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Abstract

Involutory matrices are of great importance in matrix theory and algebraic cryptography. This paper is concerned
with involutory matrices over Z," (the ring of integers modulo 2™). We use the straightforward way to establish the
canonical forms under similarity for involutory matrices over Z," and reduce the canonical forms into the very simple
structure. By the definite procedure presented in the paper, an arbitrary involutory matrix over Z," can be easily

transformed into one of the canonical matrices.
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1. Introduction

A square matrix A is called involutory matrix if A>=l. In particular A is an involutory matrix over the
ring Z, (the ring of integers modulo k) if A’=l (mod k). The construction of involutory matrices is a classical
mathematical problem with applications in many areas of mathematics, especially in algebraic cryptography.
(see [11], [12]) The involutory matrices over finite field have been investigated by Hodges [1]. Reiner [3]
and Brawley [4] determined all the involutory matrices over the ring me, where p is an odd prime. In [5], [6],
Levine and Korfhage have also made studies of involutory matrices over residue class rings of integers and
obtained the formula to calculate the numbers of these involutory matrices. In this work, we use the
straightforward way based on similar transformation to prove that the involutory matrices of any order over
the ring Z," are similar to the matrices with the very simple structure. The matrices with the simple structure
called canonical form under similarity can be represented as

(I+2""'FY® (-l +2"'F)® 01 D...® 01
1 o/ " l10)”°

where matrices F, F “are in the well known rational canonical form of matrices over the field Z,.

2. Canonical forms under similarity for inovlutory matrices over the ring of Z,"

Let ¢ : Z," = Z, be a homomorphism. V ae Z,", if a is an odd number a®=1, otherwise a®=0. For
involutory matrix A of order n over Z,", H is the homomorphic image of A (hij= a;”). Certainly H is an
involutory matrix over the field Z,. It is well known that there exists an invertible matrix P over the field Z,,

01
P"'HP = H' = diag(l,,E,,...E,) where Ei—(l OJ (1<i<t) r+2t=n
P is also an invertible matrix over Z,", so

E-mail address: chenxi@mail.xjtu.edu.cn



9,

PIAP=A'=

gn—l

_————mm e -

9,

gi (1< <n) is an odd number, other entries in the matrix above are all even numbers which will be denoted
by b;;j in following . It is fairly clear that if the matrices A, A’ are similar, in symbols, A ~ A% A is an
involutory matrix iff A”is an involutory matrix. So A’is also an involutory matrix over Z,".

Theorem 1. Any involutory matrix A over the ring Z," of the previous form
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is similar to the direct sum of diagonal blocks, that is
9 b12 blr
P T Y R P
: o 1 0 1 0
brl gr

Proof. For an arbitrary odd number g over Z,", since g is a unit, there exists the inverse element g~
If bj#0 (1< i <n-2),

gl bln gl bln
P : G+ (g4 b | :
bil bln Cn,l+0.(gn’,1] bm) bil 0
. bl‘l—ll‘l—l gn—] E bn—] n-1 gl‘l—l
bnl gn bnn bnl gn bnn

“——” denotes the similar transformation adding (-g,”, b,,) times n—1 th row to i th while adding

(9, b,,) times i th column to n—1 th. Since (g, b,) is an even number, the parity of each entry in the

n-1 n
matrix remains the same after similar transformation so that we still use g;, bj; to denote the entries. Perform
the similar transformations until b;, (1< i £n-2) all become zero. Similar process can be performed to make
bnj(1<j <n-2) become zero. Then
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Since the matrix above is an involutory matrix, by the dot product of i th row and n th column, we
obtain bj_1gy-; =0 (mod 2™) (I<i<n-2) and similarly g, b,_;; =0 (mod 2") (1< j <n-2). gy, 0y, are
odd numbers, so b, ; =0 (mod 2™) and b, ; ;=0 (mod 2") . Hence

