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Abstract

We present a learning algorithm for non-parametric
hidden Markov models with continuous state and
observation spaces. All necessary praligiden-
sities are approximated using samples, along with
density trees generated from such samples. A
Monte Carlo version of Baum-Welch (EM) is em-
ployed to learn models from data. Regularization
during learning is achieved using an exponential
shrinking technique. The shrinkage factor, which
determines the effective capacity of the learning al-
gorithm, is annealed down over multiple iterations
of Baum-Welch, and early stopping is applied to
select the right model. Once trained, Monte Carlo
HMMs can be run in an any-time fashion. We prove
that under mild assumptions, Monte Carlo Hidden
Markov Models converge to a local maximum in
likelihood space, just like conventional HMMs. In
addition, we provide empirical results obtained in a
gesture recognition domain.

1 Introduction

learn non-parametric hidden Markov models with contin-
uous state and observatiorasps. Since comtuous state
spaces are sufficiently rich to overfit any data set, our ap-
proach uses shrinkage as a mechanism for regularization.
The shrinkage factor, which determines the effective capac-
ity of the HMM, is annealed down over multiple iterations
of EM, and early stopping is applied for model selection.

MCHMMs possess the following four characteristics,
which distinguishes them from the traditional HMM ap-
proach [27]:

1. Real-valued spacesBoth the state space and the ob-
servation space of MCHMMs are continuous. This is
important in domains where the true state and obser-
vation space of the environment is continuous. The
importance of continuous-valuedages has been rec-
ognized by several authors, which have proposed real-
valued extensions using parametric models such as
Gaussians and neural networks [2, 8, 9, 13, 17].

2. Non-parametric. Most existing HMM models rely on
parametric densities, defined by a small set of param-
eters (discrete distributions included). This is clearly
appropriate when one has reason to believe that the
parametric model is correct. In practice, however, one
might lack such strong prior knowledge. MCHMMs

Hidden Markov models (HMMs) [27] have been applied
successfully to a large range of temporal signal processing
problems, for tasks such as modeling, filtering, classifica-
tion and prediction of partially observable time sequences,
stochastic environments. Hidden Markov models are often
the method of choice in areas such as speeobgrétion
[27, 33], natural language processing [3], robotics [21, 29],
biological sequence analysis [11, 16], and time series anal-
ysis [10].

We present a new hidden Markov model, callddnte-
Carlo Hidden Markov Models (MCHMMs) MCHMMs
use samples and non-parametric density trees to repre-

learn non-parametric models of partially observable
stochastic systems. Such non-parametric methods can
fit much larger sets of functions, hence provide addi-
tional flexibility.

3. Built-in complexity control. MCHMMs make it pos-

sible to control the complexity of the state space during
learning. In contrast, the complexity of discrete HMMs
is determined by the number of states, which has to be
determined in advance, before training. Multiple train-
ing runs may thus be necessary to determine the right
number of states.

sent probability distributions. This makes it possible to 4. Resource adaptive.Finally, after training MCHMMs



can be used in amny-timefashion. Any-time al- ample trajectories under an HMM, and classifying data se-
gorithms can generate an estimateaaly time; the quences generated by mixtures of labeled HMMs. Algo-
more time available, however, the better the answerithms for these problems are described in detail in [27];
[4, 34]. The any-time property is directly inherited they are easily transferred from the finite to the continuous
from sampling-based methods, as the number of samease.

ples can be controlled on-line. In practice, the densities are often unknown and have to

] _ be estimated from data. The data, deneteid a sequence
This paper presents MCHMMs. It describes a samplegf gbservations denoted

based learning algorithm that extends Baum-Welch to

MCHMMs. We also give theoretical results that prove d = {01,0,...,0r}. (1)
(with probability one) convergence of the learning algo-HereQ, denotes the observation at timel he total number
rithm to a local maximum in likelihood sge. This re- of observations i@ is 7.

sult, whose proof is only outlined here (see [32] for all The well-known Baum-Welch algorithm [1, 20, 27] pro-

proofs), extends the well-known convergence result for dis- . : -
crete HMMs to the real-valued, non-parametric case. Wwdes a computationally efficient and elegant approach for

o . : Efearningw, i, andv. Baum-Welch begins with an initial
a!sp presen.t empl.rlcal results Obt‘?"”ed ina gest.ure reCotodel, denoted(©). It iterates two steps, an E-step and an
nition domain, which seek to provide the first evidence OfM-step (see also [6]). In the-th E-step, distributions for

the usefulness of MCHMMs in practice. the various state variables are computed under a fixed

_ _ model\(™®) (with n > 0). Then-th M-step uses these dis-
2 Generalized Hidden Markov Models tributions to derive a new, improved modér+1).

