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Thesis

Refinement types are a
useful and practical extension
to the LF logical framework.



Contributions

Refinements are useful:

» many case studies

» subset interpretation
Refinements are practical:

» rich yet simple metatheory

» sort reconstruction



Outline

Overview and motivation

Basic formalism
» LFR type theory and metatheory

» Higher-sort subsorting

Rest of the story

» Subset interpretation
» Sort reconstruction

» Case studies

Summary



LF: a logical framework

Harper, Honsell, and Plotkin, 1987, 1993
Dependently-typed lambda-calculus

Encode deductive systems and metatheory,
uniformly, and machine-checkably

» e.g. a programming language and its type safety theorem



LF: a logical framework

Harper, Honsell, and Plotkin, 1987, 1993
Dependently-typed lambda-calculus

Encode deductive systems and metatheory,
uniformly, and machine-checkably

» e.g. a programming language and its type safety theorem

Guiding principle: “judgements as types”
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Judgements as types

Syntax Simple type

R A A e » exp:type. tp: type.
Judgement Type tamily

pr ot eE » of:exp— tp — type.
Derivation Well-typed term

» DuTre:t by ol BT

Proof checking Type checking
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Properties as sorts

Even and odd natural numbers,
Expressions that are values,

Normal natural deductions,

Cut-free sequent proofs,
Derivations without a particular rule,

Prenex and rank-2 polymorphism,

10



Example: natural numbers
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Example: natural numbers

nat : type.

Z : hat.
S : nat — nat.
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Example: natural numbers

nat : type.

Z : hat.
S : nat — nat.

double : nat — nat — type.

dbl-z : double z z.
dbl-s : double (s N) (s (s (N2))
< double N N2.
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Example: natural numbers

nat : type.

7= nat. always even!
S : nat — nat. /V

double : nat — nat = type.

dbl-z : double z z.
dbl-s : double (s N) (s (s (N2))
< double N N2.
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Option 1: explicit proofs

Represent evenness and oddness as judgments
on natural numbers.
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Option 1: explicit proofs

Represent evenness and oddness as judgments
on natural numbers.

(properties as judgments + judgments as types)
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Option 1: explicit proofs

even : nat — type.
odd : nat — type.

ev-Z : even Z.
ev-s : even (s N) <= odd N.
od-s: odd (s N) < even N.
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Option 1: explicit proofs

even : nat — type.
odd : nat — type.

ev-Z : even Z.
ev-s : even (s N) <= odd N.
od-s: odd (s N) < even N.

double : nat — [INZ:nat. even N2 — type.

dbl-z : double z z ev-z.
dbl-s : double N (s (s N2)) (ev-s (od-s Deven))
<— double N N2 Deven.
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Option 1: explicit proofs

Represent evenness and oddness as judgments
on natural numbers.

Cumbersome: definitions must be “proot-
carrying”, manipulate witnesses.
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Option 2: implicit proofs

Represent even and odd as new types, distinct
from the natural numbers.
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Option 2: implicit proofs

even : type.
odd : type.

Ze ' even.
Se : odd — even.

So : even — odd.
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Option 2: implicit proofs

even : type.
odd : type.

Ze ' even.
Se : odd — even.

So : even — odd.

double : nat — even — type.

dbl-z : double z z..
dbl-s : double N (se (so N2))
< double N N2.
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Option 2: implicit proofs

But... need erasures from even and odd to nat
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Option 2: implicit proofs

But... need erasures from even and odd to nat

evenZnat : even — nat — type.
odd2nat : odd — nat — type.

eZ2n-Ze : evenZnat ze Z.

e2n-Se : even2nat (se 0) (s N)
<— odd2Z2nat O N.

02n-S, : odd2nat (so E) (s N)
<— evenZnat E' N.
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Option 2: implicit proofs

Represent even and odd as new types, distinct
from the natural numbers.

Heavyweight: need conversions between
various types.
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Option 3: metatheorem

Represent evenness and oddness as judgments
(as in Option 1 above).

Prove a Twelf metatheorem: for every doubling
derivation, there’s an evenness derivation.

19



Option 3: metatheorem



Option 3: metatheorem

even : nat — type.
odd : nat — type.

0% ... ev-z ev-s, od-s ...
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Option 3: metatheorem

even : nat — type.
odd : nat — type.

