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Abstract. Computing a minimum vertex cover in graphs and hypergraphs is a well-studied optimizaton problem. While intractable in general, it is well known that on bipartite graphs, vertex cover is polynomial
time solvable. In this work, we study the natural extension of bipartite
vertex cover to hypergraphs, namely finding a small vertex cover in kuniform k-partite hypergraphs, when the k-partition is given as input.
For this problem Lovász [16] gave a k2 factor LP rounding based approximation, and a matching k2 − o(1) integrality gap instance was
constructed by Aharoni et al. [1]. We prove the following results, which
are the first strong hardness results for this problem (here ε > 0 is an
arbitrary constant):

– NP-hardness of approximating within a factor of k4 − ε , and

– Unique Games-hardness of approximating within a factor of k2 − ε ,
showing optimality of Lovász’s algorithm under the Unique Games
conjecture.
The NP-hardness result is based on a reduction from minimum vertex
cover in r-uniform hypergraphs for which NP-hardness of approximating
within r−1−ε was shown by Dinur et al. [5]. The Unique Games-hardness
result is obtained by applying the recent results of Kumar et al. [15], with
a slight modification, to the LP integrality gap due to Aharoni et al. [1].
The modification is to ensure that the reduction preserves the desired
structural properties of the hypergraph.

1

Introduction

A k-uniform hypergraph G = (V, E) consists of a set of vertices V and hyperedges
E where every hyperedge is a set of exactly k vertices. The hypergraph G is said
to be m-colorable if there is a coloring of the vertex set V with at most m colors
such that no hyperedge in E has all its vertices of the same color. We shall be
interested in the stricter condition of strong colorability as defined in Aharoni
et al. [1], wherein G is said to be m-strongly-colorable if there is an m-coloring
such of the vertex set V such that every hyperedge E has k distinctly colored
vertices. In particular a k-strongly-colorable k-uniform hypergraph is a k-partite
?
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k-uniform hypergraph, where the k-partition of the vertex set corresponds to
the k color classes.
A vertex cover of a hypergraph G = (V, E) is a subset V 0 of vertices such
that every hyperedge in E contains at least one vertex from V 0 . The problem
of computing the vertex cover of minimum size in a (hyper)graph has been
deeply studied in combinatorics with applications in various areas of optimization
and computer science. This problem is known to be NP-hard. On the other
hand, for k-uniform hypergraphs the greedy algorithm of picking a maximal
set of disjoint hyperedges and including all the vertices in those hyperedges
gives a factor k approximation. More sophisticated algorithmic techniques only
marginally improve the approximation factor to k − o(1) [9].
Several inapproximability results have been shown for computing the minimum vertex cover. For general k, an Ω(k 1/19 ) hardness factor was first shown
by Trevisan [21], subsequently strengthened to Ω(k 1−ε ) by Holmerin [10] and
to a k − 3 − ε hardness factor due to Dinur, Guruswami and Khot [4]. The currently best known k − 1 − ε hardness factor is due to Dinur, Guruswami, Khot
and Regev [5] who build upon [4] and the seminal work of Dinur and Safra [6]
who showed the best known 1.36 hardness of approximation for vertex cover in
graphs (k = 2).
All of the above mentioned results are based on standard complexity assumptions. However, assuming Khot’s Unique Games Conjecture (UGC) [12], an essentially optimal k − ε hardness of approximating the minimum vertex cover
on k-uniform hypergraphs was shown by Khot and Regev [14]. In more recent
works the UGC has been used to relate the inapproximability of various classes
of constraint satisfaction problems (CSPs) to the corresponding semi-definite
programming (SDP) integrality gap [19], or the linear programming (LP) integrality gap [17] [15]. The recent work of Kumar et al. [15] generalizes the result
of [14] and shall be of particular interest in this work.
In this work we investigate the complexity of computing the minimum vertex
cover in hypergraphs that are strongly colorable and where the strong coloring
is given as part of the input. Variants of this problem are studied for databases
related applications such as distributed data mining [7], schema mapping discovery [8] and in optimizing finite automata [11]. The particular case of computing
the minimum vertex cover in k-uniform k-partite (with the partition given) hypergraphs was studied by Lovász [16] who obtained a k/2 approximation for
it by rounding its natural LP relaxation. Subsequently, Aharoni, Holzman and
Krivelevich [1] proved a tight integrality gap of k/2 − o(1) for the LP relaxation.
On the hardness side, [11] and [8] give reductions from 3SAT to it, which imply
that the problem is APX-hard. However, to the best of our knowledge no better
hardness of approximation was known for this problem.