. L ) In the E-step, distributions are computed for the state vari-
This section introduces the necessary notation to extengb|esl,t conditioned on a fixed model and the datal.
HMMs to continuous state and observatiomsgs. It fol- ool from [27] that in the discrete case

lows the excellent deposition of [27], with continuous den-

sity replacing discrete distributions throughout. For con- aM@) = Prley=2]0,...,0,A")  (2)
vergence, we assume all event spaces amdina variables ﬁt(n)(l‘) = Pr(Oui,....0r |2 =2 /\(n)) 3)
(e.g., state, observations) are measurable. Unless other- n) R " ;

wise specified, all probability density functions are Lips- v (®) = Pr(ze=w[d ") (4)
chitz (implying continuity) and non-zero over some com- ¢, o) = Pr(z, = 2,201 = 2’ | d,AM) (5)

pact interval. . .
The continuous case is analogous; however, heaad 5

A generalized HMM(in short: GHMM) is a partially  are densities (and thus may be larger than 1). Following
observable, time-invariant Markov chain with continuous[27], these densities are computed incrementaliig com-
state and observation spaces and discrete time. At eagfy;ted forward in time, and backwards in time (for which

time¢ > 1, the HMM's state is denoted,. Initially, at  yeason this algorithm is often referred to as theward-
time¢ = 1, the state of the HMM is selected randomly packward algorithmr Initially,

according to the density. State transitions are governed (n) (n)
by a conditional probability density, denotg¢’ | z) and ag’(x) = #™(x) and pgY(z) = 1 (6)
calledstate transition density and for all other, and 3;:

In HMMs (and thus in GHMMs), the state cannot be ob- () (o (n) ") ,
served directly. Instead, only a probabilistic projection of®: ) = /O‘t—l(l’ ) (e | &) (O [ ) dat o (7)

the state is observable. Lé&t denote a measurable ran-

dom variable that models the observation at timeOb- 8\ (z) = /ﬁfi)l(x’) p ™M@ &) v (Org | 2') da' (8)
servations are generated according to a priipatensity » ]

conditioned on the state of the HMM (called tbbserva-  Bayes ru[e governs the conditional density over the state
tion density, denotedv(b | z) . A generalized HMM is  SPace attime:

uniquely defined trough three densities= {7, 1, v }. (”)(x) B agn)(l,) ﬁt(n)(l’)

(9)

Putting computational considerations aside for the mo- () (21 80 (2 da’
ment, knowledge of\ is sufficient to tackle a variety of ar (&) B (o) da

interesting practical problems, such as computing diStrimity of the presentation, we only present the case

butions over states and observations at arbitrary points i|?1 which the data consist of a single sequence. The extension

time, generating representative example trajectories in stag multiple sequences is straightforward but requires additional
and observation space, determining the liketid of ex-  notation.



Similarly, the state transition densitiés?) are computed where for alln with 1 < n < N: #, € dom(f), p., €

as [0,1], and ZnNzlpxn = 1. Sample sets can be thought
(n) , of as discrete probability distributions over the event space
& (w,2) = (10) {a,...,zn}, defined through the-values [23, 26] For

reasons that will become clear belowyalues are often

() () 1) (2 (n) n an) (o
a0 | 2) v (O | ') B ()
(z) ( ) Ot [) P referred to asmportance factor§28].

Qy
/ / ol (@) g (& | 7) 'Oy | #) BT (&) di di

A sampling methods a method that approximates
. through samples. We will call a sampling methesiymp-
This computation is completely analogous to the flnltetotica”y consistentf for N — oo, X converges tgf with
case, replacing conditional probabilities by Conditiona|probability1when integrated over the system of half-open

densities. Borel sets:
The M-step uses\™ (z) andé(™ (x, 2') to compute a new 1
modelA("+1)  using the maximum likelihood estimator: Nlim Z Loo<ocar Po = / f(x) dz (15)
T e poex #
(@) = () (11) . y
T—1 () , Sampling can be applied to approximate any probability
ﬂ(n+1)(x/ | x) _ Zt:T1 ft (()l‘,l‘) (12) densityf [31].
=1 Ve (2) We will distinguish two methods for sampling, both of
T _y A which are asymptotically consistent:
I/(n+1)(b | l‘) — Zt:l Iot—b Ve (l‘) (13) ymp y

S W (@)

Herel.,,qs denotes an indicator variable that is 1 if the con-
dition condis true, and O otherwise. A straightforward re-
sultis the convergence of GHMMs.