0% ... ev-z ev-s, od-s ...

double-even : double N N2 — even N2 — type.
%omode double-even +Ddbl -Deven

- : double-even dbl-z even-z
- : double-even (dbl-s Ddbl) (ev-s (od-s Deven))
<— double-even Ddbl Deven.

% worlds () (double-even Ddbl Deven).
%total Ddbl (double-even Ddbl Deven).

20



Option 3: metatheorem

Represent evenness and oddness as judgments
(as in Option 1 above).

Prove a Twelf metatheorem: for every doubling
derivation, there’s an evenness derivation.

Indirect: metatheorem checking is complex.

2l



Better option: refinements

even C nat.
odd C nat.

7 ' even.
s :: even — odd A odd — even.
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Better option: refinements

even C nat.
odd C nat.

7 ' even.
s :: even — odd A odd — even.

double :: nat — even — type.

dbl-z :: double z z.
dbl-s :: double (s N) (s (s (N2))
< double N N2.
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Better option: refinements

even C nat.
odd C nat.

7 ' even.
s :: even — odd A odd — even.

double :: nat —(even — type.

dbl-z :: double z z.
dbl-s :: double (s N) (s (s (N2))
< double N N2.
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Better option: refinements

simple lightweight direct

1. implicit proots X v 4
2. explicit proofs v X 4
3. metatheorem v/ o X
4. refinements 7/ 7/ 7/

Simple: doubling judgment doesn’t change.
Lightweight: constructors remain the same.

Direct: strong typing guarantee on derivations.

25



Outline

v Overview and Motivation

Basic formalism
» LFR type theory and metatheory

» Higher-sort subsorting

Rest of the story

» Subset interpretation
» Sort reconstruction

» Case studies

Summary
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Adequacy

Does my encoding mean anything?

Strategy: exhibit a compositional bijection that
preserves properties.

mathematical canonical
objects forms

» “Canonical forms” are f-normal and n-long.

25



Canonical forms method

Represent only the canonical forms:

» B-normal syntactically

» n-long through typing

» hereditary substitutions contract redexes

Simplifies metatheory, emphasizes adequacy

Concurrent LF (Watkins, et al, 2003)

26



LF typing

Bidirectional typing

Synthesis: ' - R = A
yelims: R —x | c I RN

Checking:T' - N <= A
b intros: N:=R FAx. N

%



Key rule:

Checking

b e =

IEFN< A

F R <P
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Checking

Key rule:

IEFN< A

» base type, so atoms fully applied

b e =

I'HR<P
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Checking

Key rule:

IEFN< A

» base type, so atoms fully applied

» the only appeal to type equality

i Ri— 1 7

F R <P
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Checking with subsorting

Key change: L

» equality becomes subsorting

» subsorting... only at base sorts?

P R= 0 [OEN)
FER <=0
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Checking with subsorting

Key change: L

» equality becomes subsorting

» subsorting... only at base sorts?

EER— () O ()
FER <=0

29



Intersections

Similar to product types, but no proof term

I'-N<§; I'-FN< S5
I'EN<5S5AS PN

ITEFR=>5 A5 ITEFR=>5A2AS5
['HR=5; II'FR=S5)

30



Important principles

Substitution:
il -SEA N <T

thenT + [M/x]JaN < T.

Identity: for all A: T, x::S

31
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CAEN =S



Subsorting

I'-EN<«<S

Key rule:

FER=0" 68 4@
i =)

» Bidirectional: subsorting only at mode switch

» Canonical: mode switch only at base sort

v 2



Subsorting at higher sorts?

Structural rules? e.g.

S, < 51 < dy
o il 5

Distributivity?

(& =i = D) < 5>l 1)

33



Subsorting at higher sorts!

Intrinsic subsorting:
ifS<TandT-HFN< S, thenT —-N<T.
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Subsorting at higher sorts!

Intrinsic subsorting:
ifS<TandT-HFN< S, thenT —-N<T.

Equivalently:
if S<T, thenT, x::SCA Fnalx) < T.
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Subsorting at higher sorts!

Intrinsic subsorting:
ifS<TandT-HFN< S, thenT —-N<T.

Equivalently:
if S<T, thenT, x::SCA Fnalx) < T.

