


Lecturel2-Reed-solomoncodengtodaywewild.es#a classical , and widely used
and popular method to cope with errors

that occur

in storage communications of digital date
- a glimpse into the nth field of coping Theory

#tsoa+÷
up to r packets we know the teaches of

DOX .
.

0 the erased plats

O O ? O ? O u→r t

How can you send One packet of info on this?
channel

Answer. Easy - replicate pkt CAD times
and send

all copies
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Thien
can also see this is the

best possible
Ok
,
what if you want

to send k ptts at
once ?

Naive repetition scheme : Kerth pleb .

Factor cm) redundancy .

&: can one do better ?

Yes : , by
"coding" plots together r= ,

⑥ Of p1tp① → optimal solution
for Kes, F- I



Best Sola for any k , r ?

Observes Need to save atleastCktrlpkb
i. e add at least r

redundant p#b-

O G O
. .
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Itr)

[eraser of them

0 ? O ? O . - ? 0

Remarkably , there is a
simple scheme that

achieves redundancy r
k plot ↳ Cathplebs

- t any K of the
receivedplots suffice to↳

Fifty? ILIE
.

taegu:3polynomials
FE-E.zi-E.HR

(g- 257)q prime)¥q is a
" field

" with addition a owllnpliuhm
& Seshadri & dowser

's

modulo q
( by -40 )

Gamete fields : R creels) ,Q orations),Gland,
Only "

non -obvious
" fact : inverses of nonzero

ads . east modulo a prime E
.

ie . ato F b s - t ab E I @d q)
( q prime)



polywmiabover.at' @=qkgree)
Expression of form

pom PCH = aota ,Xtazxt -
-

- t.am/d
Cad # O )reprogram

'd

pyo O is a polynomial coefficient
it 2x t 4X ai EIF

Evaluate poly PIX) at pt . at EIF

Plat = a. tax tail t-
-tada

d

C- IF
L is aroot of PCH if PKK O

Cephalotes x-D dipwadg,
AFE.EE
polynomial over any field Cf has at most

d
roofs

Piroofbyq is not hard , byinduhon on degree

using the
"division with remainder

" property

of polys over a field IF chenainder
AGFA B c- RE)

deg (Rex) )
- dgDADa

quotient
#



theorem : Let a , ,az . - - sadie C- IF be distinct

and QE balm ELE be arbitrary
.

ca.br) There is a unique polynomial Q
ca ht

.

of degree Ed St
" Q Cail -- bi for i-4,3

- cdte

Cada
.

bdn )

a.a.IN Proofs:
Existence : Lagrange ✓

interpolations
Uniqueness : pollens from

the

fundamental 7hm .

Suppose Q, , Qu
both explain the data

OT :-- Qi-QT IcaiKO frize
.
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dti

dog ) Ed tfofdg Ed) ⇒ 8=0
→ Q , = Qe

⑤

Puke ) are
the Kpk (pic- RAE

Pick a
, .az . . aktr Elf , ai distinct

↳ pad e.= pot pixtpzxx . - thanx
" '

Creed-Solomon Coding ] Cdg Ek -i )
Cpo , pi . - -

, Pk - s) t ( play , Play , - - spGar))
Encoding = polynomial evaluation [canals - speedup(
4960) imitating;



Pla) Plas) -
- Places)
f r erasures

Pca,) ? Ras) Mad ? -
-

- 7. Paeans

data : Cai
,
plait ) i is meowed

> k poets( Ose theorem to find the argue dg Ck
poly that interpolates this

data
.

on

Comment-
⑧ to pipp

Original pts
appear as

k of the

coded pleb
Above • Irene doesn't

have this feature

foe : How will you modify
the encoding

to have this property & still guarantee
tolerance fo

r erasures ?

#-p2aWta\Hhdtgoesundetected )
Error-correction 3

Cpo , pi . . pm) t (Pla ,) , play . - - placer))
je errors

e errors

Lif Rai)
for up to

⑥ indices
" L Y , Yz . . Yktr)



Key : You don't know where the errors are !

Would tow to correct these & recover pplx)
Lemmy :If es LE) , then PCX) uniquely
des identifiable from the noisy evaluations

( Gif )

Pfe. If two polys PI Q both defer from

y→ la se pleats@ s
k polyp

Plain yi firs e cab of
i

Qlaikyi - i . -

es
Plait et QCail
for at most

Ze

rats . of i

2e E r ⇒ plaitQGi) for ZK
values of ai

⇒ p=Q

#RHP(x1¥B
Approach : To locate the errors

(also find PCH together with that)

Error- locator polynomial : E(x) := IT (X
-ai)

ii. plait Yi
→

the P that's
impiety

( identifiable)
Observation



Define QLX,y) :-. (Y - PHD ECX)
Note : daily:b @÷

- Plait) E- Cai )
= O

Todeaofdkgoi

ye
don't knw 0h44

① Forget MY factors QCX, Y)- Eady
as PLA Elk and simply - p EIX)
find E-CATO, NYX) et a- Eady - Nix )
Agate dogteeth ldgcefse.ES I

S 't fi , Ecailyi -Flail-0 dgWKetK'

② If ⑧ NIX is a ¥ia
ETH linear system

dog Ky) pig ,output
it

,
in welts of

E
4T

.

¥¥F,Ewsy
Step ① must satisfy
ATX) = EM PH

Y
'

plait #Yi fur at
most

e- LES rag:t



[This part not covered during lecture but
included as notes ]

Two things to establish
about algorithm :

- Efficiency
- Correctness

Efficiency : step 2
is easy , just polynomial

dewaois

Stop I amounts
to finding a nonzero

solutions to a

homogeneous linear system
with weaknouns

being coefficients of Eu & of . Can be done

in Daytime using Gaussian
elimination
#
Correctness
① A solution E Cx) , NYX) subject

to stipulated

degree constraints exists .

~

- PI : Indeed can take
ECXKE CHETTY

and of = ECXIPCX) Po b )

② If Kaikeyi for almost
e -- LES locations,

then a⑧ F & E found in step I
must satisfy Nyx) = Ead PhD

[so step 2 correctly outputs
pad]

Proof : Observe that flail - EGis Maiko
for every i s 't plait y i

Define Rex) ÷ NTH - E KI PH)



• degree of R s et k - I = KtLEI - I
• R has 3 Ktr- e roots Call pts ai s - t

plait Yi )
a Ktr- LE) = Kt TEI

Thus RN) has more roots than its degree
⇒ Rad = o ⇒ NYX) -- ETH PhD

as
desired DE
~

Geometric view ECXKCX-adfx-acdlx-ak.me)
oooo
YEA -I
•

Fun
Ytplxto

k
yz or The Fx) ) EINE O't÷÷!÷÷⇐÷÷.
x -

The correct curve
Y- p so,

which

explains a lot C > k¥121)
of the point,

"

emerges
"
as a factor in

Ae picture

when we interpolate a curve
Qlx, 7120

Chitti specific degree
restrictions) through all

He

pans Cai ,Yi ) , 121,2, - - i,Ktr .


