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So#	
  vs.	
  Hard	
  Inference	
  

•  Hard	
  inference	
  
– “Give	
  me	
  a	
  single	
  soluCon”	
  
– Viterbi	
  algorithm	
  
– Maximum	
  spanning	
  tree	
  (Chu-­‐Liu-­‐Edmonds	
  alg.)	
  

•  So#	
  inference	
  
– Task	
  1:	
  Compute	
  a	
  distribuCon	
  over	
  outputs	
  
– Task	
  2:	
  Compute	
  funcCons	
  on	
  distribuCon	
  

•  marginal	
  probabili,es,	
  expected	
  values,	
  entropies,	
  
divergences	
  



Why	
  So#	
  Inference?	
  

•  Useful	
  applicaCons	
  of	
  posterior	
  distribuCons	
  
–  Entropy:	
  how	
  confused	
  is	
  the	
  model?	
  
–  Entropy:	
  how	
  confused	
  is	
  the	
  model	
  of	
  its	
  predicCon	
  
at	
  Cme	
  i?	
  

–  Expecta,ons	
  
•  What	
  is	
  the	
  expected	
  number	
  of	
  words	
  in	
  a	
  	
  translaCon	
  of	
  
this	
  sentence?	
  

•  What	
  is	
  the	
  expected	
  number	
  of	
  Cmes	
  a	
  word	
  ending	
  in	
  –ed	
  
was	
  tagged	
  as	
  something	
  other	
  than	
  a	
  verb?	
  

–  Posterior	
  marginals:	
  given	
  some	
  input,	
  how	
  likely	
  is	
  it	
  
that	
  some	
  (latent)	
  event	
  of	
  interest	
  happened?	
  



String	
  Marginals	
  

•  Inference	
  quesCon	
  for	
  HMMs	
  
– What	
  is	
  the	
  probability	
  of	
  a	
  string	
  w?	
  
Answer:	
  generate	
  all	
  possible	
  tag	
  sequences	
  and	
  
explicitly	
  marginalize	
  
	
  
	
   O(|⌦||w|) Cme	
  



DET NN 

ADJ 

V 

DET ADJ NN V 
DET 0.0 0.0 0.0 0.5 
ADJ 0.3 0.2 0.1 0.1 

NN 0.7 0.7 0.3 0.2 
V 0.0 0.1 0.4 0.1 

0.0 0.0 0.2 0.1 

Transition Probabilities: 

DET ADJ NN V 
0.5 0.1 0.3 0.1 

Initial Probabilities: 

V 
might 0.2 
watch 0.3 
watches 0.2 
loves 0.1 
reads 0.19 
books 0.01 

NN 
book 0.3 
plants 0.2 
people 0.2 
person 0.1 
John 0.1 
watch 0.1 

ADJ 
green 0.1 
big 0.4 
old 0.4 
might 0.1 

DET 
the 0.7 
a 0.3 

Emission Probabilities: 

Examples: 
John might watch 
NN V V 

the old  person loves big books 
DET ADJ NN V ADJ NN 

⌘

�



John	
   might	
  watch	
  
DET DET DET 0.0 
DET DET ADJ 0.0 
DET DET NN 0.0 
DET DET V 0.0 
DET ADJ DET 0.0 
DET ADJ ADJ 0.0 
DET ADJ NN 0.0 
DET ADJ V 0.0 
DET NN DET 0.0 
DET NN ADJ 0.0 
DET NN NN 0.0 
DET NN V 0.0 
DET V DET 0.0 
DET V ADJ 0.0 
DET V NN 0.0 
DET V V 0.0 

Pr(x, y) John	
   might	
  watch	
  
ADJ DET DET 0.0 
ADJ DET ADJ 0.0 
ADJ DET NN 0.0 
ADJ DET V 0.0 
ADJ ADJ DET 0.0 
ADJ ADJ ADJ 0.0 
ADJ ADJ NN 0.0 
ADJ ADJ V 0.0 
ADJ NN DET 0.0 
ADJ NN ADJ 0.0 
ADJ NN NN 0.0 
ADJ NN V 0.0 
ADJ V DET 0.0 
ADJ V ADJ 0.0 
ADJ V NN 0.0 
ADJ V V 0.0 