» just like the Identity principle!
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Subsorting at higher sorts!

Intrinsic subsorting:
ifS<TandT-HFN< S, thenT —-N<T.

Equivalently:
if S<T, thenT, x::SCA Fnalx) < T.

» just like the Identity principle!
» ... also the Substitution principle ...
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Subsorting at higher sorts!

Intrinsic subsorting:
ifS<TandT-HFN< S, thenT —-N<T.

Equivalently:
if S<T, thenT, x::SCA Fnalx) < T.

» just like the Identity principle!
» ... also the Substitution principle ...

Usual rules all sound in this sense.

34



Subsorting at higher sorts?

... and also complete!

Theorem: if I, x::SCA - na(x) < T, then S< T.

Or:if'- N < SimpliesI' - N< T, then S< T

35



Subsorting at higher sorts?

... and also complete!

Theorem: if I, x::SCA - na(x) < T, then S< T.

Or:if'- N < SimpliesI' - N< T, then S< T

There are no new subtyping principles.

35



Outline

v Introduction: Motivation

v Basic formalism
» LER type theory and metatheory

» Higher-sort subsorting
» Rest of the story
» Subset interpretation

» Sort reconstruction

» Case studies
e Summary
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Subset Interpretation

Refinement types sharpen existing type systems
without complicating their metatheory

Subset interpretation soundly and completely
eliminates them

Shows the expressive power of refinements

2%



Subset Interpretation

Refinement types sharpen existing type systems
without complicating their metatheory

Subset interpretation soundly and completely
eliminates them

Shows the expressive power of refinements

» Translation is quite complicated!

2%



Sorts as predicates

nat : type.
Z . hat.
S : nat — nat.

38



Sorts as predicates

nat : type.
Z . hat.
S : nat — nat.

even C nat.
odd C nat.

7 ' even.
S :: even — odd
A odd — even.
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Sorts as predicates

nat : type.
Z . hat.
S : nat — nat.

even C nat.
odd C nat.

7 ' even.
S :: even — odd

A odd — even.

even : nat — type.

odd : nat — type.

pf-z : even z.

pf-s1 : [Ix:nat. even x — odd (s x
pf-s2 : IIx:nat. odd x — even (s x).
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Sorts as predicates

nat : typs Translation follows this idea:

7 : nat. » refinements become predicates

S : nat — » sort declarations become proof constructors
even C nat. even : nat — type.

odd C nat. odd : nat — type.

Z i even. pf-z : even z.

S :: even — odd pf-s1 : IIx:nat. even x — odd (s x

3
J
)
J

A odd — even. pf-s2 : [Ix:nat. odd x — even (s x).

38



Sorts as predicates

nat:tyg ¢ Iranslation follo
Z : nat. > refine

S : nat — >

even C nat.
odd C nat.

7 ' even.
S :: even — odd
A odd — even.

ecome proof constructors

even : nat — type.
odd : nat — type.

pf-z : even z.
pf-s1 : IIx:nat. even x — odd

pf-s2 : IIx:nat. odd x — even

S X

(™ ()

38
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Sorts as predicates

nat : type.
Z . hat.
S : nat — nat.

even C nat.
odd C nat.

7 ' even.
S :: even — odd

A odd — even.

even : nat — type.

odd : nat — type.

pf-z : even z.

pf-s1 : [Ix:nat. even x — odd (s x
pf-s2 : IIx:nat. odd x — even (s x).

55



Sorts as predicates

nat: type. N :: even ifft M : even N
Z : nat.

S : hat — nat.

(for some M)

even C nat. even : nat — type.
odd c nat. odd : nat — type.
Z :: even. pf-z : even z. |
S :: even — odd pf-s1 : IIx:nat. even x — odd (s x| i

A odd — even. pf-s2 : [Ix:nat. odd x — even (s x). r

—_— -

)



Adequacy

LF enjoys a well-developed theory of adequate
representations

» Adequacy: compositional, property-
preserving bijection between informal
entities and canonical terms

informal math | €— | LFR encoding

40



Adequacy

informal math

adequacy
e

40

LEFR encoding




Adequacy

informal math

adequacy
e

LER encoding

LF + proof irrelevance

40




Adequacy

adequacy
informal math | €3 | LFR encoding

LF + proof irrelevance

40



Sort Reconstruction

Three phases:

» LER Type Reconstruction: reconstruct
implicit arguments and types of subterms by
matching.

