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MLE'’s, Bayesian Classifiers
and Nailve Bayes

Required reading:

» Mitchell draft chapter (on class website)
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Carnegie Mellon University

January 28, 2008



Estimating Parameters

 Maximum Likelihood Estimate (MLE): choose
0 that maximizes probability of observed data D

AN

0 = arg m@ax P(D|0)

« Maximum a Posteriori (MAP) estimate:
choose 0 that is most probable given prior
probability and the data

6 = argmax P(0|D)

0
= arg m@ax — P(D}J(Qf)(g)




Example: Bernoulli model

e Data:
e We observed Niid coin tossing: £={1,0, 1, ..., 0}
e Representation:
Binary r.v: . 0D
-‘Ii'! . . x : ‘
e Model: . 1.6 fors—0
LX) =+ N 7
? |9 for x =1 — P(x)=6"(1

P(x,)=0"(1-06)"
The likelihood of datasetD={x;, ..., xp}:

N N ';;;'x;
P(x. %Xy |0) = [ P(x, |0) =] (67 1-60)"") =07 (1
i=1 i=1

How to write the likelihood of a single observation x.?
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Estimating MLE for Bernoulli model
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Nalve Bayes and Logistic Regression

* Design learning algorithms based on
probabilistic model

~Lear f; X, > Y, or better yéf(\qX)l

 Two of the most widely used algorithms

* Interesting relationship between these
two:
— Generative vs Discriminative classifiers



Bayes Rule

P(X|Y)P(Y)
P(X)

P(Y|X) =

Which is shorthand for:
P(X =z;|Y = y)P(Y = y;)

Vi, ))P(Y = y;| X = x;) =

RN

Random ith possible value of Y
Variable



Bayes Rule

P(X|Y)P(Y)

P(Y|X) = 269

Which is shorthand for:
P(X =z;|Y = y; ) P(Y = y;)

(Vi, ))P(Y = y| X = x;) = P(X = ;)
]

Equivalently:

(i, HPY = g X = ;) = —ox = #[Y =) PO =)

>k P(X = 24|Y = yp ) P(Y = y)



Bayes Rule

P(X|Y)P(Y)
P(X)

P(Y|X) =

Which is shorthand for:
P(X =z;|Y = y)P(Y = y;)

(Vi, HP(Y = yi| X = z;) = P(X = z,)
- ]

Common abbreviation:

(vi,j) Plyile;) = LW P W)

P(x;)




Bayes Classifier

X Y
. . ] 4 \ / \ ?6/:1 I, ‘>
Tralnlng data. Sky Temp Humid Wind Water Forecst EnjoySptl —
Sunny Warm Normal Strong Warm Same Yes - Y
Sunny Warm High Strong Warm Same Yes -}
Rainy Cold High Strong Warm Change No .
Sunny Warm High Strong Cool Change Yes

POX[V)P(Y)

P(Y|X) = P(X) P() = ?F@WF@

Learning = estimating P(X|Y), P(Y)
\

Classification = using Bayes rule to
calculate P(Y | X"ew)




Bayes Classifier

X Y
4 \ /N

Sky Temp Humid Wind Water Forecst EnjoySpt
Sunny Warm Normal Strong Warm Same Yes
Sunny Warm High Strong Warm Same Yes
Rainy Cold High Strong Warm Change No
Sunny Warm High Strong Cool Change Yes

Training data:

P(X|Y)P(Y)

P(Y|X) = 269

How shall we represent P(X]Y), P(Y)?
How many parameters must we estimate?



Bayes Classifier

X Y

. 4 \/ N\
Tralnlng data: Sky Temp Humid Wind Water Forecst EnjoySpt

Sunny Warm Normal Strong Warm Same Yes
Sunny Warm High Strong Warm Same Yes
Rainy Cold High Strong Warm Change No
Sunny Warm High Strong Cool Change Yes

Py 1x) = PP

How m rs must we estimate?



Nalve Bayes
Nalve Bayes assumes

P(X1...XnlY) = HP(Xi\Y)

..e., that X; and X; are conditionally
Independent given Y, for all i#]



Conditional Independence

Definition: X is conditionally independent of Y given Z,
If the probability distribution governing X is
Independent of the value of Y, given the value of Z

Which we often write

P(X|Y,Z) = P(X|2)

E.g.,
P(Thunder|Rain, Lightning) = P(Thunder|Lightning)




Naive Bayes uses assumption that the X; are conditionally
|nd?,pendent\,/ given/Y 2% LB o cond wdep

Z&% P ol ) — 2 f cond .y

Given this assumption, then: - L\/ coq/

P(X1,X5[Y) @ P(X2|Y) edep

in general: P(X1...Xn|Y) = [[[P(X;|Y) .
0 B

How many parameters needed to describe P(X|Y)? P(Y)?

« Without conditional indep assumption?
i . i i (K;:l [Y=1
* With conditional indep assumption? >
P(X;:0 1Y:1) 72

PCX)':l \‘[50)




How many parameters to estimate?

P(X1, ... Xn|Y), all variables boolean
Without conditional independence assumption:

With conditional independence assumption:



Nailve Bayes in a Nutshell

Bayes rule:

P(Y = é;_; XnlY = 7
P(Y = gl X1 ... Xp) = & Z9p)PX - Xn]Y = y)

> P(Y = y;)P(X1... XnlY = y;)

Assuming conditional independence among X;'s:

P(Y = yi|X1 .. {P(Y — y}/ﬂ{P(X |Y—\y1577<« v

ZJP(Y_yJ)HzP(X |Y_yj)

~———
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So, classification rule for xrew =X, ..., X, }is:
yrer —argmax P(Y = yp) [] POXFNY = )



Naive Bayes Algorithm — discrete X

* Train Naive Bayes (examples)
for each” value y,
estimate m, = P(Y = y)
for each™ value x; of each attribute X;
estimate 0,;x = P(X; = z;;|Y = yi)

o Classify (Xnew)
Y —argmax P(Y = y) HP(X%%%Y = k)

7

Y%  arg rr?q?x Tk H 0k
()

" probabilities must sum to 1, so need estimate only n-1 parameters...



Estimating Parameters

 Maximum Likelihood Estimate (MLE): choose
0 that maximizes probability of observed data D

AN

0 = arg m@ax P(D|0)

« Maximum a Posteriori (MAP) estimate:
choose 0 that is most probable given prior
probability and the data

6 = argmax P(0|D)

0
= arg m@ax — P(D}J(Qf)(g)




Estimating Parameters: Y, X; discrete-valued

Maximum likelihood estimates (MLE’s):

#D{Y =y}
| D)

#D{X; =x;; NY =y}

0.k = P(X; = a5|Y = yp) = DY = 5

Number of items in set D
for which Y=y,



