assume (as the hypothesis of the induction) that (n−1)×(n−1) involutory matrix of the form 

⎟
⎟
⎟
⎟
⎟

⎠
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⎜
⎜
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⎛
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12111

12221

11121
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is similar to 
1

2

1n
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k g k

k k g −

′⎛ ⎞
⎜ ⎟′⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟′⎝ ⎠

"
"

# # % #
"

. 

We prove the law still holds for n×n involutory matrix. 
We use R (a) to denote the number of factor 2 in an arbitrary number a. 
Suppose  
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Through the interchange of i th , j th row and i th, j th column at the same time successively, we arrange b1r 
in the order that R(b1i)≤ R(b1j) when i < j . If b1r =0, it will be put at the end of the first row.  
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   R (b12) ≤R (b13) ≤ …≤R (b1n) 

If b12= k, then b1j  (3≤ j ≤n) is k .Otherwise suppose b12 =2qs,(1≤ q ≤ m−2). s and s′ denote arbitrary odd 
number in the paper. Since b12 divides b1j over the ring Z2

m. Perform the similar transformations until all the 
entries in the first row become zero except for g1，b12 and the parity of each entry remains the same. Then 

1 12

2 1 2 2

1 2

0 0

.
n

n

n n n

g b
b g b

A

b b g

⎛ ⎞
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Now perform the similar transformation to make b21 be zero. 

1 12 1 12 121 2
2

2 1 2 2 2 1 2 1 12 2 12 22 1
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( )( )n n
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Let D be the matrix above. We know that b21+ (g2−g1) l−b12l2 ≡0 (mod 2m) has solution. Moreover, g1+b12 l 
and g2−b12l are odd numbers. For convenience, we still use g1, g2 to denote them. Perform the similar 
transformation. 

1 12 1 12 2 1 23 21 2

2 2 22 1

1 2 1 2

0 0 ( )( )
0 0( )

n

n n

n n n n n n

g b g b g g hr r h
g b gc c h

D

b b g b b g

+ −⎛ ⎞ ⎛+
⎜ ⎟ ⎜

+ −⎜ ⎟ ⎜
⎜ ⎟ ⎜= ⎯⎯⎯⎯⎯→
⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎝ ⎠ ⎝

" "
" " " "

# # % # # # % #
# # % # # # % #

" " " "

b h b h
b

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

 

Since D is an involutory matrix and we are given that b12 =2qs, (1≤ q ≤ m−2). By the dot product of the first 
row and the second column, we obtain that 

1 2 12 1 2
1

= ( ) 0 (mod 2 )
n

m
t t

t

d d b g g
=

+ ≡∑  

So (g1+g2) ≡0(mod 2m−q), (m−q≥2), thus g2−g1= g2+ g1−2g1=2s′. Let h in the above similar transformation be 
−2q−1s(s′) −1, (R (h) =q−1). It is easy to see that b12+ (g2−g1) h≡0 (mod 2m). Now by the dot product of the first 
row and j th (3≤ j ≤n) column of the matrix D, we obtain that 

1 12 2
1

0 (mod 2 )
n

m
t tj j

t

d d b b
=

= ≡∑  

Then b2j ≡0 (mod 2m−q), i.e. R (b2j) ≥ (m−q). Hence R (b2jh) =R (b2j) +R (h) ≥ m−1, i.e. b2jh =k. (3≤ j ≤n). 
Consequently  
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Therefore, no matter b12 in the matrix An is k or not, An is always similar to  
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B= (b21, b31…bn1)T, C= (k, k……k), An−1 = .  
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Since over the ring Z2
m

2
1

1n

g C
B A −

⎛ ⎞
⎜
⎝ ⎠

⎟ =I, CB=0 and BC is the zero matrix of order n−1. 

So An−1 is the (n−1)×(n−1) involutory matrix. According to the inductive hypothesis, there exists an invertible 
matrix Q,  

2

3
1

1

1

n

n

n
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Q A Q
k k g k
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⎜ ⎟′⎜ ⎟
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  gi′= ±1 or 2m− 1±1 (2 ≤ i ≤ n) 

1 1
1 11

1 1

1 1
=n

n n

g C g CQ
A

B A Q B QQ Q − −−
− −

⎛ ⎞ ⎛⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝
∼

A Q
⎞
⎟
⎠

 

CQ is the 1×(n−1) matrix with entries k and Q−1B is the (n−1) ×1 matrix with even numbers.