1. Likelihood-weighted sampling. When £ is available
explicitly, we will directly sample fromf (e.g., using
rejection sampling [31]). In likelihood-weighted sam-
pling, all p-values arel/N. The concentration of the
resulting sample set will be proportional to the density

Theorem 1. (GHMM Convergence Theorem)Under the
assumptions above, the GHMM learning algorithm does
not decrease the likelihood of the observation sequence
with probability 1. With probability 1, it does not improve 2,
the likelihood if, and only if a local maximum or a saddle
point has been reached.

The full proof can be found in [32]. Our proof is a direct
extension of a result by Juang [13], who has shown conver-
gence to local maxima for HMMs with a finite number of
states and continuous observations, where the observation
densities are a mixture of log concave or ellipsoidal sym-
metrical densities. The convergence of GHMMs follows
from the fact that any continuous and Lipschitz density can
be approximated by mixtures of Gaussians, hence by a se-
guence of HMMs that meet Juang’s assumptions.

3 Sampling and Density Trees

3.1 Sampling

MCHMMs use samples to approximate all densities (mod-
els, posteriors, conditional and joint densities). Sample sets
are (finite) sets of values, annotated by numerical proba-

f, i.e., the larger the measure pbver a region4, the
more samples will be int (in expectation).

Importance sampling. In some cases, however,
likelihood-weighted sampling cannot be applied. This
is the case, for example, when approximamﬁ@)(x),
which is a recursive product of convolved densities and
other densities conditioned on observations (c.f., (7)).
Instead of sampling directly frorfi, importance sam-
pling [28] samples from a different distributignthat
has the property'(z) > 0 = g(x) > 0. The dif-
ference betweerf andyg is accounted by thg-values,
which are defined as follows:

o = P 17
Per., S (17)

Importance sampling [28] has been studied extensively
in the statistics literature (see for example [31]). The
reader may notice that likelihood-weighted sampling is
a special case of importance sampling (wWitke ¢).

bilities [18, 23]. More specifically, lef be a probability ~ Figure 1a shows a sample set drawn by likelihood-weighted
density function, and lel denote a positive number (the sampling from a distribution that resembles the shape of a

cardinality of a sample set). sample seis a set sine wave. All probabilitiep, of the sample set shown
there are the same, and the samples are concentrated in a

X = {(#1,P0,) - (&N, Pen) ) (14)  small region of thér?.
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Figure 1: (a) Data set (b) partitioned by a density tree. (c) Density tree with shrinkage for complexity control. Each
branch cuts the area under a node into two equally-sized, rectangular halves, shown in grey. The desdityoafe is

an exponentially weighted mixture of densities of the nodes along the path to the leagf-t@ims describe the mixture
coefficients for this example.

Both sampling methods can equally be appliedample names such asurvival of the fittesf14], condensation al-
from a sample setoften referred to asesampling[28]). gorithm[12], or, in the context of mobile robotic&onte
Let X be a sample set. Likelihood-weighted samplingCarlo localization[5, 7].

draws samples fronk' according to the (discrete) proba- Particle filters assume that the modal is known.
bility distribution induced by theip,.-values. Each sample They approximate the distributions af; using sam-
is then assigned the same probability §). Importance pling/importance resampling:

sampling draws samplesfrom X according to some other
densityg, and assign% to the new sample’'g-value.
Sampling from sample sets plays an important role in the
Monte Carlo HMM algorithm described below.

1. Initialization: GenerateN samples ofr (e.g., using
likelihood-weighted sampling).

A straightforward but important result is the following: 2. Foreacht = 1,...do:

Theorem 2. Likelihood-weighted sampling converges (in (a) GenerateV samplegz’, p,/) from the sample set

the sense of (15) with probability one foas N — oo, representingy;_; using likelihood-weighted sam-

at a rate ofl /~/N. Importance sampling also converges pling.

with probability one tof at the same asymptotic rate if (b) For each sampléz’, p,/), generate a random

fqlé)l < 0. from p(z | 2') using likelihood-weighted sam-
pling.

The proof, which is given in detail for likelihood-weighted
sampling in [32], follows directly from a result in [31],
pg. 33. For the importance sampler, the variance of the
error depends on the “mismatch” betwegandy.