Pr(x, y) John	
   might	
  watch	
  
NN DET DET 0.0 
NN DET ADJ 0.0 
NN DET NN 0.0 
NN DET V 0.0 
NN ADJ DET 0.0 
NN ADJ ADJ 0.0 
NN ADJ NN 0.0000042 
NN ADJ V 0.0000009 
NN NN DET 0.0 
NN NN ADJ 0.0 
NN NN NN 0.0 
NN NN V 0.0 
NN V DET 0.0 
NN V ADJ 0.0 
NN V NN 0.0000096 
NN V V 0.0000072 

Pr(x, y) John	
   might	
  watch	
  
V DET DET 0.0 
V DET ADJ 0.0 
V DET NN 0.0 
V DET V 0.0 
V ADJ DET 0.0 
V ADJ ADJ 0.0 
V ADJ NN 0.0 
V ADJ V 0.0 
V NN DET 0.0 
V NN ADJ 0.0 
V NN NN 0.0 
V NN V 0.0 
V V DET 0.0 
V V ADJ 0.0 
V V NN 0.0 
V V V 0.0 

Pr(x, y)



John	
   might	
  watch	
  
DET DET DET 0.0 
DET DET ADJ 0.0 
DET DET NN 0.0 
DET DET V 0.0 
DET ADJ DET 0.0 
DET ADJ ADJ 0.0 
DET ADJ NN 0.0 
DET ADJ V 0.0 
DET NN DET 0.0 
DET NN ADJ 0.0 
DET NN NN 0.0 
DET NN V 0.0 
DET V DET 0.0 
DET V ADJ 0.0 
DET V NN 0.0 
DET V V 0.0 

Pr(x, y) John	
   might	
  watch	
  
ADJ DET DET 0.0 
ADJ DET ADJ 0.0 
ADJ DET NN 0.0 
ADJ DET V 0.0 
ADJ ADJ DET 0.0 
ADJ ADJ ADJ 0.0 
ADJ ADJ NN 0.0 
ADJ ADJ V 0.0 
ADJ NN DET 0.0 
ADJ NN ADJ 0.0 
ADJ NN NN 0.0 
ADJ NN V 0.0 
ADJ V DET 0.0 
ADJ V ADJ 0.0 
ADJ V NN 0.0 
ADJ V V 0.0 

Pr(x, y) John	
   might	
  watch	
  
NN DET DET 0.0 
NN DET ADJ 0.0 
NN DET NN 0.0 
NN DET V 0.0 
NN ADJ DET 0.0 
NN ADJ ADJ 0.0 
NN ADJ NN 0.0000042 
NN ADJ V 0.0000009 
NN NN DET 0.0 
NN NN ADJ 0.0 
NN NN NN 0.0 
NN NN V 0.0 
NN V DET 0.0 
NN V ADJ 0.0 
NN V NN 0.0000096 
NN V V 0.0000072 

Pr(x, y) John	
   might	
  watch	
  
V DET DET 0.0 
V DET ADJ 0.0 
V DET NN 0.0 
V DET V 0.0 
V ADJ DET 0.0 
V ADJ ADJ 0.0 
V ADJ NN 0.0 
V ADJ V 0.0 
V NN DET 0.0 
V NN ADJ 0.0 
V NN NN 0.0 
V NN V 0.0 
V V DET 0.0 
V V ADJ 0.0 
V V NN 0.0 
V V V 0.0 

Pr(x, y)

p = 0.0000219



Weighted	
  Logic	
  Programming	
  
•  Slightly	
  different	
  notaCon	
  than	
  the	
  textbook,	
  but	
  
you	
  will	
  see	
  it	
  in	
  the	
  literature	
  

•  WLP	
  is	
  useful	
  here	
  because	
  it	
  lets	
  us	
  build	
  
hypergraphs	
  

I1 : w1 I2 : w2 · · · Ik : wk

I : w
�
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Hypergraphs	
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Viterbi	
  Algorithm	
  
Item	
  form	
  
[q, i]



Axioms	
  

Viterbi	
  Algorithm	
  
Item	
  form	
  
[q, i]