» Constraint generation: reduce a sort-
checking problem to a constraint.

» Constraint solving: solve that constraint.

41



Sort Reconstruction

double : nat — nat — type.
dbl/s : double N N2 — double (s N) (s (s N2)).

42



Sort Reconstruction

double : nat — nat — type.
dbl/s : double N N2 — double (s N) (s (s N2)).

l LF type reconstruction

double : nat — nat — type.

dbl/s : I[IN:nat. IINZ:nat.
double N N2 — double (s N) (s (s N2)).
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Sort Reconstruction

double : nat — nat — type.

dbl/s : I[IN:nat. IINZ:nat.
double N N2 — double (s N) (s (s N2)).

43



Sort Reconstruction

double : nat — nat — type.

dbl/s : IIN:nat. [IN2:nat.
double N N2 — double (s N) (s (s N2)).

43



Sort Reconstruction

double : nat — nat — type.

dbl/s : IIN:nat. [IN2:nat.
double N N2 — double (s N) (s (s N2)).

double* C double :: T — even — type.
dbl/s :: double* N N2 — double* (s N) (s (s N2)).
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Sort Reconstruction

double : nat — nat — type.

dbl/s : IIN:nat. [IN2:nat.
double N N2 — double (s N) (s (s N2)).

double* C double :: T — even — type.
dbl/s :: double* N N2 — double* (s N) (s (s N2)).

l LER type reconstruction

double* C double :: T — even — type.
dbl/s :: IIN::ocnat. [INZ::02Cnat.
double* N N2 — double* (s N) (s (s N2)).

43



Sort Reconstruction

double* C double :: T — even — type.
dbl/s :: IIN::ocnat. [INZ::02Cnat.
double* N N2 — double* (s N) (s (s N2)).

-



Sort Reconstruction

double* C double :: T — even — type.

dbl/s :: [IN::ocnat. IIN2::02Cnat.
double* N N2 — double* (s N) (s (s N2)).

-



Sort Reconstruction

double* C double :: T — even — type.

dbl/s :: [IN::ocnat. IIN2::02Cnat.
double* N N2 — double* (s N) (s (s N2)).

l Constraint generation

02 < even

-



Sort Reconstruction

double* C double :: T — even — type.
dbl/s :: [IN::ocnat. IIN2::02Cnat.
double* N N2 — double* (s N) (s (s N2)).

l Constraint generation

02 < even

l Constraint solving

double* C double :: T — even — type.
dbl/s :: IIN:: T cnat. [INZ2::evencnat.
double* N N2 — double* (s N) (s (s N2)).

-



Sort Reconstruction

Theorem (Soundness): result of reconstruction
is well-formed

Theorem (Principality): any other possible
reconstruction is less general

45



Case Studies



Case Study 1: normal forms

DEFINITION 3.1 (Weak-Head Normal)
T,, Ai— Ay, VX<A:K.B, and A X<A:K.B are weak head normal.

X(Ay,..., A,) is weak head normal if A4, ..., A,, are in normal form.

47



Case Study 1: normal forms

DEFINITION 3.1 (Weak-Head Normal)
T,, Ai—Ay, VX<A:K.B, and AX<A:K.B are weak head normal.

X(Ay,...,A,) is weak head normal if A;,..., A, are in normal form.

(Compagnoni and Goguen, Typed Operational Semantics
for Higher-Order Subtyping, Inf. & Comput. 2003)
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Case Study 1: normal forms

DEFINITION 3.1 (Weak-Head Normal)
T,, Ai—Ay, VX<A:K.B, and AX<A:K.B are weak head normal.

X(Ay,...,A,) is weak head normal if A;,..., A, are in normal form.

(Compagnoni and Goguen, Typed Operational Semantics
for Higher-Order Subtyping, Inf. & Comput. 2003)

3 steps:
» translate grammar of types
» characterize normal types

» characterize weak head normal types

47



Case Study 1: normal forms

AT=X L A=A INX=AK AT AXKC A A A T

kd : type.
tp : type.