In this work we show a k4 − ε hardness of approximation factor for computing the minimum vertex cover on k-uniform k-partite hypergraphs. Actually,
we prove a more general hardness of approximation factor of (m−(k−1))(k−1)
−ε
m
for computing the minimum vertex cover in m-strongly colorable k-uniform hypergraphs. The result for k-uniform k-partite hypergraphs follows by a simple

reduction. Our results are based on a reduction from minimum vertex cover in
k-uniform hypergraphs for which, as mentioned above, the best known factor
k − 1 − ε hardness of approximation factor was given in [5].
We also study the results of [15] in the context of the problems we consider.
In [15], the authors proved that LP integrality gaps for a large class of monotone constraint satisfaction problems, such as vertex cover, can be converted
into corresponding UGC based hardness of approximation results. As presented,
the reduction in [15] does not guarantee that the structural properties of the
integrality gap will be carried through into the final instance. Nevertheless, we
observe that the integrality gap instance of [1] can be combined with the work
of [15] with only a slight modification to yield an essentially optimal k/2 − o(1)
factor hardness of approximation for computing the minimum vertex cover in
k-uniform k-partite hypergraphs, i.e. the final instance is also guaranteed to be
a k-uniform k-partite hypergraph. Similar tight inapproximability can also be
obtained for a larger class of hypergraphs which we shall define later.
Main Results. We summarize the main results of this paper in the following
informal statement.
Theorem. (Informal) For every ε > 0, and integers k > 3 and m > 2k, it
is NP-hard to approximate the minimum vertex cover on m-strongly-colorable
k-uniform hypergraphs to within a factor of
(m − (k − 1))(k − 1)
− ε.
m
In addition, it is NP-hard to approximate the minimum vertex cover on kuniform k-partite hypergraphs to within a factor of k4 − ε, and within a factor of
k
2 − ε assuming the Unique Games conjecture.
We now proceed to formally defining the problems we consider, followed by a
discussion of the previous work and a precise statement of our results on these
problems.

2

Problem Definitions

We now define the variants of the hypergraph vertex cover problem studied in
this paper.
Definition 1. For any integer k > 2, an instance G = (V, E) of the hypergraph
vertex cover problem HypVC(k), is a k-uniform hypergraph (possibly weighted)
where the goal is to compute a vertex cover V 0 ⊆ V of minimum weight.
Definition 2. For any integers m > k > 2, an instance of G = (V, E) of StrongColored-HypVC(m, k) is a m-strongly-colorable k-uniform hypergraph
where the m-strong-coloring of G is given. Formally, a partition of V into m
disjoint subsets (color classes) Vi (1 6 i 6 m) is given, such that every hyperedge
in E has at most one vertex from each color class. In other words, every hyperedge
contains k distinctly colored vertices. The goal is to compute the minimum weight
vertex cover in G.

