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1. INTRODUCTION

The M/G/s queueing system is the oldest and most clas-
sical example of multiserver systems. Such multiserver sys-
tems are commonplace in a wide range of applications, rang-
ing from call centers to manufacturing systems to computer
systems, because they are cost-effective and their serving
capacity can be easily scaled up or down.

An M/G/s system consists of s identical servers and a
First-Come-First-Serve (FCFS) queue. The jobs (or cus-
tomers) arrive according to a Poisson process with rate A
and their service requirements (job sizes) are assumed to
be independent and identically distributed according to a
random variable S. If an arriving job finds a free server, it
immediately enters service, otherwise it waits in the FCFS
queue. When a server becomes free, it chooses the next job
to process from the head of the FCFS queue. We denote
the load of this M/G/s system as p = %[S] We will focus
on the metric of mean waiting time in this work, denoted as
E[T¢] and defined as the time from the arrival of a customer
to the time it enters service.

Even though the the M/G/s queue has received a lot of
attention in the the queueing literature, an exact analysis
for even simple metrics like mean waiting time for the case
s > 2 still eludes researchers. To the best of our knowledge,
the first approximation for the mean waiting time for an
M/G /s queue was given by Lee and Longton [1] nearly half
a century ago:
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where E [Tgl/ M/ S] is the mean waiting time with exponen-

tially distributed job sizes with the same mean, E[S], as
in the M/G/s system and C? is the squared coefficient of
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Figure 1: Illustration of the effect of 3rd moment of the
job size distribution on mean waiting time of an M/H>/10
system. The parameters of the job size distribution were
held constant at E[S] =1 and C? = 19 with load p = 0.9.

variation' (SCV) of S. This approximation is very simple,
involving only the first two moments, E[S] and E[S?], of
the job size distribution and is exact for a certain class of
distributions. Many other authors have also proposed sim-
ple approximations for the mean waiting time, but all such
closed-form approximations involve only the first two mo-
ments of the job size distribution.

In this work, we propose using the third moment of the job
size distribution (E [SSD to help in understanding the mean
waiting time of an M/G/s system. Contrary to existing
approximations, we show that not only does the third mo-
ment impact the mean waiting time but it has a huge effect!
Moreover, we find that a higher third moment can cause
the mean waiting time to drop, and can potentially nullify
the effect of variability if the load is not very high. How-
ever, the fourth moment influences the mean waiting time
in the opposite manner. We make these observations by re-
stricting our attention to subsets of the hyperexponential
distributions which also lead to insights into the observed
behavior and naturally lead to approximations for E[T] in-
volving the first three (and even four) moments of the job
size distribution.

2. INCREASING THE THIRD MOMENT DE-
CREASES MEAN WAITING TIME

The squared coefficient of variation of a random variable S
is defined as C? = var(S)/ (E[S])?



We begin by numerically evaluating an M/G/s system for
job size distributions with the same mean and second mo-
ment but varying third moment. For this, we choose the job
size distributions from the family of 2-phase hyperexponen-
tial (H2) distributions defined below.

Definition 1. A random variable S distributed according
to the H» distribution with parameters p, p1 and p2 is given
by:

with probability p,

g | exp(m),
with probability 1 — p.

exp(ji2),

In Figure 1, we show the mean waiting time of an M/H/10
system as a function of the 3rd moment. The mean of the
job size distribution was fixed to E[S] = 1, SCV to C? = 19
and system load to p = 0.9. As can be seen in the figure, the
mean waiting time drops by more than a factor of 3 as the
3rd moment is increased. Based on this observation, and a
great many similar graphs not shown, we make the following
conjecture:

CONJECTURE 1. For a given finite s > 1, load p < 1,
mean service requirement E[S] and SCV C?, the mean wait-
ing time of an M/Ha/s system decreases as the third mo-
ment of the job size distribution increases.

We provide some intuition for why our conjecture should
be true: A system with an Hz job size distribution is equiv-
alent to a system with two job classes. Class 1 jobs are, say,
small ones with mean 1/u1, and class 2 jobs are big ones
with mean 1/p2. As the third moment increases, the size of
the big jobs increases but their arrival rate goes down. Fur-
ther, the load of these jobs can be shown to converge to 0.
In fact, the Hy distribution converges in distribution to an
exponential distribution as the third moment approaches oco.
Therefore, the probability that there is one big job in system
decreases as the third moment increases. If the load is not
very high, the occupancy of one server by this big job still
leaves (s — 1) servers which can handle the load of the small
jobs. This reduces the overall effect of variability causing a
decrease of the overall mean waiting time. In an M/G/1,
while again the probability that there is one big job in the
system decreases, this event creates an overloaded system
causing large buildup of queues. Therefore, the mean wait-
ing time in an M/G/1 system exhibits insensitivity to the
third moment of job size distribution.

3. BOUNDS ON THE IMPACT OF THIRD
MOMENT

While it is possible to give good approximations for the
mean waiting time involving the first three moments of job
size distribution by concentrating on a certain class of dis-
tributions, these may not be accurate for all classes of distri-
butions. Rather than attempting to find one approximation
that works for all classes of distributions, we instead turn
to the idea of looking at extremes to provide strong guar-
antees on the mean waiting time as a function of the first
two moments. We look at the entire space of distributions
with given first two moments, and find job size distributions
which would maximize or minimize the mean waiting time.
This gives us the upper bound (Theorem 1) and lower bound
(Theorem 2) on the mean waiting time of an M/G/s sys-
tem, thus quantifying the effect of the third moment, given
the first two moments of job size distribution. While these

bounds are stated as inequalities, and hence only imply a
lower bound on the upper bound and an upper bound on
the lower bound, we make stronger conjectures later.