Tt

arrow : tp — tp — tp.

il gt —kd ==t == P =2l
Lam:tp — kd — (tp — tp) — tp.
App : tp — tp — tp.

48



Case Study 1: normal forms

A:=PlA—-A| VX<A:K.A| AX<A:K. A | Tw
P:=X| PA

btp C tp. ntp C tp.

T ntp;

arrow :: ntp — ntp — ntp.

all s ntp —= T =— (btp— ntp) — ntp.
Fame:ntp=—= == (blp = ntp) — ntp.
App :: btp — ntp — btp.

btp < ntp.
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Case Study 1: normal forms

DEFINITION 3.1 (Weak-Head Normal)
T,, Ai— A, VX<A:K.B, and AX<A:K.B are weak head normal.

X(Aq,..., A,) is weak head normal if A4, ..., A,, are in normal form.

whntp C tp.

Jbe S nlabane)

arrow :: T — T — whntp.

all == & == —— [bip—— | — Wwhntp:
Lan: e = 2 == hip =] =y in,
btp < whntp.

50



Case Study 2: CBV/CBN

3.2.1 Call-By-Value (CBV) Strategy

The standard call-by-value strategy 1s defined as follows:

V=t 2 N AN N N
R = AXp ANV Au K M) A
abort 4 (M) | callecc 4 (M)

E || EM |V E|E{A}

3.2.2 Call-By-Name (CBN) Strategy

The standard call-by-name strategy is defined as follows:

V=" A A - M | Nu; K M

R = (Az:AMy)Ms | (Au:K.M){A} |
abort A(M) | callce 4 (M)

E = [[|EM|E{A)

il



Case Study 2: CBV/CBN

3.2.1 Call-By-Value (CBV) Strategy

The standard call-by-value strategy 1s defined as follows:

V=t 2 N AN N N
R = AXp ANV Au K M) A
abort 4 (M) | callecc 4 (M)

E 1| EM |V E| E{A}

3.2.2 Call-By-Name (CBN) Strategy

The standard call-by-name strategy is defined as follows:

V=" A A - M | Nu; K M

R = (Az:AMy)Ms | (Au:K.M){A} |
abort A(M) | callce 4 (M)

E = [[|EM|E{A)

(Harper and Lillibridge, Explicit Polymorphism
and CPS Conversion, POPL 1993)

il



Case Study 2: CBV/CBN

Definition 2.1 (Syntax)

Kinds K
Constructors A
Terms M

kd : type. tp: type. tm : type.

JamEEtn == (s ===t
app : tm — tm — tm.

Eamy s kdia= (p=="tm] == tin
App :tm — tp — tm.

callcc: tp — tm — tm.
abort:tp — tm — tm.

o2

G = Ko

al|lu| A — Az |Vu:K.A|
MK A | A Az

| Ae:AM | My M, |
Aw:K.M | M{A} |
callcca(M) | abort a(M)

evctx : type.

<> evctx.

cappl : evctx — tm — evctx.
capp? : tm — evctx — evctx.

cLam : kd — (tp — evctx) — evctx.
CApp : evctx — tp — evctx.



Case Study 2: CBV/CBN

Usetul observations about redexes:
» need to recognize lambdas for redexes

» control operators are always redexes

lambda - tm. Lambda c tm. control C tm.

lam e (0F 0T ) > lTamibda abort:: T — T — control.
Eam ==l = (=== >tEamibla: callcc:: T — T — control.

53



Case Study 2: CBV/CBN

3.2.2 Call-By-Name (CBN) Strategy

The standard call-by-name strategy 1s defined as follows:

Vo= NG AN N G,
R = (Az:A M) M| (Auw:K.M){A} |
abort 4 (M) | callce 4 (M)

B = [ EM| E{A}
n/val, n/red c tm. n/evctx C evctx.
lambda < n/val. <> :: n/evctx.
Lambda < n/val. cappl :: n/evctx — T — n/evctx.
app :: lambda — T — n/red. cApp :: n/evctx — T — n/evctx.