[start, 0] : 1



Axioms	
   Goals	
  

Viterbi	
  Algorithm	
  
Item	
  form	
  
[q, i]

[stop, |x|+ 1][start, 0] : 1



Axioms	
   Goals	
  

[q, i] : w

[r, i+ 1] : w ⌦ ⌘(q ! r)⌦ �(r # xi+1)

Inference	
  rules	
  

Viterbi	
  Algorithm	
  
Item	
  form	
  
[q, i]

[stop, |x|+ 1][start, 0] : 1



Axioms	
   Goals	
  

[q, i] : w

[r, i+ 1] : w ⌦ ⌘(q ! r)⌦ �(r # xi+1)

Inference	
  rules	
  

Viterbi	
  Algorithm	
  
Item	
  form	
  
[q, i]

[q, |x|] : w
[stop, |x|+ 1] : w ⌦ ⌘(q ! stop)

[stop, |x|+ 1][start, 0] : 1



Viterbi	
  Algorithm	
  
w=(John,	
  might,	
  watch)	
  	
   Goal:	
  [stop, 4]



String	
  Marginals	
  

•  Inference	
  quesCon	
  for	
  HMMs	
  
– What	
  is	
  the	
  probability	
  of	
  a	
  string	
  w?	
  
Answer:	
  generate	
  all	
  possible	
  tag	
  sequences	
  and	
  
explicitly	
  marginalize	
  
	
  
	
  
Answer:	
  use	
  the	
  forward	
  algorithm	
  

O(|⌦||w|)

O(|⌦|2 ⇥ |w|)

Cme	
  

Cme	
  

O(|⌦|) space	
  



Forward	
  Algorithm	
  

•  Instead	
  of	
  compuCng	
  a	
  max	
  of	
  inputs	
  at	
  each	
  
node,	
  use	
  addi,on	
  

•  Same	
  run-­‐Cme,	
  same	
  space	
  requirements	
  
•  Viterbi	
  cell	
  interpretaCon	
  

– What	
  is	
  the	
  score	
  of	
  the	
  best	
  path	
  through	
  the	
  
la]ce	
  ending	
  in	
  state	
  q	
  at	
  Cme	
  i?	
  

•  What	
  does	
  a	
  forward	
  node	
  weight	
  
correspond	
  to?	
  



Forward	
  Algorithm	
  Recurrence	
  

↵0(start) = 1

↵t(y) =
X

q2⌦

⌘(q ! y)⇥ �(y # xi)⇥ ↵t�1(q)



Forward	
  Chart	
  

a 

i=1	
  

↵t(q) = p(start, x1, . . . , xt, yt = q)



Forward	
  Chart	
  

a 

i=1	
  

↵t(q) = p(start, x1, . . . , xt, yt = q)



Forward	
  Chart	
  

a 

i=1	
  

↵t(q) = p(start, x1, . . . , xt, yt = q)



Forward	
  Chart	
  

a b 

↵2(s2)

i=1	
   i=2	
  

· · ·

· · ·

· · ·

· · ·

↵t(q) = p(start, x1, . . . , xt, yt = q)



John 

0.0 

0.0 

0.03 

0.0 

might 

0.0 

0.0003 

0.0 

0.0024 

watch 

0.0 

0.0 

0.000069 

0.000081 

DET 

ADJ 

NN 

V 

↵1 ↵2 ↵3

0.0000219 

p = 0.0000219



Posterior	
  Marginals	
  
•  Marginal	
  inference	
  quesCon	
  for	
  HMMs	
  

– Given	
  x,	
  what	
  is	
  the	
  probability	
  of	
  being	
  in	
  a	
  state	
  
q	
  at	
  Cme	
  i?	
  
	
  
	
  
	
  

– Given	
  x,	
  what	
  is	
  the	
  probability	
  of	
  transiConing	
  
from	
  state	
  q	
  to	
  r	
  at	
  Cme	
  i?	
  

p(x1, . . . , xi, yi = q | y0 = start)⇥
p(xi+1, . . . , x|x| | yi = q)

p(x1, . . . , xi, yi = q | y0 = start)⇥
⌘(q ! r)⇥ �(r # xi+1)⇥

p(xi+2, . . . , x|x| | yi+1 = r)
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Posterior	
  Marginals	
  
•  Marginal	
  inference	
  quesCon	
  for	
  HMMs	
  

– Given	
  x,	
  what	
  is	
  the	
  probability	
  of	
  being	
  in	
  a	
  state	
  
q	
  at	
  Cme	
  i?	
  