THEOREM 1. Let {G|C?} be the set of positive distribu-
tions with mean E[S] and SCV C?. For any given number
of servers s and load p < 1, we have the following lower
bound on the upper bound for the mean waiting time in an
M/G/s system (with equality applying for s =1):
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where E[TéWM/S] is the mean waiting time when the job
size distribution is exponential with mean E[S].

The bound in Theorem 1 is obtained by looking at the Hs
distribution with p1 — oo.

THEOREM 2. Let {G|C?} be the set of positive distribu-
tions with mean E[S] and SCV C*. For any given s and
load p < 1, we have the following upper bound on the lower
bound for the mean waiting time in an M /G/s system (with
equality applying for s =1):
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where E[Tg[/M/S] is the mean waiting time when the job
size distribution is exponential with mean E[S].

The bound in Theorem 2 is obtained by looking at the H»
distribution with p2 — 0.

Note that if the load is not too large, the ratio of the upper
bound to the lower bound grows linearly in C?. Hence the
impact of the third moment is accentuated by the SCV of
the job size distribution. While Theorems 1 and 2 only give

us a lowerbound on the range of E [Téwc/s} given the first

two moments of the job size distribution, we conjecture the
following strict bounds.

CONJECTURE 2. For any given number of servers s and
load p < 1, we have the following upper bound for the mean
waiting time in an M/G/s system:

sup B[13V9*] = (¢* + 1) E[13"/"]
{G|c?}
where E[TSI/D/S} is the mean waiting time when the job
size distribution is deterministic with mean E[S].

CONJECTURE 3. For any given s and load p < 1, we have
the following lower bound for the mean waiting time in an
M/G/s system:
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where E[TgI/D/S} is the mean waiting time when the job

size distribution is deterministic with mean E[S].

4. EFFECT OF HIGHER MOMENTS

Given the large effect of the third moment of the job size
distribution on mean waiting time, it is only natural to ask
the following questions: Do even higher moments of the job
size distribution have an equally great impact? Is the qual-
itative effect of the 4th and higher moments similar to the
effect of 3rd moment or is it the opposite? In this section we
touch upon these interesting, and largely open, questions by
observing the effect of E[Sﬂ on E[Tg], again by looking at
a simple class of distributions.

We first need to expand the class of job size distributions
to allow us control over the 4th moment. For this purpose,
we choose the 3-phase degenerate hyperexponential class of
distributions.

Definition 2. A random variable X distributed according
to the H3 distribution with parameters po, p1, 1 and peo is
given by:

0 w.p. Po
X =dJexp(p) w.p.p
exp(pu2) w.p.1—po—p1

Note that the H3 class of distributions has one more param-
eter than the Ha2 class, which allows us control over the 4th
moment while holding the first three moments fixed. The
subset of H3 where po + p1 = 1 is simply called the degen-
erate hyperexponential distribution and denoted as Hj.

We now extend the numerical results of Figure 1 by con-
sidering job size distributions in the H3 class with the same
mean and SCV as the example illustrated in Figure 1, E[S] =
1 and C? = 19. We choose two values of E[SS] and plot the
E[Tg)] curves as a function of E[S*] in Figure 2. As a frame
of reference, we also show the mean waiting time under the
H; job size distribution (with the same first three moments
as H3) and that under the Hj distribution (with the same
first two moments as H3).

As is evident from Figure 2, the fourth moment can have
an equally significant impact on the mean waiting time.
Moreover, (1) as the fourth moment is increased, the mean

waiting time increases, reaching E [Téw H3/ S] and (2) as the
fourth moment is decreased, the mean waiting time drops,
reaching E [Tg/Hz/s] .

The following Theorem explains the approach of mean
waiting time under the H3 job size distribution to that under
an H5 job size distribution as fourth moment becomes high.

THEOREM 3. Let X, be a family of random variables dis-
tributed according to the H3 distribution with a fized given
mean, y1, second moment, vz, and third moment, 3, where
E[Xf} =1/e. Ase — 0, the distribution of Xc converges to
an Hj distribution with mean v1 and 2.
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Figure 2: Illustration of the effect of 4th moment of the
service distribution on mean waiting time of an M/HJ /10
system for two values of the third moment. Dashed line
shows the mean waiting time under an Hs service distri-
bution with the same first three moments, and the light
dotted line shows the mean waiting time under an HJ
service distribution with the same first two moments as
the H; distribution. The mean and squared coefficient of
variation of the job size distribution were held constant
at E[S] =1 and C? = 19 with load p = 0.9.

Further, it can be shown that among all hyperexponen-
tial distributions with some given first two moments, the
HJ distribution has the lowest third moment. As we have
observed in Section 2, in this case the effect of variability of
the job size distribution is most pronounced causing a higher
mean waiting time. Thus a high fourth moment nullifies the
putative reduction in mean waiting time caused by a high
third moment.

To explain the drop in mean waiting time under the Hj3
job size distribution to that of an H2 job size distribution as
the fourth moment becomes small, recall that in Section 2,
while looking at H2 job size distributions, we saw that high
third moment caused an appreciable drop in the mean wait-
ing time. Indeed, as Theorem 4 states, when we fix the first
three moments of an H3 distribution and set the fourth mo-
ment to its minimum possible value, the distribution looks
like an H» distribution thus exposing the benefits of a higher
third moment on the mean waiting time.

THEOREM 4. Among all distributions in the class of hy-
perexponential distributions with given first three moments,
the distribution belonging to the class of 2-phase hyperexpo-
nential distributions, Ha, has the lowest 4th moment.
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