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Abstract

Approximate repeats in genomic sequences are important to identify regions of genomes with
similar functionality and understand how they are preserved over time. Previous work on this
topic, such as RePuter and Vmatch, was focussed on the fixed error bound version of this
problem. The percentage error version has not been effectively tackled yet. Our work tries to
give scheme for finding long approximate repeats, which are of greater biological importance,
where the bound on the errors is a percentage of the size of the repeat. We made the fact
that every approximate repeat can be decomposed into a chain of maximal repeats the basis
of our scheme. It involves computation of maximal repeats as seeds and the extension of the
seeds by a process of stitching together of maximal repeats. Suitable algorithms for fast edit
distance calculation, required for the stitching process, were also integrated. For the purposes
of evaluating the performance, the entire scheme was implemented and executed on sequences
of various lengths and with varying error rates. Analysis of the results obtained showed that
our scheme performed well, both in terms of the quality of approximate repeats obtained and
time required for the computation. We also present a method to find approximate occurrences
of a given pattern in a database sequence using a specified inter-character distance/similarity

matrix.
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1 Introduction

In the recent past there has been increasing interest in the applications of Computer Science
in solving problems in gene sequencing and analysis. This has fuelled research in areas of
computer science with applications in biology, and has led to the emergence of Computational
Biology as a new field of research. Algorithms on strings and sequences are of importance in

conducting genome sequencing and characterization.

A genome is a sequence of base pairs bonded together. Each region of the genome has
a particular function which is determined by the base pairs consisting it, the neighbourhood
region and the its position in the genome. A genomic string is the representation of a genome
in the form of a string of characters. Each type of base pair is assigned a character from an
alphabet. Typically the base pairs are of four types a, ¢, g and t. The length of genomes may

range from a few hundreds to billions of base pairs.

Various algorithms and data structures on string matching had been developed earlier and
it was later that their applications in biology were understood. The suffix tree data structure
and linear time algorithms for its creation were developed [1]. However, with the size of the
genomic strings in the order of millions of base pairs, the space and time complexity, and
memory addressing issues became of utmost importance. The suffix array [2] data structure
was developed to overcome these problems. Recently, linear time creation algorithms were

developed for it [3, 4], along with data structures to simulate a suffix tree [5].



In sequencing of genes and classification of various regions of a gene, problems faced by
the biologist are those of finding exact and approximate repeats in the genomic string. Ap-
proximate or degenerate repeats are useful to identify regions of a genome that have similar
functionality such as protein synthesis. These repeats may have errors of the type replace-
ments, insertions and deletions of base pairs. The problem is that of finding approximate
repeats that satisfy a given upper bound on the number of errors. This bound may either be a

fixed quantity or may be a percentage of the size of the approximate repeat.

The most significant and widely used software tools developed for approximate repeats are
RePuter [10} 12] and the more recent Vmatch [11, [13]. As part of this project, we have made

a study of these tools.

RePuter was developed by Stefan Kurtz’s team at the University of Bielefeld. The kinds
of repeats that it finds are maximal repeats, maximal reversed repeats, maximal palidromic
repeats and maximal complemented repeats, which are all exact repeats. In addition, it also
computes approximate repeats and contains options to specify a lower limit on the length of

the repeats and an upper limit on the allowable edit distance.

RePuter uses the compact suffix tree proposed by Kurtz [9] to compute maximal repeats.
The tree allows to compute the longest common prefix of two leaves in O(1) time [14}, 15].
The maximal repeats calculated are used as seeds. Along with the upper bound, e on errors,
RePuter also takes as input a parameter |, which is a lower bound on the length of the ap-
proximate repeat. The minimum length of the longest exact maximal repeat which that can be
present in any approximate repeat is given by |1/(e+1)]. This is the lower bound on the seed
size i.e. the size of the exact maximal repeat pairs which are then computed and used as seeds.

This lower bound also be set manually.

Each seed is an exact maximal repeat pair. RePuter extends each such pair on both sides
using dynamic programming. The extension ends when the edit distance crosses the specified
limit. RePuter incorporates the O(1) retreival of longest common prefix of two suffixes while

doing dynamic programming. The calculated repeat satisfies the error bound, and is reported



if its length satisfies the specified lower bound. RePuter does not solve the percentage error
problem. It uses a static upper bound e on the edit distance, and hence solves the fixed error
problem. Since RePuter uses suffix trees as its basic data structure, it has the drawbacks
associated with suffix trees on large genomic sequences. These are related to low spacial

locality in memory addressing which makes access times longer for large sequences [2].

Vmatch is similar to RePuter in functionality except that it can also compute branching
tandem repeats (along with those computed by RePuter). However, algorithmically it has
significant differences. Instead of the suffix tree, it builds suffix array and the related data
structures like the Icp-array. Also, it uses an X-drop algorithm [16] for dynamic programming
for extending the seeds in finding approximate repeats. The X-drop algorithm is a greedy
method for dynamic programming, which limits the computation to only a few diagonal el-
ements. It has a worst case running time of O(dyaxL) where dyax is the maximum value of
the distance between the strings and L is the maximum value of |i — j| where i and j are the
offsets from the starting positions of the two sequences that occur. Like RePuter, Vmatch also
computes only approximate repeats with a fixed bound on errors. Moreover, the value of X

for X-drop has no direct relation to the similarity of repeats reported.

As mentioned, RePuter and Vmatch attempt to extend one seed at a time using dynamic
programming. However, this is possible only when a limit on the number of errors is given and
it can be seen that the termination condition in the dynamic programming is when the error
exceeds the fixed bound. Such a termination condition is not applicable to the percentage error
problem, as the error bound is not static but a fraction of the length of the repeat. This makes
extension by dynamic programming inappropriate for extension of seeds in the percentage
error problem. Also, in case of RePuter, dynamic programming is inherently costly and is
likely to be slow for very long repeats which are more likely to occur in the percentage error

problem, while the X-drop algorithm used by Vmatch does not work for all scoring functions.
Contribution of the Project

During the course of this project we have closely interacted with Prof. Alok Bhattacharya



who is a biologist at the Jawaharlal Nehru University. He proposed the percentage error prob-
lem for approximate repeats. This problem was relevant to his research which focussed on
sections of genomes that are preserved over time. We have designed a scheme that works
for error rates. The scheme has been implemented and tested on substantially long genomic
strings. The focus is on finding the longest repeats which are of special importance to biolo-

gists.

Chapter 2 gives the problem definition and an overview of the various algorithms and data
structures studied and used in developing the scheme. Concepts like maximal and supermax-
imal repeats and algorithms for finding them are discussed. It also contains the motivation
behind our scheme and discusses the details. In doing this we focus on various aspects like

calculation of seeds, extension of seeds and calculation of edit distance between gaps.

Chapter 3 describes the experiments conducted using this scheme on different genomic
strings. The results for varying string lengths and error rates are presented and analysed. Since
the error rate problem has not been effectively tackled previously there are no set benchmarks.
Empirical data show that our scheme runs fairly fast and finds longest approximate repeats of

length in the thousands.

In Chapter @ we define the Generalized Hamming Distance problem, originally motivated
from the problem of finding approximate occurrences of a pattern in genomic sequences. Pre-
vious similar work, its extension to the problem of generalized hamming distance and lim-
itation are discussed. Sections F.4] to .71 outline our approach and how it overcomes the

limitations of previous methods.