Definition 3. For any integer k > 2, an instance G = (V, E) of HypVCpartite(k) is an k-uniform k-partite hypergraph with the k-partition given as input.
The goal is to compute the minimum weight vertex cover in G. Note that HypVCpartite(k) is the same as StrongColored-HypVC(k, k).
The following definition generalizes the class of k-partite hypergraphs and defines
the minimum vertex cover problem for that class.
Definition 4. For any integer k > 2 and positive integers p1 , . . . , pk , a hypergraph G = (V, E) is called (p1 , . . . , pk )-split if there is a k-partitioning V1 , . . . , Vk
of the vertex set V such that for every hyperedge e ∈ E, |e∩Vi | = pi for 1 6 i 6 k.
HypVCsplit(r, k, p1 , . . . , pi ) denotes the problem of computing the minimum
vertex cover in (p1 , . . . , pk )-split r-uniform hypergraphs where the k-partitioning
Pk
is given as input. Here i=1 pi = r. Note that HypVCpartite(k) is the same
as HypVCsplit(k, k, 1, . . . , 1).

3
3.1

Previous work and our results
Previous Results

Let LP0 be the natural “covering” linear programming relaxation for hypergraph
vertex cover (see, for example, Section 1 of [1]). The linear program is oblivious
to the structure of the hypergraph and can be applied to any of the variants of
hypergraph vertex cover defined above. The following theorem, first proved by
Lovász [16] gives an upper bound on the integrality gap of the relaxation LP0
for HypVCpartite(k). All the upper bounds on the integrality gap stated in
this section are achieved using polynomial time rounding procedures for LP0 .
Theorem 1. (Lovász [16]) For any integer k > 2, for any instance G of HypVCpartite(k),
k
OPTVC (G)
6
(1)
VALLP0 (G)
2
where OPTVC (G) is the weight of the minimum vertex cover in G and VALLP0 (G)
is the optimum value of the objective function of the relaxation LP0 applied to
G.
We observe that the relaxation LP0 does not utilize the k-partiteness property
of the input hypergraph. Therefore, the upper bound in Equation (1) holds
irrespective of whether the k-partition is given as input. On the other hand, the
k-partition is necessary for the efficient rounding algorithm given by the previous
theorem. We note that for general k-uniform hypergraphs the gap between the
size of the minimum vertex cover and value of the LP solution can be as high as
k − o(1). The following theorem states that Equation (1) is essentially tight.
Theorem 2. (Aharoni et al. [1]) The integrality gap of LP0 on instances of
HypVCpartite(k) is k/2 − o(1).

For instances of StrongColored-HypVC(m, k) Aharoni et al. [1] proved lower
and upper bounds summarized in the following theorem.
Theorem 3. (Aharoni et al. [1]) Let G be an instance of StrongColoredHypVC(m, k) where m, k > 2. If m > k(k − 1) then,
OPTVC (G)
(m − k + 1)k
6
VALLP0 (G)
m

(2)

− o(1).
In addition, the integrality gap of LP0 when m > k(k − 1) is (m−k+1)k
m
On the other hand, when k < m < k(k − 1) then,


OPTVC (G)
mk
m−k k
6
+ min
a, (1 − a) ,
(3)
VALLP0 (G)
m+k
2m
m
j 2 k
m
m2
− m+r
.
where a = m+r
Theorems 1 and 2 were generalized by [1] to split hypergraphs as defined in
Definition 4. Their general result is stated below.
Theorem 4. (Aharoni et al. [1]) For any positive integers r, k, p1 , . . . , pk such
Pk
that i=1 pi = r > 2, and any instance G of HypVCsplit(r, k, p1 , . . . , pk ),
nr
o
OPTVC (G)
6 max
, p1 , . . . , pk .
VALLP0 (G)
2

(4)

In addition,
the integrality gap of LP0 on instances of HypVCsplit(r, k, p1 , . . . , pk )

is max 2r , p1 , . . . , pk − o(1).
The following theorem states the best known NP-hardness of approximation for
the minimum vertex on general hypergraphs.
Theorem 5. (Dinur et al. [5]) For any ε > 0 and integer k > 3, it is NP-hard
to approximate HypVC(k) to a factor of k − 1 − ε.
The above hardness of approximation for general k is not known to be tight.
On the other hand, assuming the Unique Games Conjecture one can obtain
optimal inapproximability factors of k−o(1) for HypVC(k). The following formal
statement was proved by Khot and Regev [14].
Theorem 6. (Khot et al. [14]) Assuming the Unique Games Conjecture of Khot
[12], For any ε > 0, it is NP-hard to approximate HypVC(k) to within a factor
of k − ε.
Remark 1. A recent paper by Bansal and Khot [3] shows a strong hardness result
assuming the UGC for distinguishing between a k-uniform hypergraph that is
almost k-partite and one which has no vertex cover containing at most a (1 − ε)
fraction of vertices (for any desired ε > 0). We note that this is very different
from our problem where the input is always k-partite with a given k-partition
(and in particular has an easily found vertex cover with a 1/k fraction of vertices,
namely the smallest of the k parts).