9, 0 0
' 0 0
g, 5 '
A Gru
(P :
. 0 0
0 0 0 by Yo
0 0 0 g, b,
Perform the similar transformations successively, finally A is similar to
9, b]z o b] r

b21 gZ bZr (_B{brﬂrﬂ gr+1 (‘B @ br+1r+1 gr+1 ]
: gr+2 br+2r+2 gr+2 br+2 r+2 '
brl brz O

where all the diagonal blocks are involutory matrices. It is clear that the diagonal block of the form

b g 01
-y is similar to L o . Therefore
g

9, b]z blr
b.“ 9. b?* @[0 1}@
: : 1 0

br] T

A~

01
® .0

Theorem 2. The involutory matrix of order n

gl blZ bln
A= b§21 9, bzsn
bnl gn
over the ring Z," is similar to the matrix
9 k k
k ¢ k
k k 9., k
k k k g

k denotes 0 or 2™ ' g;’(1<i <n) is #1 or 2™ ' #1.

Proof. If m=2, since bj;=0 or 2, g;=1 or 3, A, itself is



g k - k Kk

k 9, k
k k - g, k
k k - k g

When m>3, we use the mathematical induction to prove theorem 2.
At first, we prove that any 2x2 invoulutory matrix A, of the form

( gl ble

b, 9,
k9

Suppose b,k  perform the similar transformation

[91 blzj Eiﬁﬁ‘ﬁ") [gl+b21l b,+(9,-9,) 1-b, IZJ

is similar to

—_— >
b21 9, b21 gz_bu I

Let f (1) = by,+ (9,-0;) | =by, I%. Tt is easy to verify that the coefficients of the polynomial f (I) can assure that
the quadratic congruence equation f (1)=0 (mod 2™) has solution (see [17]), i.e.

gl bl2J [gl' 0] ’ ’
~ o9 =g,+b,l, g, =0,- b, I
(b gz b21 gz 1 1 21 2 2 21

21

Perform the similar transformation again

[gf 0 J el [ 9! 0 ]
r ’ r r
b21 9 b21+(gz_gl)| 9,

The congruence equation by + ( g>'— g1') 1= by + (9,-01) 1-2b,11*=0 (mod 2™) has solution. So
g 0
st
0 9

If bnik, Similarly we can transform AZ into
0 gz’

ik
[g] ,j (k=0o0r2™")
k 0

Since the matrix above is an involutroy matrix, (g,")’ =1 (mod 2™ and (g,')* =1 (mod 2™). So g’, g,'= *1 or

2" 4],
Now we assume (as the hypothesis of the induction) that (n—1)x(n—1) involutory matrix of the form

Consequently, A, is similar to

0 b o by
by, 9, - by
bn—ll bn—12 gn—l
is similar to
g k - k
k g, - k
k k grl1—l

We prove the law still holds for nxn involutory matrix.
We use R (a) to denote the number of factor 2 in an arbitrary number a.

Suppose



9, b1 2 bln—l bln
b 21 9, o b2n—] bzn
A=l P
erl bn—lz < Ong bn—l n
bnl bn2 bn n-1 gn

Through the interchange of i th , j th row and i th, j th column at the same time successively, we arrange b,
in the order that R(b,j)< R(by;) when i <j . If b, =0, it will be put at the end of the first row.

9, blz bln—l bln
b21 9, - b2n—l b2n
A~ oo : R (b12) <R (b13) < ...<R (byy)
bnfu bn—lZ < Oag bn—l n
b, b, By oo g,

If b;,=k, then b); (3<j <n) is k .Otherwise suppose b;,=2%,(1< g < m-2). s and s’ denote arbitrary odd
number in the paper. Since b, divides bjjover the ring Z,". Perform the similar transformations until all the
entries in the first row become zero except for g, b, and the parity of each entry remains the same. Then

9, b]z 0 - 0

b21 gz b2n

A~ oo :

bnl bnz AR

Now perform the similar transformation to make b,; be zero.