In conclusion we discuss the strengths and weaknesses of our scheme and mention prob-

lems that remain to be tackled in finding approximate repeats.



2 A New Scheme for Finding Approximate
Repeats under the Percentage Error

Model

2.1 Problem Statement

The percentage error problem of approximate repeats is formally stated as follows.
Given a string S and a value p, find two non-overlapping substrings R1 and Ry, of S, such that

e/l < pand | is maximized, where,

o | =max(|Ry/, |Rz2]), and

e e =edit_distance(R1,R2).

Here edit_distance(R1, R2) is the minimum number of insertion, deletion and replacement
operations to transform Ry to R,. Clearly, the problem is solvable in polynomial time as
it can be solved by considering all pairs of substrings of S, which are O(N?) (where N is
the length of S) in number, and finding their edit distance which takes a O(m x n) (where

m and n are lengths of the substrings) of time in computation for each pair. Such a scheme



would take O(N#) time for computation. With genomic sequences of lengths in millions, such

computation time would be infeasible.

The fixed error version of this problem is the same, except that p denotes the limit on the

number of errors, and the condition to be satisfied is e < p.

2.2 Preliminaries

2.2.1 Data Structures

The two main data structures used are suffix trees and suffix arrays [8].Here we limit ourselves

to giving only their definition.

We use the convention of representing a sequence in the form of an array String[0..N — 1],

where N is the length of the string.

Suffix Tree: Given a string, its suffix tree is a compacted trie built on all the suffixes of
the string. The suffix tree requires linear space as the substring on each edge is stored in the
form of two pointers to positions in the array of the string denoting the substring. Algorithms

have been developed to create the suffix tree in O(N) time [1].

Suffix Array: Given a string, its suffix array is the array of pointers to its suffixes sorted
in lexicographical order. While introducing this data structure, Manber and Myers [2] gave
an O(NlogN) construction algorithm for the suffix array without constructing a suffix tree,
where N is the length of the string. Recently, algorithms have been proposed to construct the
suffix array in O(N) time [3] [4].

While algorithms are known for query string matching that run in optimal time using a
suffix tree, an additional data structure, the Icp-array is needed along with the suffix array to

achieve optimality.

Lcp-array: The Lcp-array stores the lengths of the longest common prefix of adjacent

suffixes in the suffix array. Lcparrayli] = lcp(Stringg,fji—1j, Stringg,¢fiy), where Stringy is the
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suffix starting at position k in the string and Suf is the suffix array.

The suffix array, along with the Icparray, can be used to answer exact string search queries
using a suffix array in O(m+z) time where m is the size and z is the number of occurrences

of the query string [6].

2.2.2 Repeats

There are various notions of exact repeats that occur in a string such as maximal, supermax-
imal, tandem and branching tandem repeats. Here, we concern ourselves with maximal and

supermaximal repeats.

Maximal Repeat A maximal repeat is, as the name suggests, a repeat that cannot be ex-
tended further. In a given string, if there occur two non-overlapping occurences of a substring
S of the form aSb and cSd, then if a # ¢ then this repeat of S is said to be left maximal, while
if b # d then it is known as right maximal. A repeat, which is both left maximal and right
maximal is a maximal repeat. A maximal repeat is represented by (S, i, j, |S|), where S is the

repeated string and i and j are the starting positions of the left and right instances of S.

Supermaximal Repeat A supermaximal repeat is a maximal repeat which does not occur

as a substring of any maximal repeat.

Optimal algorithms are known which find maximal repeats in optimal O(N +z) (where N
is the length of the sequence and z is the number of maximal repeats) time using suffix tree [8]
or suffix array and Icp-array [5]]. It can be seen that the number of maximal repeats in a string

are O(N?) where N is the length of the string.

The repeats described above are exact repeats, i.e. the string S repeats without any trans-
formation. However, in genomes the repeated substring very often undergoes mutations and
the repeated instances may be dissimilar to some extent. These repeats are called approxi-
mate or degenerate repeats. An approximate repeat is represented by (i, j,1,r,e), where i, j

are starting indices of the left and right instances of the repeat; I, r are lengths of the left and



right instances and e is the edit distances of the instances. These are the class of repeats whose

identification is the focus of this project.

2.3 Motivation

The main reasoning behind our scheme is the fact that any non-extendable approximate repeat
can be broken into a series of exact maximal repeats such that left instance of each maximal
repeat is present in left instance of the approximate repeat and the right instance of each maxi-
mal repeat is present in the right instance of the approximate repeat. Also, the maximal repeat
instances are present in the same order in both instances of the approximate repeat. Two ad-
jacent instances of different maximal repeats, present in the same instance of the approximate
repeat, may either overlap or may have a gap of errors (inserted, deleted or replaced charac-
ters). An example is shown in Figure 2.1, where the maximal repeats A, B, C and D constitute
the approximate repeat. Gaps are present between left and right occurrences of A and B, and

B and C, while the left and right occurrences of C and D overlap. This observation implies

A, B, C, D : Maximal Repeat Pairs

Figure 2.1: Breakup of approximate repeat into maximal repeats

that an approximate repeat can be obtained by stitching together its constituent maximal re-

peats. The stitching starts by taking a maximal repeat (seed) and the extending it by combining

8



(stitching) it with other maximal repeats. This forms the basis for our scheme. However, there

are still some issues to be resolved.

It can be seen that in any decomposition of an approximate repeat into its complete chain
of constituent maximal repeats, the maximal repeat pairs are the alignments and the gaps are
the edits. In theory, one can compute an approximate repeat just by stitching together all of
its constituent maximal repeats without calculating the edit distance of the gaps. However, to
do this, one has to compute all the maximal repeats of the sequence, and extend each one as a
seed. But the number of maximal repeats are O(N?), and so for very long strings calculating
them and storing them is highly time and space consuming. Hence there have to be some

tradeoffs.

One can avoid computing all the maximal repeats for stitching, if one can compute the
error in the gaps between maximal repeats while stitching. It can also be seen that the smaller
maximal repeats are generally far more numerous than the larger ones. Also one expects that
an approximate repeat will consist of a number of large maximal repeats. Thus, it is much
more convenient to compute only maximal repeats that are large. This can be done optimally
(by slightly modifying the original algorithm [5]) in O(N +z) time, where N is the length of

the string and z are the number of repeats.

2.4 Algorithmic Description

The previous section gave an overview of the motivation and thinking invloved in developing
the scheme for approximate repeats. This section contains the detailed description of the

computation.
The steps involved in computing the approximate repeats are as follows.
1. Computation of maximal repeats: The first step involves computing the maximal repeats

greater than a certain length h which is determined by the length of the string. This

also determines the precision of the algorithm. It is also limited by the computational

9



capacity and memory at hand. We implemented this computation using suffix arrays.

The steps involved were,

a) Creation of the suffix array and the Icp-array. For this the O(N) algorithm [3] was

implemented. It computes the Icp-array along with the suffix array.

b) Calculating maximal repeats. This was done by applying the process function
given by Abouelhoda for a bottom up processing of Icp-intervals using the suffix
array and the Icp-array [B]. The minimum length h was used bound the upward

traversal.
The maximal repeats obtained are stored in a list, say max_list.