3.2

Our Results

NP-hardness results We prove the following theorem on the NP-hardness of
approximating the minimum vertex cover on strongly colorable hypergraphs.
Theorem 7. For every ε > 0 and integer m > k > 3 (such that m > 2k), it is
NP hard to approximate StrongColored-HypVC(m, k) to within a factor of
(m − (k − 1))(k − 1)
− ε.
m
The above theorem is proved in Section 4 via a reduction from HypVC(k) to
StrongColored-HypVC(m, k). A simple reduction from StrongColoredHypVC(k, k 0 ) also shows the following hardness results for HypVCpartite(k)
and HypVCsplit(r, k, p1 , . . . , pk ). We prove Theorem 8 in Section 5 while we
omit the proof of Theorem 9 due to lack of space.
Theorem 8. For every ε > 0 and integer k > 16, it is NP-hard to approximate
HypVCpartite(k) within a factor of k4 − ε.
Theorem
9. For every ε > 0, and positive integers r, k, p1 , . . . , pk such that
Pk
p
=
r > 3 and t := max{p1 , . . . , pk } > 3, it is NP-hard to approximate
i=1 i
HypVCsplit(r, k, p1 , . . . , pk ) to within a factor of
o
nr
, t − 1 − ε.
max
4
The above hardness of approximation results do not quite match the algorithmic
results in Theorem 4. The next few paragraphs illustrate how recent results of
[15] can be combined with the integrality gaps given in Theorems 1 and 4 to
yield tight inapproximability for the corresponding problems.
Unique Games hardness In recent work Kumar, Manokaran, Tulsiani and
Vishnoi [15] have shown that for a large class of monotone constraint problems,
including hypergraph vertex cover, integrality gaps for a natural LP relaxation
can be transformed into corresponding hardness of approximation results based
on the Unique Games Conjecture.
The reduction in [15] is analyzed using the general bounds on noise correlation
of functions proved by Mossel [18]. For this purpose, the reduction perturbs a
“good” solution, say x∗ , to the LP relaxation for the integrality gap GI =
(VI , EI ), so that x∗ satisfies the property that all variables are integer multiples
of some ε > 0. Therefore, the number of distinct values in x∗ is m ≈ 1/ε.
The reduction is based on a “dictatorship test” over the set [m] × {0, 1}r (for
some parameter r) and the hardness of approximation obtained is related to the
performance of a certain (efficient) rounding algorithm on x∗ , which returns a
solution no smaller than the optimum on GI . As described in [15] the reduction
is not guaranteed to preserve structural properties of the integrality gap instance
GI , such as strong colorability or k-partiteness.

We make the simple observation that the dictatorship test in the above reduction can analogously be defined over VI × {0, 1}r which then preserves strong
colorability and partiteness properties of GI into the final instance. The gap
obtained depends directly on the optimum in GI . This observation, combined
with the result of [15] and the integrality gap for HypVCpartite(k) stated in
Theorem 1 yields the following optimal UGC based hardness result.
Theorem 10. Assuming the Unique Games Conjecture, it is NP-hard to approximate HypVCpartite(k) to within a factor of k2 − ε for any ε > 0.
Due to lack of space we omit the proof and refer the reader to the full
version of this paper and [15] for details of the analysis. Similar inapproximability
results can be obtained for StrongColored-HypVC(m, k) and HypVCsplit(r, k, p1 , . . . , pk ) using the corresponding integrality gaps given in Theorems 3
and 4.