9 b, 0 - 0 c+c,(l) g, +h,l b, o - 0
by 9, - 0 by r,+rn(-1) b21+(g2_g1)|_b12|2 9, —b,l - - by,
bnl bn2 N bnl bn2 R

Let D be the matrix above. We know that b+ (g,—0;) I-b,,1*=0 (mod 2™) has solution. Moreover, ¢;+b, |
and g,—b;,l are odd numbers. For convenience, we still use g;, g, to denote them. Perform the similar
transformation.

9 b, 0 - 0 r+r,(h) 9, b,+(g,-g)h byh - bh

0 g, - o b2n C2+Cl(—h) 0 g, b2n
D=|: N D : E :

bnl bn2 N bnl bn2 e e g,

Since D is an involutory matrix and we are given that b, =2%, (1< q < m-2). By the dot product of the first

row and the second column, we obtain that

zdltdtzzblz(gl +0,)=0 (mod2™)
=1

So (g1+0,) =0(mod 2™ %), (M-g>2), thus g,~9;= g»+ g;-20,=25". Let h in the above similar transformation be
—2%'5(s") ", (R (h) =g-1). It is easy to see that b;,+ (g,—g;) h=0 (mod 2™). Now by the dot product of the first
row and j th (3<j <n) column of the matrix D, we obtain that

D dyd; =b,b,; =0 (mod2™)
t=1

Then by; =0 (mod 2™™), i.e. R (by) = (m—q). Hence R (byh) =R (by) +R (h) = m-1, i.e. byh =k. (3<j <n).
Consequently



0 g b,
A1 _ :
bnl an cee e gn
Therefore, no matter by, in the matrix A, is K or not, A, is always similar to
9 k k - k
: B A]—l
nl bn2 gn
9y b3 - by
b b
B= (bay, byron.bon)”, C= (K, Kook, Ay, =| 2 9377 Pan
bn 2 bn 3 0 Oy

Since over the ring Z,"

C 2
(gBl A J =], CB=0 and BC is the zero matrix of order n—1.
-1

So A, _;is the (n—1)x(n—1) involutory matrix. According to the inductive hypothesis, there exists an invertible
matrix Q,

k g/ - k Kk
Q'A_Q=| : ¢ i i gi=+lor2" '+1 (2<i<n)
gy K

ol ) oo enal
'l Al o) (o8 @'AQ

CQ is the 1x(n—1) matrix with entries k and Q'B is the (n—1) x1 matrix with even numbers.

g, k ... k k
b21 g; =k k
A~ o
bn—l] koo g;,] k
bnl k ... k g;

By the dot product of the first row and the second column of the matrix above, we obtain g;’=1 (mod 2™), so
gi==1or2™ '+1.As before we use g’ to denote it. For any by, (2< i < n), if b;=k, transform b;  into zero as
follows.

g k o ko Kk g +kl k
b21 glz o ko k C1+C|(|) b21+k| glz

SR sl e : Do :
b, k g -k by (g -g) kI ke gkl ek
b, ko e e g b,, +kI K o e e g

We know that by + (gi'—g,") 1-kI* =0 (mod 2™) has solution. Moreover, g,'+kl , gi' kI are still equal to +1 or
2™ '+1. Now, b;, has been transformed into zero. Perform the similar transformations until all the even
numbers in the first coloumn become k.

Consequently, any nxn involutory matrix of the form



b 21 gZ 2n-1 b2n
bn—ll bn—lz gn—l bn—l n
bnl an bn n-1 gn
is similar to
g k
k g
N (k=0or2™" gi'=#lor2™ '£1). 0
k Kk 91 K
k k - k g
Theorem 3.The involutory matrix A over the ring Z," of the form
9, k - k k
k g, - k k
T : (k=0or2™*' g=+# or2"'+)
k k On; Kk
k k - k g,

is similar to the direct sum of (I +2™ 'F) and (-1 +2™ ' F’) where F F’are matrices in the rational
canonical form of matrices over the field Z,.