2. Stitching of repeats. The obtained list max_list is sorted in the ascending order of the
starting index of the left occurrence and then the right occurrence (i.e. on the pair
(i, J)” where (i1, j1) < (i2, j2) if i1 < ip, or iy =iz and j1 < j2). In doing so, each
maximal repeat is considered as an approximate repeat with zero errors and is stored in
the approximate repeat format of (i, j,1,r,e,isnew), where isnew a boolean initially set

to true. Next the following algorithm is followed for stitching.

1 Initialize the list new_list of repeats and a parameter depth.

2 For the kth repeat (i, jk, Ik, Fk; €k, iSnewy) in max;ist where k goes from 1 to sizeo f (maxjist).
Do the following,
2.1 If isnewy = false, this implies that this seed has been extended in a previous
iteration. Increment k and goto 1.

2.2 Make a copy of the kth repeat. Let (i, j,1,r,e) = (ik, jk, Ik, 'k, €k). Set boolean
variable is_extended = false. The value of is_extended determines whether
extension of the current seed takes place in this iteration. Set index = k. Do
the following,

2.2.1 Increment index by 1 to get the next repeat to be looked at for stitching.

2.2.2 If index > sizeof (max_list), no more stitching can occur. Goto 2.2.

10



2.2.3 If ijngex — i — | > depth or jingex — j — r > depth, the indexth repeat falls
outside the search depth. No repeat after indexth repeat in max_list can
be inside the depth, due to the order in which they are stored in max_list.
No more stitching can occur. Goto 2.2.
2.2.4 Calculate the error obtained by stitching (i, j, I, r,e) and (iindex, Jindex; lindex; findex; €index)-

For this the error in the gap or overlap has to be calculated.

a. Ifthere is a gap between (i, j,I,r,e) and (iindex, Jindex lindex, findexs €index)
the edit distance of the gap needs to be calculated using the any of the edit
distance function discussed in Section 2.5.2.

b. If there is an overlap between the repeats, they are stitched only if jngex
is 0, i.e. the indexth repeat is an exact maximal repeat. In this case, the
overlap error is the shift in the starting positions of the two occurrences of
the indexth repeat. shift = ||i+ 1 —iingex| — |J + T — Jindex/|- If the indexth

repeat is an approximate repeat, goto 2.2.1.

If repeat obtained by stitching (i, j,1,r,€) and (iindex, Jindex; lindex; Findex, €index)
does not exceed the error rate merge them into (i, j,I,r,e) with updated
values. Set is_extended = true and isnewy = false. Goto 2.2.1.

2.3 If is_extended = true, then extension has taken place and a new repeat found.

Insert (i, j,I,r,e,/true’) (which is the new repeat found) into new_list.

3 If new_list is not empty merge max_list and new_list according to the order given

above in Stitching of repeats and goto 1, else end.

The stitching process is depicted in Fig 2.2. For the extension of the repeat A, search
starts from the end of its left occurrence La and if a repeat, say B is found such that its
left occurence, Lg begins within depth distance of end of La, it is checked whether the
right occurrence of B, Rp also begins within depth distance of end of Ra. If so, then the

error of the gap or overlap (as the case may be) between them is calculated and they are

11



stitched together if the error in the combined repeat does not exceed the error bound.

The repeats that are obtained in the max_list are written in a file in the appropriate
format. There are several issues involved in the stitching process such as the value of
depth and the problem of calculating the edit distance of the gaps. These issues will be

discussed in detail in the next sections.

Searchtill depth ——>

Left Occurrence Lg

Maximal Repeat Pair SA ‘B

Right Occurrence

Figure 2.2: Stitching of repeats

2.5 Issues

The previous section gives the steps followed in computing the approximate repeats. As men-
tioned there are crucial issues involved in the process which need to be resolved for imple-
menting the method. In this section we describe the issues, there relevance and the strategies

adopted to resolve them.

2.5.1 The depth parameter

The depth parameter is basically the region of search towards the right of a repeat that the

search for a stitchable repeat is performed. The depth parameter determines the likelihood of

12



a legitimate approximate repeat being missed by the algorithm. The larger the depth, the less

likelihood of a repeat being missed, and greater the time taken by the algorithm.

Another question that arises is whether depth be statically fixed or be dependent on the
length of the repeat. It seems reasonable to say that depth should reflect the capacity of the
repeat to absorb errors. Also, there must be a lower bound on depth to keep a large enough
value even for small repeats and repeats with large number of errors. We decided on the

following formula to fix depth at each iteration,

depth = max(min_depth, e’ —e) where ¢’ =2 x p x min(r,1) and min_depth is a fixed

parameter.

This formula ensures that repeats with a small number of errors will have a large depth

and even small repeats will have a minimum depth.

2.5.2 Edit distance calculation

As has been mentioned earlier, the maximal repeats are not being calculated for stitching. This
implies that during stitching, the edit distance between the gap between the left occurrences
and the gap between the right occurrences of the repeats to be stitched has to be calculated.
One must note, however, that the occurrences may overlap, and in that case the edit distance is
just the displacement or shift. The latter is generally a rare occurrence so it is very important

to formulate a suitable strategy for calculating the edit distance.

A useful observation made on the sequences we worked with is that there are very few
insertion-deletions (indels) as compared to replacements between the degenerate copies and
that the gaps are of comparable sizes. Therefore, when aligning the two gaps we need to do
local searches for similarities. One approach to align the gaps can be to hash d-grams of the
two gaps into a hash table with ||9 buckets. Pair the entries from the two gaps which are

within some threshold distance of each other, and then chain these pairs. Another approach

13



considered was, to create a new string Sq = gap1 - #-gapo. Then find the maximal repeat pairs
in this string such that one lies in gap; and the other in gap2. Align the gaps starting with the
longest pair which satisfies the threshold distance. This will leave very small gaps for which

dynamic programming can be done.

Though the above approaches imply time complexities almost linear in gap lengths and
therefore seem attractive in comparison to dynamic programming, the constants are very high.
Instead, by tweaking the vanilla dynamic programming algorithm we can speed it 4 to 5
times. One way is based on the aforementioned observation. By putting a bound on indels, we
constrain the number of diagonals to be explored in the dynamic programming table. Another
optimization is the Four-Russians speedup ([I17], [21]]) which uses a precomputed lookup table

to make the evaluation of dynamic programming table faster.

Dynamic Programming with bound on indel-rate

Let the length of the two gaps be I1 and |5, (I> > 11). If we put a bound on the indel rate, idr,
we are essentially restricting the |#insertions — #deletions| between any prefix p; of gap; and
p2 of gapz to |l2—I1|+ 2« idr x 5. Therefore, we only need to create a dynamic programming

table of size (I1+1) x (|la— 1| +2*idr =11+ 1) and fill the cells (i, j) where

i=1toly, Jj=max{0,idrxly—i+1}to min{|la—I1|+2xidr«li+21,12—i+idrxl1+1}

after appropriate initialization. It is obvious that this method will give a considerable speedup
if |lo— 11| is as small as possible. Also, as mentioned, the gaps are of comparable sizes (where
the gaps are not of comparable sizes and the indels are large, any heuristics is likely to fail).
Therefore, this is a very useful method of finding the edit distance between the gaps. The
larger the value of idr, more accurate is the edit distance obtained to actual edit distance. (The

obtained edit distances are always larger or equal to the actual edit distance.)