4

Reduction from HypVC(k) to StrongColored-HypVC(m, k) and Proof of Theorem
7

Let k and m be two positive integers such that m > k > 2. In this section we
give a reduction from an instance of HypVC(k) to an instance of StrongColored-HypVC(m, k).
Reduction. Let the H = (U, F ) be an instance of HypVC(k), i.e. H is a kuniform hypergraph with vertex set U , and a set F of hyperedges. The reduction
constructs an instance G = (V, E) of StrongColored-HypVC(m, k) where G
is an k-uniform, m-strongly colorable hypergraph, i.e. V = ∪m
i=1 Vi , where Vi are
m disjoint subsets (color classes) such that every hyperedge in E has exactly
one vertex from each subset. The main idea of the reduction is to let new vertex
set V be the union of m copies of U , and for every hyperedge e0 ∈ F , add all
hyperedges which contain exactly one copy (in V ) of every vertex in e0 , and at
most one vertex from any of the m copies of U (in V ). Clearly every hyperedge
‘hits’ any of the m copies of U in V at most once which naturally gives an mstrong coloring of V . It also ensures that if there is a vertex cover in G which is
the union of a subset of the copies of U , then it must contain at least m − k + 1
of the copies. Our analysis shall essentially build upon this idea.
To formalize the reduction we first need to define a useful notation.
Definition 5. Given a hyperedge e0 = {u1 , . . . , uk } in F , and a subset I ⊆ [m]
where |I| = k, a mapping σ : I 7→ {u1 , . . . , uk } is said to be a “(I, e0 )-matching”
if σ is a one-to-one map. Let ΓI,e0 be the set of all (I, e0 )-matchings. Clearly,
|ΓI,e0 | = k! , for all I ⊆ [m], |I| = k and e0 ∈ F .
The steps of the reduction are as follows.
1. For i = 1, . . . , m, let Vi = U × {i}

2. For every hyperedge e0 in F , for every subset I ⊆ [m] such that |I| = k , for
every (I, e0 )-matching σ ∈ ΓI,e0 we add the hyperedge e = e(e0 , I, σ) which
is defined as follows.
(
(σ(i), i) if i ∈ I
∀i ∈ [m], Vi ∩ e =
(5)
∅
otherwise.
The above reduction outputs the instance G = (V, E) of StrongColoredHypVC(m, k). Note that the vertex set V is of size m|U | and for every hyperedge
e0 ∈ F the number of hyperedges added in E is m
k · k!. Therefore the reduction
is polynomial time. In the next section we present the analysis of this reduction.
Analyzing the reduction
Theorem 11. Let C be the size of the optimal vertex cover in H = (U, F ), and
let C 0 be the size of the optimal vertex cover in G = (V, E). Then,
(m − (k − 1))C 6 C 0 6 mC
Using the above theorem we can complete the proof of Theorem 7 as follows.
Proof. (of Theorem 7) Theorem 11 combined with the k−1−ε inapproximability
for HypVC(k) given by [5] and stated in Theorem 5, implies an inapproximability of,
(m − (k − 1))C1
,
mC2
for some integers C1 , C2 (depending on H) such that C1 > C2 (k − 1 − ε) for
some ε > 0. It is easy to see that the above expression can be simplified to yield
(m − (k − 1))(k − 1)
− ε0
(6)
m
as the inapproximability factor for StrongColored-HypVC(m, k). This proves
Theorem 7.
t
u
Proof. (of Theorem 11) We first show that there is a vertex cover of size at most
mC in G, where C is the size of an optimal vertex cover U ∗ in H. To see this
consider the set V ∗ ⊆ V , where V ∗ = U ∗ × [m]. For every hyperedge e0 ∈ F ,
e0 ∩U ∗ 6= ∅, and therefore e∩U ∗ ×{i} =
6 ∅, for some i ∈ [m], for all e = e(e0 , I, σ).
∗
Therefore, V ∩ e 6= ∅ for all e ∈ E. The size of V ∗ is mC which proves the upper
bound in Theorem 11. In the rest of the proof we shall prove the lower bound
in Theorem 11.
Let S be the optimal vertex cover in G. Our analysis shall prove a lower
bound on the size S in terms of the size of the optimal vertex cover in H. Let
Si := Vi ∩ S for i ∈ [m]. Before proceeding we introduce the following useful
quantity. For every Y ⊆ [m], we let AY ⊆ U be the set of all vertices which have
a copy in Si for some i ∈ Y . Formally,
AY := {u ∈ U | ∃i ∈ Y s.t. (u, i) ∈ Si }.
The following simple lemma follows from the construction of the edges E in G.