1

21 2

11 1

1

n

n n

n n

g k k
b g k k

A
b k g k
b k k g
− −

⎛ ⎞
⎜ ⎟′⎜ ⎟
⎜ ⎟
⎜ ⎟

′⎜ ⎟
⎜ ⎟

k

′⎝ ⎠

"
"

# # % # #∼
"
"

 

By the dot product of the first row and the second column of the matrix above, we obtain g1
2≡1 (mod 2m), so 

g1 = ±1 or 2m− 1±1.As before we use g1′ to denote it. For any bi1, (2≤ i ≤ n), if bi1≠k, transform bi 1 into zero as 
follows. 

1 1

1
21 2 21 2

1

2
1 1 1

1 1

( )
(

( )

)
i

i

i i i i i

n n n n

g k k k g k l k k
c c lb g k k b k l g k k
r r l

b k g k b g g l k l k g k l k

b k g b k l k g

′ ′ +⎛ ⎞ ⎛
⎜ ⎟ ⎜+′ ′+⎜ ⎟ ⎜

+ −⎜ ⎟ ⎜
⎜ ⎟ ⎜⎯⎯⎯⎯⎯→

′ ′ ′ ′+ − − −⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎜ ⎟ ⎜′ ′+⎝ ⎠ ⎝

" " " "
" " " "

# # % # # # # % # #
" " " "

# # % # # # % #
" " " " " "

k ⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

 

We know that bi1+ (gi′−g1′) l−kl2 ≡0 (mod 2m) has solution. Moreover, g1′+kl , gi′−kl are still equal to ±1 or  
2m− 1±1. Now, bi1 has been transformed into zero. Perform the similar transformations until all the even 
numbers in the first coloumn become k. 

Consequently, any n×n involutory matrix of the form   
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⎜ ⎟
⎝ ⎠
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is similar to  
1

2

1n

n

g k k
k g k k

k k g k
k k k g

−

′⎛ ⎞
⎜ ⎟′⎜ ⎟
⎜
⎜ ⎟

′⎜ ⎟
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⎟
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"
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# # % # #
"
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    (k =0 or 2m− 1 ，gi ′= ±1 or 2m− 1±1).  � 

 
Theorem 3.The involutory matrix A over the ring Z2

m of the form  

                        (k =0 or 2

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−

n

n

gkkk
kgkk

kkgk
kkkg

"
"

##%##
"
"

1

2

1

m− 1 ，gi = ±1 or 2m− 1±1) 

is similar to the direct sum of (I +2m− 1F) and (−I +2m− 1 F′ ) where F，F′ are matrices in the rational 
canonical form of matrices over the field Z2. 
 
Proof. If m=2, the diagonal entries only have 2 values, 1 and 3=22−1+1.Interchange i th, j th row and i th, 
j th column at the same time successively, then  

1
1

1

1

1
= ( 2 )

2 1

2 1

m
m

m

k k
k

A I

k k

−
−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟

+⎜ ⎟
+⎜ ⎟

⎜ ⎟
⎜ ⎟⎜ ⎟+⎝ ⎠

" " "
% #

# #
∼
# #
# % #
" " "

F  

When m≥3, after the similar interchange,  

1

1

1

1

11 12

21 22

1

1
2 1

2 1
2 1

2 1
1

1

m

m

m

m

k k
k

k
k k

k k
k

k
k k

A A
A

A A

k

k

−

−

−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟+⎜ ⎟
⎜ ⎟
⎜ ⎟ ⎛ ⎞+ ⎜ ⎟⎜ ⎟

⎜ ⎟⎜ ⎟− ⎜ ⎟⎜ ⎟ ⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟−
⎜ ⎟

−⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟−⎝ ⎠

=

" " "
% #

# #
# #
# %

  
" " "

" " "
% #

# #
# #
# %

" " "

∼

If the entry bij in A12 is unequal to zero, i.e. bij=2 m− 1. Perform the similar transformation as follows. 
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2

1 1
( )

( )( )

1 1

j i

i j i ji j

k k k
c c lk k

u b u kl b u v l klr r l

v v
k k

k k k

⎛ ⎞ ⎛
⎜ ⎟ ⎜+⎜ ⎟ ⎜
⎜ ⎟ ⎜ − + − −+ −
⎜ ⎟ ⎜

⎯⎯⎯⎯⎯→⎜ ⎟ ⎜
⎜ ⎟ ⎜ +
⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎜ ⎟ ⎜− −⎝ ⎠ ⎝