14



The Four-Russians speedup

The origin of this speedup lies in a paper concerning boolean matrix multiplication [17] and
was adapted to unweighted edit distance computation by Masek and Paterson [21],[22]. An
important assumption used for this algorithm is that the alphabet size, |Z|, is constant. Below,

we describe use of the Four-Russians speedup for edit distance calculation as explained by
Gusfield [8].

| String 2 |

String 1

Figure 2.3: Four-Russians speedup

Let us break our dynamic programming table into overlapping blocks of size m x n (Fig.
[Z3). To calculate the value in cell (i+m—1,j+n—1), we only need the entries of the
first row and column of the highlighted block and the substrings Stringq[i+1...i4+m— 1]
and Stringo[j+1... j+n—1]. If we had a lookup table that allowed us to obtain the value
in the bottom-right cell on the basis of these then we can get the edit distance of these two

substrings in O(m+ n) time (time to compute the index) instead of O(mn). To compute the
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edit distance of the complete strings we also need lookup tables that will give the entries in the
last row and column of the blocks so that starting from the top-left block, moving in rowwise
or columnwise manner, we can calculate the bottom-right cell of all the blocks. However,
since the strings can be arbitrarily long, the possible values of the first row and column are not
finite. To overcome this, offset encoding is used. First, we can subtract any constant from all
the entries of a dynamic programming block and it will still be a correct dynamic programming
table. Set the top-left entry as 0. Now no entry can be smaller than —max{m —1,n—1} or
larger than max{m—1,n—1}. This gives us a bound on the possible values of the first row and
column as (2n—1)"1and (2m — 1)™1 respectively. This is still an over-estimation. We can
also prove that difference between the value of any two adjacent cells (along row, column or
diagonal) can be atmost 1. Therefore by encoding the elements in the row as the offset from its
left neighbour and in the column as the offset from its top neighbour (figure [Z.4) the possible
combinations for rows and columns comes down to 3"t and 3™1. The possible substrings
of length m+n — 2 are |=|™ "2, Therefore the maximum index can be (3|=)™"2. After
calculating these values for all the blocks, follow any chain of blocks from (0,0) to (I, 12) and
add the values of the bottomright cell obtained from the lookup table (with the topleft entry as

0) to obtain the edit distance between Strings and Stringy.

p[pc|BA]

6| 7] 8| 9] 9]10 0| 1] 2| 3] 3| 4 of 1] 1] 1] 0] 1
7] 0 L RN NG 0
8 10’2 4’1 0
D| | 9] 8|8 9]0 3] 2] 2| 3] 3] 4 1/-1 o] 1] o[y

Figure 2.4: Offset Encoding for Four-Russians speedup

In our implementation, we have chosen a block size of 4 x 4. By using the datatype shor t
for the values of right and left columns (the value of the bottom-right cell can be obtained from
these), size of the lookup table becomes (3 % 4)#4=2 x 2 x size(short) ~ 12MB. The above

description assumed that the table can be fully covered by the m x n blocks. This will not
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always be the case. For a 4 x 4 block, we can always obtain the edit distance if the lengths are

like 11 = 4ky —c, l> = 4ko — ¢, by appending any substring (same for both) of length c to the

two strings. When this is not the case, we can either additionally create lookup table for 2 x 4

blocks to cover the remaining part, or do complete dynamic programming for the remaining

part. However, even without doing all this we can get an edit distance which can be atmost 2

off from the correct edit distance by just using the 4 x 4 blocks.

Time (in milliseconds)

0.6

0.5

0.4

0.3

0.2

Time vs Length

T T T
4-Russian (4x4) —+—
Normal DP ---x---
5% Indels ---*---
10% Indels =
20% Indels —'—l;7"

60 80 100 120
String length

Figure 2.5: Timing Comparison for different dynamic programming modifications

A comparison of the times of the different methods of dynamic programming is shown in

Figure 2.5 (for this figure length of both the strings was taken same, as shown on X-axis). 10-

15% indel rates have been found to give sufficiently accurate edit distances. As compared to

the times with these rates, the Four-Russians speedup is faster. Also its running time does not

increase if the difference in the gap lengths is large (because of the |I> — I1| term in the size of
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the dynamic programming table, for equal values of 111, the cells in the table increase as |l —
I1] increases). By combining the two approaches we can get substantial speedups for longer
gaps. The current implementation only uses the Four-Russians speedup as described above.
By taking precautions in implementation, the running times can be further brought down. The
dynamic programming table should be created only once and re-used for subsequent calls. A
new table should be created only when the size of existing table is insufficient. In the four-
russians speedup, while calculating the indices for the lookup table, it is better to use bit-shifts
than multiplications. This can be easily achieved for DNA sequences where the alphabet size
is 4. Our implementation (currently only for DNA sequences) uses bit shifts to calculate the

indices.
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3 Experimental Results

For the purpose of checking the performance of the scheme various experiments were con-
ducted. The results were interpreted in terms of the quality of the output and the time taken
for computation. In this chapter we provide a detailed description and analysis of the experi-

mental work undertaken.

3.1 Modules Developed

The first task was to code the various algorithms. The coding was done in C++ and on a Linux

platform. The various modules implemented were,

e Extension Algorithm: The algorithm developed for extension of maximal repeats for

finding approximate repeats was coded.

e Edit Distance calculation: The methods for calculating the edit distance of the gaps

were implemented.

In addition to these, modules for linear time computation of suffix arrays and maximal
repeats were developed. However, the repfind [[L0] module was used to calculate the maximal
repeats for large strings as it was more efficient than the suffix array implementation. Also,

the repvis [10] module was used to graphically display the results.
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3.2 Experiments conducted

The scheme was tested on sequences ranging from 4000 to 5 million base pairs in length.
The program was executed for various error bounds ranging from 5% to 30%. Also, the
minimum size of seeds computed was varied for each string (keeping the error rate fixed) and
the results tabulated. Experiments were also conducted to check the effect of changing the
depth parameter by taking 0.5 times and 2 times the value obtained by the formula presented
in Section 2.5.1. The min_depth parameter is fixed to 20 in the experiments. The sequences

and their lengths are given below.

[20] [20] [19] [19] [19] [20]

Sequence name | amoebal.txt | contig2.txt | chr7.fa | chrl5.fa | chr4.fa | batchseq.cgi

[No. of Base Pairs | 4016 | 52500 | 1109128 | 1109475 | 1557447 | 5301960

Table 3.1: Size of the sequences and the minimum seed size used

3.3 Results

The results obtained were tabulated. Table 3.2 gives the results obtained by varying the mini-
mum seed size for each sequence, keeping the error rate fixed. The results include the number
of repeats found, length of the longest repeat found, and the time taken for execution. Table
3.3 gives the results obtained by varying the error rate keeping the minimum seed size fixed
for each sequence. It gives the number of approximate repeats found and the length of the
longest repeat found. Figure 3.1 is a plot of the timings obtained in this experiment. Table 3.4
contains the breakup of the running time for each sequence at 10% error rate, in terms of the
time required to calculate the seeds and the time required for stitching. Table 3.5 has the data
obtained for chr4.fa sequence for 15% error rate and minimum seed size 15, by varying the
depth parameter. The results were obtained on a Intel Pentium IV processor based PC running
Linux with 256 MB of RAM.
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amoebal.txt
Min. seed size 3 4 5 10 15
No. of approx. repeats | 14594 | 3403 | 902 0 0
Longest repeat length | 125 85 36 20 20
Time taken (sec) | 18.44 | 293 | 0.62 | 0.02 | 0.01

contig2.txt
Min. seed size 5 6 8 14 20
No. of approx. repeats | 127739 | 25188 | 858 6 1