Lemma 1. Let I ⊆ [m] be any subset such that |I| = k. Then AI is a vertex
cover of the hypergraph H.
Proof. Fix any subset I as in the statement of the lemma. Let e0 ∈ F be any
hyperedge in H. For a contradiction assume that AI ∩ e0 = ∅. This implies that
the sets Si (i ∈ I) do not have a copy of any vertex in e0 . Now choose any
σ ∈ ΓI,e0 and consider the edge e(e0 , I, σ) ∈ E. This edge can be covered only by
vertices in Vi for i ∈ I. However, since Si does not contain a copy of any vertex
in e0 for i ∈ I the edge e(e0 , I, σ) is not covered by S which is a contradiction.
This completes the proof.
t
u
The next lemma combines the previous lemma with the minimality of S to show
a strong structural statement for S, that any Si is “contained” in the union of
any other k sets Sj . It shall enable us to prove that most of the sets Si are large.
Lemma 2. Let I ⊆ [m] be any set of indices such that |I| = k. Then, for any
j 0 ∈ [m], Sj 0 ⊆ AI × {j 0 }.
Proof. Let I be any choice of a set of k indices in [m] as in the statement of the
lemma. From Lemma 1 we know that AI is a vertex cover in H and is therefore
non-empty. Let j 0 ∈ [m] be an arbitrary index for which we shall verify the
lemma for the above choice of I. If j 0 ∈ I, then the lemma is trivially true.
Therefore, we may assume that j 0 6∈ I. For a contradiction we assume that,
(u, j 0 ) ∈ Sj 0 \ (AI × {j 0 })

(7)

From the minimality of S, we deduce that there must be a hyperedge, say e ∈ E
such that e is covered by (u, j 0 ) and by no other vertex in S; otherwise S\{(u, j 0 )}
would be a smaller vertex cover in G. Let e = e(e0 , I 0 , σ) for some e0 ∈ F , I 0 ⊆ [m]
(|I 0 | = k) and σ ∈ ΓI 0 ,e0 . Now, since (u, j 0 ) covers e, we obtain that j 0 ∈ I 0 and
σ(j 0 ) = u ∈ e0 . Combining this with the fact that j 0 6∈ I, and that |I| = |I 0 | = k,
we obtain that I \ I 0 6= ∅.
Let j ∈ I \I 0 . We claim that (u, j) 6∈ Sj . To see this, observe that if (u, j) ∈ Sj
then u ∈ AI which would contradict our assumption in Equation (7).
˜ σ̃) ∈ E where the
We now consider the following hyperedge ẽ = ẽ(e0 , I,
quantities are defined as follows. The set I˜ simply replaces the index j 0 in I 0
with the index j, i.e.
I˜ = (I 0 \ {j 0 }) ∪ {j}.
(8)
Analogously, σ̃ ∈ ΓI,e
˜ 0 is identical to σ except that it is defined on j instead of
j 0 where σ̃(j) = σ(j 0 ) = u. Formally,
(
σ(i) if i ∈ I˜ \ {j}
σ̃(i) =
(9)
u
if i = j
Equations (8) and (9) imply the following,
Vi ∩ ẽ = Vi ∩ e ∀i ∈ [m] \ {j, j 0 }

(10)