" " " " " " " "
% # %

# " # # "
# % # # # % #
# # #
# % #
" " " " " " " "

k

kl

k

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

#
#
#
#

%

)

 

u =1 or 2m− 1+1, v = −1 or 2m− 1−1, u−v =2s. Let l =2 m− 2, then bij + (u−v) l−kl2 ≡0 (mod 2m). Moreover,  
u−kl ≡ u (mod 2m), v−kl ≡ v (mod 2m).Therefore, we can make A12 and A21 become the zero matrices. So 

1

1
1 1

1

1

1 2 1

1 2 1
( 2 ) ( 2

2 1 1

2 1 1

m

m
m m

m

m

k k k k
k k

A I F I F

k k k k

−

−
− −

−

−

⎛ ⎞−⎛ ⎞
⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟ −

′⊕ = +⎜ ⎟⎜ ⎟
+ −⎜ ⎟⎜ ⎟

⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟+ −⎝ ⎠ ⎝ ⎠

" " " " " "
% # % #

# # # #
∼
# # # #
# % # # % #
" " " " " "

⊕ − +

⎞
⎟
⎠

 
where F, F′ are the matrices over the field Z2. (Note: F , F′ are not necessarily involutory matrices ). 

If F, F′ are in the rational canonical form of the matrices over the field Z2 , any involutory matrix over 
the ring Z2

m is similar to one and only one matrix which has a representation as (I+2m− 1F) ⊕ (−I+2m− 1F′ ). � 
 
3. Conclusion  

 
According the theorems 1, 2, 3, we know that any n×n involutory matrix over the ring Z2

m is similar to 
1 0 1 0 1

2 ( 2 )
1 0 1 0

mm I F− ⎛ ⎞ ⎛
= + ⊕ ⊕ ⊕⎜ ⎟ ⎜

⎝ ⎠ ⎝
…  

 1 1 0 1 0 1
3 ( 2 ) ( 2 )

1 0 1 0
m mm I F I F− − ⎛ ⎞ ⎛ ⎞′≥ + ⊕ − + ⊕ ⊕ ⊕⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
…

where matrices F，F′ are in the rational canonical form of matrices over the field Z2.The matrices with very 
simple structure above are all dissimilar and any involutory matrix over Z2

m is similar to one and only one of 
them, so these matrices are the canonical forms under similarity for involutory matrices over Z2

m.Since 2 and 
power of 2 are of especial importance in computer science, the result of this paper has its own cryptographic 
advantage. We will present these applications in a further paper.  
 
4. Example 

 
As an illustration, now we show how to obtain the 3×3 canonical form under similarity for involutory 

matrices over the ring Z8, i.e. m=3. 
1×1 rational canonical matrices over Z2 are  

( ) ( )0 1  
2 in total. 

2×2 rational canonical matrices over Z2 are 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00
00

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
10
01

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
01
00

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
11
00

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
01
10

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
11
10

  

6 in total. 
3×3 rational canonical matrices over Z2 are 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

000
000
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

100
010
001

           
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

010
000
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

110
000
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

010
100
001

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

110
000
001

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

010
001
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

110
001
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

010
101
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

110
101
000

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

010
001
100

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

110
001
100

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

010
101
100

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

110
101
100

 

14 in total. 
For an 3×3 involutory matrix A over Z8
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Ⅰ.  If  A ~ (I3×3+2m− 1F3×3), there are 14 canonical matrices.  
Ⅱ.  If  A ~ (−I 3×3+2m− 1 F′ 3×3) ，there are 14 canonical matrices.  
Ⅲ.  If  A ∼ (I 1×1+2m− 1F1×1) ⊕ (−I 2×2+2m− 1 F′ 2×2), there are 2×6=12 canonical matrices.  
Ⅳ.  If  A ∼ (I 2×2+2m− 1F2×2) ⊕ (−I 1×1+2m− 1 F′ 1×1), there are 2×6=12 canonical matrices. 

Ⅴ.  If  A ∼ (I 1×1+2m− 1F1×1) ⊕  , there are 2 canonical matrices. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
01
10

Ⅵ.  If  A ∼ (−I 1×1+2m− 1 F′ 1×1) ⊕  , there are 2 canonical matrices. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
01
10

Consequently, the number of 3×3 canonical involutory matrices under similarity on Z8 is 56 in total. 
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