Longest repeat length | 370 537 481 90 43
Time taken (sec) | 269.23 | 43.83 | 297 | 0.13 | 0.11
chr7.fa

Min. seed size 10 12 14 20 25

No. of approx. repeats | 9149 2593 | 1049 322 144
Longest repeat length | 5799 | 4542 | 4542 | 4928 | 4673
Time taken (sec) | 37.96 | 7.28 | 455 | 4.13 | 4.05
chrl5.fa

Min. seed size 10 12 14 20 25

No. of approx. repeats | 6696 | 1952 | 777 189 79
Longest repeat length | 6539 | 5894 | 5894 | 5894 | 5894
Time taken (sec) | 36.79 | 6.97 | 451 | 411 | 4.04
chrd.fa

Min. seed size 11 13 15 20 25

No. of approx. repeats | 8037 | 2982 | 1706 | 996 549
Longest repeat length | 11500 | 11500 | 11500 | 11473 | 11473
Time taken (sec) | 27.12 | 993 | 8.04 | 6.96 | 6.10
batchseq.cgi

Min. seed size 15 17 18 24 30

No. of approx. repeats | 1500 1147 | 1030 637 516
Longest repeat length | 5782 | 5753 | 5711 | 5711 | 5711
Time taken (sec) | 24.76 | 22.75 | 22.45 | 22.38 | 22.19

Table 3.2: Experimental results obtained by varying the minimum seed size for each string at
15% error rate.

3.4 Analysis of Results

The data shown in Table 3.2 is along expected lines. The number of approximate found de-
creases as the minimum seed size is increased, due to the fact that the number of seeds de-

creases. Also, the running time decreases because less time is required for the computation of

21



ErrorBound | 5% | 10% | 15% | 20% | 30% |

amoebal.txt(5)

No. of repeats found | 15609 | 16091 | 16511 | 17284 | 19616
Longest repeat length | 20 32 36 52 90

contig2.txt(8)

No. of repeats found | 95748 | 96266 | 96581 | 97267 | 99511
Longest repeat length | 68 435 481 556 663

chr7.fa(14)

No. of repeats found | 18033 | 18462 | 18746 | 19026 | 19500

Longest repeat length | 3479 | 4542 | 4542 | 4542 | 5655

chrl5.fa(14)

No. of repeats found | 14646 | 14960 | 15180 | 15403 | 15685

Longest repeat length | 5894 | 5894 | 5894 | 5894 | 5894

chr4.fa(15)

No. of repeats found | 15655 | 16166 | 16438 | 16693 | 17128

Longest repeat length | 7067 | 7067 | 11500 | 11500 | 11500

batchseq.cgi(18)

No. of repeats found | 5634 | 5790 | 5871 | 5921 | 6012

Longest repeat length | 5287 | 5387 | 5711 | 5782 | 6142

Table 3.3: Experimental results obtained by varying the error rate. The number in brackets is
the seed size used for each string. Number of repeats includes the seeds computed.

| Sequence name | amoebal.txt | contig2.txt | chr7.fa | chri5.fa | chr4.fa | batchseq.cgi |

Time for Calculating 0.02 0.3 3.0 3.1 5.0 21.0
maximal repeats(sec)
Time for Stitching(sec) 0.6 2.6 1.5 1.4 1.3 1.4

Table 3.4: Breakup of average running time for 10% error bound

the seeds as they decrease in number, and the time required for extension also decreases due
to the fact that there are lesser number of seeds to be extended. Generally we observe that the
length of the longest repeat found also decreases with increase in minimum seed size. How-
ever, there are some exceptions. These occur due to the fact that stitching a long repeat with
a smaller repeat may result in a repeat with large number of errors. This results in decreased

depth parameter, and the repeat may not extend further.

As explained earlier, the percentage error problem has not been tackled previously. Hence,
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Figure 3.1: Average running time graph for Table 3.3

we did not have any benchmark on which to base the analysis of the results. However, Table
3.3 gives us some idea of the performance of the scheme. As expected, the number of repeats
found rises with the increase in the error bound. It is also seen that the increase in the number
of repeats is not very substantial and is marginal in some cases. This can be attributed to the
fact that most long repeats that are biologically significant do not contain large number of
errors. This is also supported by the observation that the length of the longest repeat found too

does not change by a large amount as the error rate increases.

To check for the quality of long repeats that were obtained, we manually checked the
portions of strings that gave the longest repeat using repfind and repvis for the existence of

long repeats. Our results were corroborated by the results obtained by this manual checking.
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Value of depth | d/2 d 2xd

No. of approx. repeats | 1530 | 2982 | 1784
Length of longest repeat | 7067 | 11500 | 11500
Time taken(sec) | 6.55 | 8.04 | 10.23

Table 3.5: Results obtained by varying the depth parameter for chr4.fa with 15% error rate
and minimum seed size 15. Here d is the value obtained by the formula in Section
25.1

The timing results are interesting as the running time of the program shows almost no
variation with the increase in the error bound. This is due to the fact that there is only a small
increase in the number of repeats calculated with increase in the error bound. Also, for long
sequences the most time consuming step of the scheme is the computation of the maximal
repeats. The actual time taken for stitching is relatively small for such sequences. This can be

seen in Table 3.4 which shows the breakup of the running time for 10% error bound.

This also suggests that the time taken is also linked to the number of maximal repeats. This
is also a reason why it is important to limit the number of seeds in long sequences. Taking
into account the size of the sequences the running time of the scheme, especially the stitching

process, appears to be satisfactory.

Expectedly, the number of repeats found increases as the depth parameter is increased as
shown in Table 3.5. The size of the longest repeat increases and then remains constant. This
depends to a large extent on the sequence. Also, the time for execution increases as the depth

increases as the amount of search and stitching done increases.
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4 The Generalized Hamming-Distance

Problem and Fast Fourier Transform

4.1 Motivation

In Chapter 2 we analysed the problem of finding approximate repeats. An equally important
problem in computational genomics is of finding approximate occurences of a pattern P in a
database sequence T. A lot of work has been done on this problem, [23, 24, 25, 126, 27, 28, [29]
to cite a few. One approach to solve this problem is: for every position i in P and T, group
q consecutive characters PJi..i+ g — 1] (equivalently, T[i..i+q— 1]) and make this the new
alphabet "> = {"03,...,"0|5a} (Z being the original alphabet). In this alphabet the characters
do not simply match or mismatch. Instead, we can define a distance function for this new
alphabet, distance (”oi,”cj), which can, for example, be the edit distance of the g length
sequences "o; and "o represent. Now we need to find the occurences of the modified pattern
in the modified string so that their distance (a kind of hamming distance on "%) is below a

threshold t.

It still remains to be seen whether this approach has any chance of solving the approx-
imate matching problem, but it gives rise to another interesting problem. Given pairwise

distances between characters of an alphabet, to find the distance between the pattern P and
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the |P| length substring T[i...i+ |P| — 1], for every alignment position i in T. In addition to
the above application, non-{0,1} distances occur elsewhere too. In biological sequences, the
probability of substitution of one unit (base pair/amino acid) by another is not the same for
all pairs. For DNA sequences, transitions (A<>G, T«+>C) occur more often than transversions
(purine<>pyrimidine) [30]. Some other DNA substitution models are [31}, 32, 33, 34, 35].
PAM [37, 36] and BLOSUM ([38]) matrices are the more commonly used substitution ma-
trices for proteins. By allowing the inter-character distances in [0, 1] such alphabet can be
handled. In addition, it provides a more elegant and flexible way of dealing with wild cards by
augmenting the alphabet with characters representing the wild cards and setting the distances
between the wild card and the characters it matches as 0. In the next few sections we formal-
ize the problem and discuss previous similar work and their limitation. The remaining chapter

gives the details of our approach.

