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• Performance of  is related to properties of 
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• Allows us to obtain lower bound on 
E[# active servers]
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Main Results: 
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• If no tokens, go to an inactive server

Policy conversion: single-server to -server∞
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When the # tokens of a type , remove the 
overflow tokens and generate virtual jobs
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Recall that we aim to show

 E [# active servers] ≤ (1 + O (r−0.5)) ⋅ N

We can prove that E [# virtual jobs]  = O (r0.5)



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

…
servers

jobs

L

H L



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

…
servers

jobs

L

H L
Single-server system


running policy σ



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ
If only each token were 

replaced by a job 
immediately …



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Difficulty: the dynamics of a server in the original system 
depends on other servers through arrivals & token overflows



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Difficulty: the dynamics of a server in the original system 
depends on other servers through arrivals & token overflows

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Difficulty: the dynamics of a server in the original system 
depends on other servers through arrivals & token overflows

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Do job arrivals affect ?K̃ i



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Difficulty: the dynamics of a server in the original system 
depends on other servers through arrivals & token overflows

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Do job arrivals affect ?K̃ i

Do token overflows affect ?K̃ i



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

14

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Difficulty: the dynamics of a server in the original system 
depends on other servers through arrivals & token overflows

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Do job arrivals affect ?K̃ i

Do token overflows affect ?K̃ iArrivals & token overflows do not affect K̃ i



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

15

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Arrivals & token overflows do not affect K̃ i



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

15

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Arrivals & token overflows do not affect K̃ i

Dynamics in the original system v.s.
Dynamics in  independent single-server systemsN



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

15

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Arrivals & token overflows do not affect K̃ i

Dynamics in the original system v.s.
Dynamics in  independent single-server systemsN
• A server without tokens in the original system generates 

tokens and has job transitions in the same way as a 
single-server system



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

15

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Arrivals & token overflows do not affect K̃ i

Dynamics in the original system v.s.
Dynamics in  independent single-server systemsN
• A server without tokens in the original system generates 

tokens and has job transitions in the same way as a 
single-server system

• Difference between two systems is bounded by # tokens



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

15

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Arrivals & token overflows do not affect K̃ i

Dynamics in the original system v.s.
Dynamics in  independent single-server systemsN
• A server without tokens in the original system generates 

tokens and has job transitions in the same way as a 
single-server system

• Difference between two systems is bounded by # tokens

• # tokens ≤ r



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 1

15

Will show that regular servers in the original system 

  independent single-server systems≈ N

…
servers

jobs

L

H L
Single-server system


running policy σ

Idea: for each type , consider

# jobs + # virtual jobs + # tokens

i
K̃ i =

Arrivals & token overflows do not affect K̃ i

Dynamics in the original system v.s.
Dynamics in  independent single-server systemsN
• A server without tokens in the original system generates 

tokens and has job transitions in the same way as a 
single-server system

• Difference between two systems is bounded by # tokens

• # tokens ≤ r

⇒ Using Stein’s method, dW ( K̃ 1:N, K1:N) = O (r0.5)K̃ 1:N



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

When the # tokens of a type , remove the 
overflow tokens and generate virtual jobs

> r



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

When the # tokens of a type , remove the 
overflow tokens and generate virtual jobs

> r



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

When the # tokens of a type , remove the 
overflow tokens and generate virtual jobs

> r

backup 
servers



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L job



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

What happens when 
# tokens hits  ?r



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

What happens when 
# tokens hits  ?r

Generate a virtual job



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

What happens when 
# tokens hits  ?r

What happens when 
# tokens hits 0?

Generate a virtual job



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

What happens when 
# tokens hits  ?r

What happens when 
# tokens hits 0?

Generate a virtual jobGenerate a job to backup servers



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

16

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

17

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

17

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

• An almost balanced random walk



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

17

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

• An almost balanced random walk

• Stationary distribution  uniform on {0, 1, …, }≈ r



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Key proof idea 2

17

…
servers

jobs

L

H L

N

Will show that # virtual jobs , 

and # backup servers

= O ( r)
= O ( r)

backup 
servers

L L L L

r

a server requests 
a type L joba type L job arrives

• An almost balanced random walk

• Stationary distribution  uniform on {0, 1, …, }≈ r
• Rate of generating virtual jobs  

 rate of sending jobs to backup servers≈
≈ arrival rate/ r = O ( r)



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Summary

18

…

servers
jobs

Phase 
H

Phase 
L

Phase 
⊥



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Summary
• We considered the problem of assigning jobs to servers when jobs have time-varying 

resource requirements

18

…

servers
jobs

Phase 
H

Phase 
L

Phase 
⊥



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Summary
• We considered the problem of assigning jobs to servers when jobs have time-varying 

resource requirements
• We designed an asymptotically optimal policy

18

…

servers
jobs

Phase 
H

Phase 
L

Phase 
⊥



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Summary
• We considered the problem of assigning jobs to servers when jobs have time-varying 

resource requirements
• We designed an asymptotically optimal policy
• We proposed a policy-conversion framework that allows us to reduce the policy-design 

problem to that in a single-server system

18

…

servers
jobs

Single-server 

policy σ

Phase 
H

Phase 
L

Phase 
⊥



Weina Wang (CMU)     Near-Optimal SBP in Large Service Systems with Time-Varying Item Sizes

Summary
• We considered the problem of assigning jobs to servers when jobs have time-varying 

resource requirements
• We designed an asymptotically optimal policy
• We proposed a policy-conversion framework that allows us to reduce the policy-design 

problem to that in a single-server system
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