App :: Lambda — T — n/red.
control < n/red.
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Case Study 2: CBV/CBN

3.2.1 Call-By-Value (CBV) Strategy

The standard call-by-value strategy 1s defined as follows:

V=t 2 N AN N N
R = (A AM)V | (AuwK.M){A} |
abort 4 (M) | callecc 4 (M)
I DA 0 A By D W R T
v/val, v/red, v/lambda C tm. V /.eVElX = evelx,

lamE=Ee (v Valssal ey lambdases. = e /aveit

v/lambda < v/val. cappl :: v/evetx = T — v/evctx.
Lambda < v/val. capp?2 :: v/val — v/evctx — v/evctx.
app :: v/lambda — v/val — v/red. CApp :: v/evctx — T — v/evctx.

App :: Lambda — T — v/red.
control < v/red.
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Case Study 3: singletons

2.2 A Singleton-Free System

To formalize our results, we also require a singleton-free target language into which
to translate expressions from the singleton calculus. We will define the singleton-
free system in terms of its differences from the singleton calculus.

We will say that a constructor ¢ (not necessarily well-formed) syntactically be-
longs to the singleton-free calculus provided that ¢ contains no singleton kinds.
Note that as a consequence of containing no singleton kinds, all product and sum
kinds may be written in non-dependent form. Also, all kinds in the singleton-free
calculus are well-formed.

The inference rules for the singleton-free system are obtained by removing from
the singleton calculus all the rules dealing with subkinding (Rules 9-13, 28 and
45) and all the rules dealing with singleton kinds (Rules 6, 15, 25, 34 and 35).
Note that derivable judgements in the singleton-free system must be built using
only expressions syntactically belonging to the singleton-free calculus. When a
judgement is derivable in the singleton-free system, we will note this fact by marking
the turnstile F¢.
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Case Study 3: singletons

kinds et I ’ S(C) ’ HOéiKl.KQ ‘ EOziKl.KQ
constructors c = al|b|da:K.c|cica|{c1,c2) | mic]| mac
assignments Es=ive |- I o le

Fig. 1. Syntax
kd : type. tp : type.

t: kd.

sing : tp — kd.

pi: kd — (tp — kd) — kd.
sigma : kd — (tp — kd) — kd.

9



Case Study 3: singletons

kinds et I ’ S(C) ’ HOéiKl.KQ ‘ EOziKl.KQ
constructors c = al|b|da:K.c|cica|{c1,c2) | mic]| mac
assignments Es=ive |- I o le

Fig. 1. Syntax

sf/kd c kd. sf/tp C tp.

t:st/kd.

% no: sing : sf/tp — sf/kd.

pi: st/kd — (st/tp — st/kd) — st/kd.
sigma : sf/kd — (sf/tp — st/kd) — st/kd.
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Case Study 3: singletons

Kind Equivalence I' K7 = K>
I' - ok
- (14)
B A B— s
Brei=csid>
i (15)

F |— S(C1) — S(Cg)

B e e e R e = A =
TF oK, K = Ha:K,. KY

(16)

Bl K el ot I =
TE Sk K= S0 K. KL

(17)

keq : kd — kd — type.
eq:tp — tp — kd — type.
kof : tp — kd — type.

ri4:keqtt.

r15: keq (sing C1) (sing C2)
<ol

r16 : keq (pi K1 [a] K1” a)
(pi K2’ [a] K2” a)
= kea K2 1Ele
< ({a} kof a K1’
— keq (K1" a) (K2” a)).
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Case Study 3: singletons

Kind Equivalence I' K7 = K>

I' - ok
Bl =i

(14)

F|_61:CQ ind B
F|—S(C1) :S(Cz)

(15)

Rl —E oK - K{ = K

TF oK, K = Ha:K,. KY
(16)

Rt — I o K = K

TE Sk K= S0 K. KL
(17)

sf/keq C keq :: sf/kd — sf/kd — sort.

sf/eq C eq :: sf/tp — sf/tp — sf/kd
— sort.

st/kof : stf/tp — st/kd — type.

ri4 ::sf/keqtt.
% norls

rlé6 :: sf/keq (pi K1’ [a] K1" a)
(pi K2’ [a] K2" &)
< st/keq K2° K1’
< ({a} sf/kof a K1’
— sf/keq (K1” a) (K2” a)).
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Contributions

Refinements are useful:

» many case studies

» subset interpretation
Refinements are practical:

» simple yet rich metatheory

» sort reconstruction
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Summary

LFR: an expressive
and practical logical
framework

(I think Knuth would
be intrigued!)