4.2 Notation and Problem Definition

Denote the alphabet set by = = {01,02...0|5}. The distance matrix D, is a [Z| x |Z| matrix
where D(i, j) = d;j = distance(0j, 0;). The similarity matrix S is also a | Z| x | Z| matrix where
S(i, j) =sij = 1—dij.

Definition 4.1 The generalized hamming distance between two strings S1[0...1 — 1] and

S2[0...1—1] is defined as
-1
dg(S1,S2) = Z}distance(sl(i),sg(i)).
i=
However, instead of finding the dissimilarity it is convenient to find the similarity

-1

8g(S1,S2) = %{1 —distance(S1(i),S2(i)) }-

The problem can be formally stated as calculation of the real-valued array MC’ where MC'(i) =
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Sg(T[i...i+|P|—1],P), the similarity score when the leftmost character of P is aligned with

the ith character of T.

4.3 Previous Work

Let us take the simple case of 0/1 distances corresponding to matches/mismathces. Then the
above problem reduces to finding the number of matches between the two sequences at all
possible alignments. Gusfield [8] calls it the Match-Count Problem. Solution for this problem
requiring O(|T |log|T |) arithmatic operations was developed by Fischer and Paterson [39] and
by Felsenstein, Sawyer and Kochin [40]. The method is based on Fast Fourier Transform and

is described below.

We can break the above problem as a sum of |Z| subproblems. The ith subproblem is to
calculate the number of matches due to oj in the two sequences. This can be solved by creating

two new sequences T; and P; where

) 1 ifT[j]=oi
Tilj] = _
0 otherwise.
and
) 1 if P[j] = oj
P[j] = H_ |
0 otherwise.

Now if we convolve P; and T; (using FFT), we get the the number of matches of o; for all
possible alignments of T and P. If we solve all the |X| subproblems and add their result, we
get the matches due to all the characters for all possible alignments. Felsenstein et al. [40]
also propose a solution to deal with missing characters. For example, if we just know that the
character at position j is a purine, then we set that position to 0.5 for the subproblems for A
and G and 0 for C and T. Gusfield presents a method to deal with wildcards by setting 1 for
that position in Tj,, ...Tj, where oj,, ...0j,, are the characters it can match. If both the strings

have wild cards then the similarities will be over estimated (for example when two match-all
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wild cards are against each other, the similarity for that position would be calculated as |Z|
instead of 1) and another step is required to correct this . However, he does not say how this

can be done if there are more than one kind of wild cards.

We will now describe the method to solve the arbitrary-distance version of the Match-
Count problem with the above intution. Again break the problem into |X| subproblems (here
every kind of wildcard/missing character is treated as a character in Z). Form the sequence T;
by replacing occurences of oj by 1 and every other character by 0 as before. The sequence P,
however, is formed by setting Pi[ j] = sik when P[j] = ok. Solution of the ith subproblem gives
the similarity due to oj in T and all characters in P for all alignments. The sum of the solutions

of all |Z| subproblems give the similarity due to all characters in T and P for all alignments.

The number of operations can be reduced to O(|T |log|P|) (as described in the next sec-
tion), but there is also an implicit |X| factor in the complexity because FFT of 2|X| sequences
has to be taken. If |Z| is large, finding the similarities for all alignments might become expen-
sive and one may want to first get a rough estimate of the similarities at a lower cost and then
refine that estimate. By the above idea of using one sequence per character in the alphabet,
it is not possible to achieve the lowering of cost. We describe an alternate way to look at the
procedure of calculation of similarity by embedding the alphabet in |Z| dimensional space.
The cost reduce the number of dimensions retained for FFT step thereby reducing the cost but
introducing errors. We then propose methods to embed the alphabet so that these errors are

minimised.

Other work that builds on the approach of Fischer and Paterson [39] and Felsentein et al.
[40] is found in [41], [42], [43] and [44].

4.4 Using FFT to Calculate MC’

First we review the use of Fast Fourier Transform for convolution. Let A and B be sequences

over C (the set of complex numbers) of length n with U and V as their discrete Fourier trans-

28



forms. Convolution of A and B, denoted A x B, is a sequence C, where
n—1
C(i)= > A()B(i+1])
2

with indices taken modulo n. C has discrete Fourier transform Z where Z(j) =U (j)V*(j),V*
indicating complex conjugate of V. If complex conjugate is not taken then reverse of B will

be convolved.

Now, let A and B be sequences over CY, that is, each element of A and B is a d-dimensional
vector. We can divide A and B into d pairs of sequences (A;i,Bi), i=1,...d. Let C; = A; % B;

and C = $9 ;. C is again a sequence over C which can alternately be written as
n—-1
C(i)= > A(I)-B(i+1J),
o

dot indicating inner product of two vectors.

Convolution of d sequences actually gives the sum of the inner products of the vectors.
What was being done in section .3 was: since for T there is 1 for g; in only T;, the similarity
due to o; can be obtained by just convolving T; with P;. We can use this knowledge to calculate
MC’ as follows: If we can find a d-dimensional vector representation X; for each character g
in X such that X; - Xj = sjj, then the convolution of sequences formed from T and P by replacing
the characters by their vector representation gives the required similarity. Formally, replace
the characters of T and P as above. Pad |P| zero vectors at the end of T and |T| zero vectors
at the end of P. This eliminates illegal wraparounds of T and P. Fast radix-2 FFT algorithms
are available when sequence lengths are power of two. Extend the |T |+ |P| length sequences
obtained by more zero vectors to make length a power of two. Following the convention of
section let us split T into d sequences Ty,...Tq. Do the same for P. Let U; be the discrete
Fourier transform of T; and V; be the transform of P;. Calculate Z; (i = 1,..d) where Zj = U;V;*
(if matching in forward direction). Let Z = z{j:lzi. Taking the inverse Fourier transform of Z

gives MC'. This algorithm has a running time of O(|T |log|T|).
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A very simple windowing scheme can reduce the running time of above to O(|T|log |P|).
For simplicity, assume |P| is a power of two (extension to the general case is straightforward).
Create windows, W;, of size 2|P| from T by moving a mask of size 2|P| over T in steps of |P].

The ith window is

Wi =T[(i—1)|P|...(i+1)[P|—1] i=1,---[%w

Extend P by adding |P| zero vectors (instead of |T | zero vectors). Perform convolution of the

windows with extended P as before to obtain MC{ = W; «P. Now MC'[(i—1)|P|...i|P| - 1] =

MC/[0..|P| —1]. The running time is O(% |P|log|P|) = O(|T |log|P|). The reason for choos-

ing the above windowing scheme is that any |P| length substring of T should be completely

covered by atleast one window so that the similarity score for that alignment can be obtained.

By choosing a window size of w, we can obtain scores for (w — |P|) alignments from each
T

window and WP windows need to be created.

Rest of the chapter explains different methods to obtain the vector representation of the

alphabet and reducing the dimensionality of the embedding.