Proof. If m=2, the diagonal entries only have 2 values, 1 and 3=2271+1.Interchange i th, j th row and i th,
j th column at the same time successively, then

1 k- Kk
K .
: 1 m-1
A~ L =(1+2""F)
k o ... k 241
When m>3, after the similar interchange,
1 k- Kk
K .
1 : K
2™ 41 :
. k
A ~ k k 2"'+1 — A1 \,
2" -1k k
K . . 21 22
k 2" -1
-1 :
: .k
k k -1

If the entry bj; in A, is unequal to zero, i.e. b=2 n-

! Perform the similar transformation as follows.




k k 1 k k
k . : ¢;+¢(h k
: u --ohby : e+, (-1 : u—Kki b +(Uu-v)l -kl
N :
v : : v+kl :
: ok : Lk
K eor e e e k-1 K oeer e e kK -1

u=lor2"™ "+1,v=—1or2" =1, u~v =2s. Let | =2 ", then by; + (u-V) I-kI* =0 (mod 2™). Moreover,
u—kl = u (mod 2™), v—kI = v (mod 2™).Therefore, we can make A, and A, become the zero matrices. So

1 k .. k 21k A
k . : k ’ :
A : ! : @ : 2 : =(1+2"'F)® (-1 +2™'F")
PR | -1 e
kK .o e k 2™'4+1 k e k-1

where F, F“are the matrices over the field Z,. (Note: F , F“are not necessarily involutory matrices ).
If F, F”are in the rational canonical form of the matrices over the field Z,, any involutory matrix over
the ring Z," is similar to one and only one matrix which has a representation as (142"~ 1F) ® (-I+2"'F). 0

3. Conclusion

According the theorems 1, 2, 3, we know that any nxn involutory matrix over the ring Z," is similar to

. 0 1 0 1
m=2 (1+2"'F)® .0
10 10

-2t o)

where matrices F F’are in the rational canonical form of matrices over the field Z,.The matrices with very
simple structure above are all dissimilar and any involutory matrix over Z," is similar to one and only one of
them, so these matrices are the canonical forms under similarity for involutory matrices over Z,".Since 2 and
power of 2 are of especial importance in computer science, the result of this paper has its own cryptographic
advantage. We will present these applications in a further paper.

0
m>3 (1+2""'F)®(-I +2"”F’)69{1

4. Example

As an illustration, now we show how to obtain the 3x3 canonical form under similarity for involutory
matrices over the ring Zg, i.e. m=3.
1x1 rational canonical matrices over Z, are
(0) (1)
2 in total.
2x2 rational canonical matrices over Z, are

3x3 rational canonical matrices over Z, are

(==

0 0 0)(1 0 O 0 0 0y(O O O0)(1 0 O0Y(1 O

0 0 OO0 1 O 0 0 0|0 0 O[]0 O 1]]{0 O

0 0 0){0 0 1 01 0){0O 1 1){0 1 0)(0 1

0 0 0Y(O O O0)(O O 0Y(O O 0Y(O O 0 0 1)Y(0 O 0 0 1

1 0 Off1 0 Of|1 O I||1 O 1||1 O 1 0 0|1 O 1 01

o1 0)J{oO 1 1J{0 1 0)JlO0 1 1)l0 1 01 1){0 1 01 1
14 in total.

For an 3x3 involutory matrix A over Zg




If A~ (I3x3+2m’1F3x3), there are 14 canonical matrices.

If A~(-l 2" F ’3.3)  there are 14 canonical matrices.

If A~ 2" 'Fre) @ (< 50+t2™ ' F7sy0), there are 2x6=12 canonical matrices.
If A~(0t2" 'Faw) ® (=1 1 +2™ ' F71,), there are 2x6=12 canonical matrices.

0 1
If A~(q2"'FlL)® (1 Oj , there are 2 canonical matrices.

0 1
If A~(-la2"'F/r) @(1 Oj , there are 2 canonical matrices.
Consequently, the number of 3x3 canonical involutory matrices under similarity on Zg is 56 in total.
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