	
  
	
  
	
  

– Given	
  x,	
  what	
  is	
  the	
  probability	
  of	
  transiConing	
  
from	
  state	
  q	
  to	
  r	
  at	
  Cme	
  i?	
  

p(x1, . . . , xi, yi = q | y0 = start)⇥
p(xi+1, . . . , x|x| | yi = q)

p(x1, . . . , xi, yi = q | y0 = start)⇥
⌘(q ! r)⇥ �(r # xi+1)⇥

p(xi+2, . . . , x|x| | yi+1 = r)



Backward	
  Algorithm	
  

•  Start	
  at	
  the	
  goal	
  node(s)	
  and	
  work	
  backwards	
  
through	
  the	
  hypergraph	
  

•  What	
  is	
  the	
  probability	
  in	
  the	
  goal	
  node	
  cell?	
  
•  What	
  if	
  there	
  is	
  more	
  than	
  one	
  cell?	
  
•  What	
  is	
  the	
  value	
  of	
  the	
  axiom	
  cell?	
  



Backward	
  Recurrence	
  

�|x|+1(stop) = 1

�i(q) =
X

r2⌦

�i+1(r)⇥ �(r # xi+1)⇥ ⌘(q ! r)



Backward	
  Chart	
  

· · ·

· · ·

· · ·

· · ·



Backward	
  Chart	
  

i=5	
  

· · ·

· · ·

· · ·

· · ·



Backward	
  Chart	
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Backward	
  Chart	
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· · ·
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Backward	
  Chart	
  

i=5	
  

· · ·

· · ·

· · ·

· · · b 



Backward	
  Chart	
  

i=5	
  

· · ·

· · ·

· · ·

· · · b 



Backward	
  Chart	
  

b c 

�3(s2)

i=3	
   i=4	
   i=5	
  

· · ·

· · ·

· · ·

· · ·

�t(q) = p(xt+1, . . . , x|x| | yt = q)



Forward-­‐Backward	
  

•  Compute	
  forward	
  chart	
  

•  Compute	
  backward	
  chart	
  

↵t(q) = p(start, x1, . . . , xt, yt = q)

↵t(q)⇥ �t(q)What	
  is	
   ?	
  

�t(q) = p(xt+1, . . . , x|x|, stop | yt = q)



Forward-­‐Backward	
  

•  Compute	
  forward	
  chart	
  

•  Compute	
  backward	
  chart	
  

↵t(q) = p(start, x1, . . . , xt, yt = q)

↵t(q)⇥ �t(q)What	
  is	
   ?	
  

�t(q) = p(xt+1, . . . , x|x|, stop | yt = q)

p(x, yt = q) = ↵t(q)⇥ �t(q)



Edge	
  Marginals	
  

•  What	
  is	
  the	
  probability	
  that	
  x	
  was	
  generated	
  
and	
  q	
  -­‐>	
  r	
  happened	
  at	
  Cme	
  t?	
  

p(x1, . . . , xi, yi = q | y0 = start)⇥
⌘(q ! r)⇥ �(r # xi+1)⇥

p(xi+2, . . . , x|x| | yi+1 = r)



Edge	
  Marginals	
  

•  What	
  is	
  the	
  probability	
  that	
  x	
  was	
  generated	
  
and	
  q	
  -­‐>	
  r	
  happened	
  at	
  Cme	
  t?	
  

p(x1, . . . , xi, yi = q | y0 = start)⇥
⌘(q ! r)⇥ �(r # xi+1)⇥

p(xi+2, . . . , x|x| | yi+1 = r)

↵t(q)⇥
⌘(q ! r)⇥ �(r # xt+1)⇥

�t+1(r)



Forward-­‐Backward	
  

a b b b c 

↵2(s2) �3(s2)

i=1	
   i=2	
   i=3	
   i=4	
   i=5	
  



Generic	
  Inference	
  

•  Semirings	
  are	
  useful	
  structures	
  in	
  abstract	
  
algebra	
  
– Set	
  of	
  values	
  
– Addi/on,	
  with	
  addiCve	
  idenCty	
  0:	
  (a	
  +	
  0	
  =	
  a)	
  