4.5 |Z|-Dimensional Embeddings

As mentioned before, our aim is to have a vector representation X; for each character gj in

such that X; - Xj = sjj. This can also be written as
XTX =5

where X € 092 whose ith column is X;. Let us assume that such an X exists. Then all
Xi represent points on the surface of a d dimensional sphere of unity radius. One method to
obtain X can be to rotate that sphere to force X; to lie along the first axis, i.e. only the first

component is non-zero. This fixes the first component of all the X;’s as s3;. Now fix X2 so
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that only the first two components are non-zero. This fixes the second component of all X;’s.
This way a |Z| dimensional embedding can be obtained (Algorithm simple_embed). This pro-
cedure can be visualised as reducing the degree of freedom of rotation of the sphere by one
every iteration. The operations in this algorithm turn out to be identical to those in Cholesky

Decomposition of a symmetric positive definite matrix. The time complexity of this algorithm
is O(|Z[3).

Algorithm simple_embed
Initialize X; =0
fori=1to |Z|

forj=1toi—1
iy [8im%X
Xi(J) = [ 3]

end

Xi(i) = VI= X%

end

Under some restrictions such an embedding indeed exists, as proved below.

Lemma 4.1 If the following conditions are satisfied

1. Self-similarity: djj =0 Vi
2. Bounded distances: 0 < djj <1 Vi, j

3. Triangle Inequality: djj < dik+djk Vi, j,k

then an embedding X satisfying XT X = S can be found.

Proof: The proof is based on the construction of one such embedding. Let Djj = ,/2d;j.
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Since dij satisfy triangle inequality, Djj also satisfy triangle inequality.

dix+d;
(Dik+Djk)22Di2k+D2k: 'k-; Ik

i zdij/ZZDizj.

In fact, Djj satisfy a stronger constraint. Since D7 + Djzk > DIZJ the triangles will have only
acute angles. Given the inter-point distances between n points (satisfying triangle inequal-
ity), an n— 1 dimensional embedding satisfying these can be found (Multidimensional Scaling
[45]]). After finding this embedding, we find the circumcenter C of these points. If no more
than m points lie on an (m — 1) dimensional hyperplane (m = 1,...n—1), then such a point
always exists (otherwise, the circumcenter may become a point at infinity). It can be shown
that when this condition is not satisfied, at least one angle will be obtuse. Moreover, as men-
tioned above, all angles are acute and therefore the circumcenter can be found. (To be exact,
more than m points can lie on a m— 1 dimensional plane with some angles being right an-
gles, but in this case too the circumcenter can be found. For example, for a rectangle in a 2D
plane). Translate the embedding obtained so that the circumcenter coincides with the origin.
The points now lie on the surface of a |~| — 1 dimensional sphere of some radius R. Add a
|>|th dimension to all the vectors setting it as v/1 — R2. This does not change the inter-point
distances. Now all the vectors satisfy || Xi|| = 1 and ||X; — X;|| = y/2dij. All that is left to prove

is Xj - Xj = sjj. Using cosine formula,

X112+ 1X5112 = 1% = X2
2

Xi-Xj =
= 1—djj

Example: Embeddings for a distance matrix, D, using the methods described
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04| 0 03|04

D =
0.7/03] 0 |0.4
08(04/04| 0
1106| 03 | 0.2
_ _ _ 0/08| 0.65| 0.6
X (using Algorithm simple_embed) =
0| 0 |0.698]0.215
0|0 0 [0.744

0.663 | —0.006 | —0.388 | —0.555
0.000 | 0.217 | 0.542 | —0.325
0.080 | 0.632 | 0.041 | 0.179
0.744 | 0.744 | 0.744 | 0.744

X (using construction of proof of Lemma4.1) =

There is a much simpler method to find the vector representations: if instead of having the
same embedding for characters in the pattern sequence and the database string we embed the
characters in one using X; and in the other using X» so that X;" X, = S. Now setting X1 (or
X>5) to I, the identity matrix, and X, (or X1) to S gives the desired result. This is identical
to the generalization proposed in section 4.3 The advantage of this asymmetric embedding
is that it does not require the distances to satisfy the triangle inequality or even that they be

bounded or self-similar. Situations where this can be important are

e When the alphabet contains wild-cards

e Searching for complement of the pattern P

Example: Transformation of sequences using the asymmetric transformation described
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String : ABDDDBCAACCDB

1/0/0/0{0/0}01}2/0]0|0]O0
0(1/0(0|0(1|0(0|0(0|0(0|1
0(0/0(0|0(0|2({0|0j1|2(0]|0
0(0j1(1j1(0|0(0|0j0|0|1]|0

Pattern: ABBBDC

1/06[06/0.2|0.3
06/ 1| 106]|0.7
03]0.7|07]06| 1
02/06|06] 1 |0.6

4.6 Low Dimensional Embeddings for Approximate
Similarity

Though the time complexity of the algorithm is mentioned as O(|T|log|P|), it actually is
O(|Z||T|log|P]) because FFT of 2|Z| sequences has to be taken for every window. Is is worth-
while searching for methods which can reduce the |X| factor while not changing the answers
significantly. The aim of this and the next section is to find the best d (< |Z|) dimensional

representation of the alphabet.

When the distances satisfy the constraints of Lemma 4.1, the matrix of similarities S has a
structure similar to a correlation matrix. In such cases S is a symmetric positive definite matrix
(as also proved in Lemma 4.1, it can be written as X' X). Therefore it can be factorized using
Singular Value Decomposition as

S=URUT,
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where U is an orthogonal matrix whose columns are the eigenvectors of S and R is a diagonal
matrix containing the singular values of S written in decreasing order so that R(1,1) is the
largest. Let Ug be the first d columns of U and Ry be the d-by-d matrix formed from first d

rows and columns of R. The d-rank approximation of S, Sy, that minimises ||S — Sq||2 is

.
Sq = UgRgUqgT = Ugr/Rav/RqUqT = [\/RdUdT] [\/Rduﬂ - XTX

Therefore the d dimensional embedding of alphabets is X = [\/RqUqg"].

Again, we must consider the case when distances do not satisfy triangle inequality. Though

S may not always be positive definite but we can still write the Singular Value Decomposition
S=URV',

where U and V are othogonal matrices. Columns of U are eigenvectors of AAT and columns
of V are eigenvectors of ATA. R is a diagonal matrix with entries in decreasing order of
value (singular values are always positive). Let Ug and Vg be the first d columns of U and V
respectively and Ry be the first d-by-d block of R as before. The d rank approximation of S,

Sd, that minimises ||S — Sq||2 can be written as

]
Sa=UaRaVa" = Usv/RavRaVa" = [VRaUd"| [VRaVaT| = XaT;

Therefore asymmetrically transforming one sequence using [v/RqUq'| and the other using
[v/R4aVq'] this case can be handled.

The time complexity of SVD for S is O(]%|3), but this cost is incurred just once. The num-
ber of dimensions to be retained can be decided using a plot similar to the scree-plot used in
Pricipal Component Analysis (essentially, a plot of the diagonal entries of R). As an example,
figure .11 shows the scree plot for the similarity matrix S of an alphabet whose characters are
4-grams of an alphabet of size 4 (as motivated in Section £.)) and the distances between them

are the edit distances of the sequences they represent. To determine the appropriate number of
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dimensions, we look for an elbow in the scree plot. The number of dimensions is taken to be
the point at which the remaining eigenvalues are relatively small and all about the same size
[47]. In Figure BT such an elbow occurs at i = 17, and therefore implies a dimensionality of
d = 16. If the similarity matrix is an identity matrix then all the eigenvalues are equal (= 1)

and no dimensionality reduction can be applied.