Vj ∩ ẽ = (u, j)

(11)

Vj 0 ∩ ẽ = ∅

(12)

Since (u, j 0 ) ∈ S uniquely covers e, Equation (10) implies that ẽ is not covered
by any vertex in Si for all i ∈ [m] \ {j, j 0 }. Moreover, since j 0 6∈ I˜ no vertex in
Sj 0 covers ẽ. On the other hand, by our assumption in Equation (7) (u, j) 6∈ Sj ,
which along with Equation (11) implies that no vertex in Sj covers ẽ. Therefore,
ẽ is not covered by S. This is a contradiction to the fact that S is a vertex cover
in G and therefore our assumption in Equation (7) is incorrect. This implies that
Sj 0 ⊆ AI × {j 0 }. This holds for every j 0 , thus proving the lemma.
t
u
Note that the above lemma immediately implies the following corollary.
Corollary 1. For every I ⊆ [m], |I| = k, we have A[m] = AI .
It is easy to see the following simple lemma.
Lemma 3. For any vertex u ∈ A[m] , let Iu ⊆ [m] be the largest set such that
u 6∈ AIu . Then, |Iu | < k.
Proof. Suppose the above does not hold. Then Iu (or any subset of Iu of size k)
would violate Corollary 1, which is a contradiction. This completes the proof. t
u
The above lemma immediately implies the desired lower bound on the size of S.
Lemma 4. Let C be the size of the optimal vertex cover in H. Then,
|S| > (m − (k − 1))C.
Proof. For convenience, let q = |A[m] |. Note that, by Lemma 1 A[m] is a vertex
cover in H. Therefore, q > C. From Lemma 3 we deduce that every vertex
u ∈ A[m] has a copy (u, i) in at least m − (k − 1) of the sets Si . Therefore, S
contains m − (k − 1) copies of every vertex in A[m] which yields,
|S| > (m − (k − 1))q > (m − (k − 1))C,
thus completing the proof.

t
u

The above also completes the proof of the lower bound of Theorem 11.

t
u

5

Reduction from StrongColored-HypVC(k, k0 ) to
HypVCpartite(k) and Proof of Theorem 8

We prove Theorem 8 by giving a simple reduction from an instance G = (V, E)
of StrongColored-HypVC(k, k 0 ) to an instance G0 = (V 0 , E 0 ) of HypVCpartite(k) where the parameters will be chosen later.
Given G = (V, E) construct V 0 by adding k “dummy” vertices b1 , . . . , bk to
V , i.e. V 0 = V ∪ {b1 , . . . , bk }. Let V1 , . . . , Vk be the k color classes of V . For any
hyperedge e ∈ E, construct a corresponding hyperedge e0 ∈ E 0 which contains
all the vertices in e in addition to bi if e ∩ Vi = ∅ for all i ∈ [k]. It is easy to
see that G0 is a k-partite hypergraph with the k-partition given by the subsets
Vi ∪ {bi }. As a final step, set the weight of the dummy vertices b1 , . . . , bk to be

much larger than |V 0 | so that no dummy vertex is chosen in any optimal vertex
cover in G0 . This is because V is always a vertex cover in G. Note that the
hypergraph can be made unweighted by the (standard) technique of replicating
each dummy vertex many times and multiplying the hyperedges appropriately.
Since no optimal vertex cover in G0 contains a dummy vertex we deduce that
an optimal vertex cover in G0 is an optimal vertex cover in G and vice versa.
From Theorem 7, for any ε > 0, we obtain a hardness factor of,
(k − (k 0 − 1))(k 0 − 1)
− ε,
k
0

for approximating HypVCpartite(k). Let α := (k k−1) . The above expression
is maximized in terms of k when (1−α)α
attains a maximum where α ∈ [0, 1].
2
0

Clearly, the maximum is obtained when α = (k k−1) =
hardness of approximation factor:
 0

 
k −1
k
−ε=
− ε,
2
4

1
2,

thus yielding as the

which proves Theorem 8.
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