– Mul/plica/on,	
  with	
  mult	
  idenCty	
  1:	
  (a	
  *	
  1	
  =	
  a)	
  

•  Also:	
  a	
  *	
  0	
  =	
  0	
  
– Distribu/vity:	
  a	
  *	
  (b	
  +	
  c)	
  =	
  a	
  *	
  b	
  +	
  a	
  *	
  c	
  
– Not	
  required:	
  commutaCvity,	
  inverses	
  



So	
  What?	
  

•  You	
  can	
  unify	
  Forward	
  and	
  Viterbi	
  by	
  changing	
  
the	
  semiring	
  

forward(G) =
M
⇡2G

O
e2⇡

w[e]



Semiring	
  Inside	
  

•  Probability	
  semiring	
  
– marginal	
  probability	
  of	
  output	
  

•  Coun,ng	
  semiring	
  
– number	
  of	
  paths	
  (“taggings”)	
  

•  Viterbi	
  semiring	
  
– best	
  scoring	
  derivaCon	
  	
  

•  Log	
  semiring	
  w[e]	
  =	
  wTf(e)	
  
–  log(Z)	
  =	
  log	
  parCCon	
  funcCon	
  



Semiring	
  Edge-­‐Marginals	
  

•  Probability	
  semiring	
  
–  posterior	
  marginal	
  probability	
  of	
  each	
  edge	
  

•  Coun,ng	
  semiring	
  
–  number	
  of	
  paths	
  going	
  through	
  each	
  edge	
  

•  Viterbi	
  semiring	
  
–  score	
  of	
  best	
  path	
  going	
  through	
  each	
  edge	
  

•  Log	
  semiring	
  
–  log	
  (sum	
  of	
  all	
  exp	
  path	
  weights	
  of	
  all	
  paths	
  with	
  e)	
  
=	
  log(posterior	
  marginal	
  probability)	
  +	
  log(Z)	
  	
  



Max-­‐Marginal	
  Pruning	
  



Generalizing	
  Forward-­‐Backward	
  

•  Forward/Backward	
  algorithms	
  are	
  a	
  special	
  
case	
  of	
  Inside/Outside	
  algorithms	
  

•  It’s	
  helpful	
  to	
  think	
  of	
  I/O	
  as	
  algorithms	
  on	
  
PCFG	
  parse	
  forests,	
  but	
  it’s	
  more	
  general	
  
– Recall	
  the	
  5	
  views	
  of	
  decoding:	
  decoding	
  is	
  parsing	
  
– More	
  specifically,	
  decoding	
  is	
  a	
  weighted	
  proof	
  
forest	
  



CKY	
  Algorithm	
  

[X, i, j]
Item	
  form	
  



CKY	
  Algorithm	
  

[X, i, j]
Goals	
  Item	
  form	
  
[S, 1, |x|+ 1]



CKY	
  Algorithm	
  

[X, i, j]

[N, i, i+ 1] : w
(N ! xi) 2 G

w
Axioms	
  

Goals	
  Item	
  form	
  
[S, 1, |x|+ 1]



CKY	
  Algorithm	
  

[X, i, j]

[N, i, i+ 1] : w
(N ! xi) 2 G

w

w

Axioms	
  

Goals	
  

Inference	
  rules	
  

Item	
  form	
  

[X, i, k] : u [Y, k, j] : v

[Z, i, j] : u⌦ v ⌦ w
(Z ! X Y ) 2 G

[S, 1, |x|+ 1]



Posterior	
  Marginals	
  

•  Marginal	
  inference	
  quesCon	
  for	
  PCFGs	
  
– Given	
  w,	
  what	
  is	
  the	
  probability	
  of	
  having	
  a	
  
consCtuent	
  of	
  type	
  Z	
  from	
  i	
  to	
  j?	
  

– Given	
  w,	
  what	
  is	
  the	
  probability	
  of	
  having	
  a	
  
consCtuent	
  of	
  any	
  type	
  from	
  i	
  to	
  j?	
  