It is not possible to estimate the errors occurring due to the approximation because errors
at different positions may cancel or add up. However, we can obtain a bound on the error in
approximation. Let us say we use X; to transform the pattern P = 0j, 0, - + Ojjpy- Define the
error matrix E = S — X1 X5. Let e_min; and e_max; be the smallest and the largest values in
the ith row of E respectively. If the actual similarity is s, then the similarity obtained using Sq

ies i i |P| i IP| .
lies in the interval [s — 3, e-minj;,s+ Y, e_max;].

25 T T T T T

20 .

Eigenvalue;
[E=Y
a1
T
|

JEny
o
T

1

0 50 100 150 200 250

Figure 4.1: Scree plot for an alphabet formed from 4-grams on an alphabet Z (|Z| = 4)
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4.7 More Low-Rank Approximations of S

Any rank d matrix Aq € O™ can be written as Aq = UVT, where U € 0™ and V e
0™<d. Finding a low rank approximation can be thought of as minimization of some objective

function J(U, V) over the pair (U, V). The objective function considered in section 4.6 was

WUV) = 3 (AGT) - AL, )?
1)

2
— Al j) — S UGKV(LK) ],
;( (i, J) Z (1,k)V(] ))

which seeks to minimize the sum of the squares of the difference. We can also consider an

objective function wich minimizes the sum of the absolute value of the difference.
1]

A(i,j)—ZU(i,k)V(J,k)

a

The partial derivatives of J, are

% = {sign(UVT —A)}V, and
02 _ o T_AT
NV {sign(VU' —=AT)} U.

Since the objective function is not even differentiable (and hence the partial derivatives are
discontinuous) it is very difficult to optimize this function and the convergence and optimality
are not guaranteed. A few iterations of updating U, V using steepest descent and then updating
the partial derivatives can give good approximation if the starting point is suitable. A sensible
way to choose the starting point is the SVD-based d rank approximation. However, in practice
minimizing J» does not always give any better results when calculating similarity than J1 (in

fact, very often the results degrade).
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An objective function which actually does give better results is the weighted d rank ap-

proximation [46]. The objective function
B(UV) = SWG, ) (AG, i)~ Adli, )
1]

2
= ;W(i, j) (A(i, - ZU(L KV(, k))
minimizes the weighted Frobenius distance. Since the frequency of characters in the pattern
or the string may not be uniform, but can be skewed, finding a low rank approximation on the
basis of these frequencies gives lower errors. Here, even if the similarity matrix is identity,
dimensionality reduction can be applied. (If the user wants to calculate the FFT and store it
in the database for reusability, then this method cannot be used because of its dependence on
pattern). Let the frequency of characters in the pattern be given by fp and in the database
string by fr (fp, fr € O®*1). We can create the weight matrix W as either fpf] by using
both the frequencies or as fp1" by using only the frequencies of the pattern. If Sq is the rank
d approximation of S that optimizes J3 then the embedding can be obtained by factoring Sq
as X1 X,. But because of the way weights are specified, X1 has to be used for transforming
P and X, for T. Srebro and Jaakkola [46] give an efficient Expectation Maximisation based
method for finding the weighted low rank approximations. However, when W is of rank one

(as in our case), an SVD based method can be used to minimize Js.

Factorize W as product of two vectors wy and wyp

W = ww)
Create a new matrix A’ whose (i, j)th element is given by
A'(i, ) = AG, ) VW, §)-

Now obtain the unweighted rank d approximation, X, of A’ using SVD. The weighted rank d
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approximation, AY, of A is given by
- + - +
Al = ( dlag(wl)) X ( dlag(wz)) :

where T indicates pseudo-inverse (for a square diagonal matrix it just involves taking the

inverse of non-zero entries).
Proof: ~ The matrix X minimizes the objective function

() = 3 (AW -X(0.)’

]
2

B . R (¥)

= %W(',J) (A(I,J) 7W(i,j))

Therefore the weighted approximation of A has (i, j)th element as X(i, j)/+/W(i, j). This
+ +

matrix is given by < diag(w1)> X (\/diag(wz)> . O

Here, for choosing the dimensionality, the scree plot of A’ should be used.

We could also have a weighted version of the sum of absolute value of difference.

LUNV) = T WG, DIAG) - Adi, )|
1]

= S W)
1]

The partial derivatives in this case become

% = {W®sign(UVT —A)1}Vand
% = {WT@sign(VUT —AT)} U,

® indicating element-wise multiplication. As in the case of Jo, not only is it difficult to op-

timize this function, the similarities calculated using this are not guaranteed to be any better
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than those calculated using the approximation obtained from Js.

Practical implementations show that weighted low rank approximations do give lower er-
rors in similarity computation than unweighted, and therefore can work with smaller number
of dimensions. However, as mentioned, the reusability of the Fourier transfom of T for differ-
ent patterns is lost. Optimising J» and J4 can take alot of iterations and does not necessarily
improve the accuracy as compared to optimising J; and Js respectively (the differences in the

similarities calculated is marginal).
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5 Conclusions

In this project we have attempted to solve the problem of finding approximate repeats in a
sequence with a given percentage bound on errors. For this purpose we made an indepth study
of the existing work on approximate repeats, especially tools like RePuter and Vmatch. These
tools were designed for the fixed error bound version of the problem, and did not solve the
percentage error problem. It was observed that the approximate repeats could be decomposed
into a chain of maximal repeats, and we made this observation the basis of a scheme that we

have presented for tackling the percentage error problem.

We gave a detailed description of the scheme, in terms of the stages of computation and the
various issues faced in designing it. The issues of minimum size of seed to limit the number of
maximal repeats, the dynamic search depth and the edit distance calculation of the gaps have
been described. As part of the experimental analysis, the scheme was coded and executed
with different error bounds and sequnces with lengths upto 5 million base pairs. The results
show that the scheme is efficient and precise in finding the long approximate repeats which
are of greater biological significance. An analysis of the running time of the program shows
that the most time consuming stage of the scheme is the computation of the maximal repeats.
This underlines the importance of setting the minimum length of the seeds appropriately. In

totality, the running time appears satisfactory, considering the size of the sequences.

However, scope for improvement remains. Our current implementation handles only DNA

sequences. Issues like the calculation of edit distance of gaps have to be dealt with in a more
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systematic manner. One might be able to use the existing data structures to compute the
edit distance maore efficiently. Also, the minimum size of the seeds remains an issue which
has to be analysed. The output also needs to be properly organized. The repeats may be
classified according to their structure and position. Such classification would be of use to
biologists. Another interesting problem would be to see whether the scheme proposed for
approximate repeats can be adapted for the fixed error version of the problem. One can then
compare the performance of this modified scheme with that of RePuter. This might give us an
idea of the viability of extension using stitching of maximal repeats as compared to dynamic

programming employed by packages like RePuter.

The Generalized Hamming Distance problem has been described and the possible appli-
cations mentioned. Though a part of the work was found to have been done earlier (and
therefore, rediscovered), the approach to obtain similarities as the inner product of the vectors
representing the characters enables one to use linear algebra techniques to reduce the cost of
computation of similarities, and at the same time, keep the error as low as possible. By also

taking into account the frequency of characters in the pattern, the errors can be further reduced.
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