– Given	
  w,	
  what	
  is	
  the	
  probability	
  of	
  using	
  rule	
  
Z	
  -­‐>	
  XY	
  to	
  derive	
  the	
  span	
  from	
  i	
  to	
  j?	
  



Inside	
  Algorithm	
  

↵[i,j](N) = p(xi, xi+1, . . . , xj | N ;G)

x1 . . . xi�1 xj+1 . . . x|x|

N

xi xi+1 . . . xj

S



Inside	
  Algorithm	
  

↵[i,j](N) = p(xi, xi+1, . . . , xj | N ;G)

x1 . . . xi�1 xj+1 . . . x|x|

N

xi xi+1 . . . xj

S



Inside	
  Algorithm	
  

↵[i,j](N) = p(xi, xi+1, . . . , xj | N ;G)

x1 . . . xi�1 xj+1 . . . x|x|xi xi+1 . . . xj

S



CKY	
  Inside	
  Algorithm	
  

↵[i,j](Z) =
j�1X

k=i+1

X

(Z!XY )2G

↵[i,k](X)⇥ ↵[k,j](Y )⇥ p(Z ! XY )

↵[i,i+1](Z) = p(Z ! xi)

Base	
  case(s)	
  

Recurrence	
  



Generic	
  Inside	
  

I

A

B

C

X Y

U
e1 e2

e3

B(I) = {e1, e2, e3}
t(e1) = hA,B,Ci



QuesCons	
  for	
  Generic	
  Inside	
  

•  Probability	
  semiring	
  
– Marginal	
  probability	
  of	
  input	
  

•  CounCng	
  semiring	
  
– Number	
  of	
  paths	
  (parses,	
  labels,	
  etc)	
  

•  Viterbi	
  semiring	
  
– Viterbi	
  probability	
  (max	
  joint	
  probability)	
  

•  Log	
  semiring	
  
–  log	
  Z(input)	
  



Outside probabilities: decomposing 
the problem 

f
peN

g
eqN )1( +

w1 wp-1 wp wq wq+1 we we+1 wm .  .  .   .  .  .   .  .  .   .  .  .   

j
pqN

The shaded area represents the outside 
probability            which we need to 
calculate.  How can this be decomposed? 

),( qpjα



Outside probabilities: decomposing 
the problem 

f
peN

w1 wp-1 wp wq wq+1 we we+1 wm .  .  .   .  .  .   .  .  .   .  .  .   

j
pqN g

eqN )1( +

Step 1: We assume that        is the parent of      .  
Its outside probability,            , (represented by the 
yellow shading) is available recursively.  How do 
we calculate the cross-hatched probability? 

),( epfα

f
peN

j
pqN



Outside probabilities: decomposing 
the problem 

f
peN

w1 wp-1 wp wq wq+1 we we+1 wm .  .  .   .  .  .   .  .  .   .  .  .   

j
pqN g

eqN )1( +

Step 2: The red shaded area is the inside probability 
of          , which is available as                . g

eqN )1( + ),1( eqg +β



Outside probabilities: decomposing 
the problem 

f
peN

w1 wp-1 wp wq wq+1 we we+1 wm .  .  .   .  .  .   .  .  .   .  .  .   

j
pqN g

eqN )1( +

Step 3: The blue shaded part corresponds to the 
production Nf → Nj Ng, which because of the context-
freeness of the grammar, is not dependent on the 
positions of the words.  It’s probability 
is simply P(Nf → Nj Ng|Nf, G) and is 
available from the PCFG without 
calculation. 



Generic	
  Outside	
  



Generic	
  Inside-­‐Outside	
  



Inside-­‐Outside	
  

•  Inside	
  probabiliCes	
  are	
  required	
  to	
  compute	
  
Outside	
  probabiliCes	
  

•  Inside-­‐Outside	
  works	
  where	
  Forward-­‐
Backward	
  does,	
  but	
  not	
  vice-­‐versa	
  

•  ImplementaCon	
  consideraCons	
  
– Building	
  a	
  hypergraph	
  explicitly	
  simplifies	
  code,	
  
but	
  it	
  can	
  be	
  expensive	
  in	
  terms	
  of	
  memory	
  