(c) Setp, toavalue proportional to(O; | ), where
O is thei-th observation in the data set.

Particle filters have successfully been applied to state es-

timation problems in computer vision [12] and robotics

3.2 Particle Filters [5, 7]. In MCHMMs, this algorithm is used to approximate
the distributions ofv; andg;.

Armed with the definition of sample sets and procedures for

generating them, we can now devise a sample-based algg:3 pensity Trees

rithm for tracking the state of a dynamical systguarticle

filters[26]. Variants of this algorithm, which have become While sample sets are sufficient to approximate con-

popular in ecent years, can bedind in the literature under tinuous-valued distributions, they differ from those in that



they arediscrete This is problematic if one wants to com- The proof exploits the fact that our splitting rule ensures
bine densities represented through different sample setthat (1) the depth of the tree grows without bounds and
For example, according to Equation (9),is the normal-  (2) the number of samples in each leaf also grows with-
ized product of two densities, andg;, each of whichrep- out bound asvV—oo. The convergence then follows from
resented by its own sample set. Unfortunately, with prob+the fact thatf is Lipschitz?

ability one, none of the samplesdn ands; are identical,

and thus it isotstraightforward how to obtain an approxi- 3.4 Regularization Through Shrinkage and

mation of their product. Annealing

MCHMNMs solve this problem by transforming sample sets
into (non-parametric) density trees [15, 22, 25], which ef-
fectively “generalize” discrete distributions (samples) to
continuous distributions. Each node in a density tree is an
notated with a hyper-rectangular subspacd®fi( f), de-
notedV’ (or V; for thei-th node). Initially, all samples are
assigned to the root node, which covers the entire domai
of f. The tree is grown by splittingachnode: whenever
the following two conditions are fulfilled:

The continuous nature of the state space in GHMMs (and
hence in MCHMMSs), makes it possible to ovedity data
set, no matter how large. This is because GHMMs are rich
enough to assign a different stategach observation in
the training data (of which there are only finitely many),
making it essentially impossible to generalize beyond se-
auences other than the ones presented during training. A
similar problem arises in conventional HMMs, if they are
given more states than there are training examples. In GH-
. MMs the problem is inherent, due to the topology of con-
1. Atleasty/N samplegz, p.) € X fallinto V;. tinuous spfces. Thus, some kind of regularizgtior?i); needed
2. lts depth, i.e., its distance from the root node, does noto prevent overfitting from happening.

exceed| 1 log, N|. Our approach to regularization is based shrinkage
: o o ) [30]. Shrinkage is a well-known statistical technique for
If a node is split, its hyper-rectangleis divided into two  «ming together” different estimates from different data
equally sized hyper-rectangles along its longest dimensiory ,rces. |n a remarkable result by Stein [30], shrinking
as illustrated in Figure 1c. Figure 1b shows a density ré@gtimators were proven to yield uniformly better solutions
generated for the sample set shown in Figure 1a. over unbiased maximum-likelihood estimators in multi-
Let f be a density functionX a sample drawn from this variate Gaussian estimation problemsShrinkage trees
density, and for alke € dom(f) let i(z) denote the leaf were introduced by McCallum [19]. Instead of using the
whose regiori; containse. Furthermore, let; denote the  density estimates at the leafs of a tree, shrinkage trees mix
relative frequency of samples in th¢h node weighted by those densities with densities obtained further up in the

their respectivey, values: tree. These internal densities are less specific to the region
covered by a leaf node; however, their estimates are usually
o = Z Ivev, po (18)  obtained from more data, making them less susceptible to
(wpa)eX variance in the data.
Hence the density function of a tree, denofeds defined ~ Figure 1c shows an example using shrinkage with an expo-
as follows: nential factor, parameterized py(with 0 < p < 1). Here

eachnode in the tree, with the exception of the root node,
(Vz € dom(f)) (19) Weighs its own density estimate iy — p), and mixes it
Vi)l with the density estimate from its parent using the weight-

The numerator of (19) describes the weighted relative freind factorp. As a result, every node along the path con-

quency that a sample falls into the interval of the né{de. Frl]ctl)utes todthe density e§t||1nat§ haththz'leaf, hc;weve; Its
The denominator is the size of the interval, which is nec-:gagﬁggi ggagslj(gont?\g“\?al}llj;mfdét:rmliit::?ﬁe ;Or;nofmet

essary to transform a relative frequency into a density ove(r)f shrinké o If _y’l onl th(froot node is consulted
the intervall;.y. The density functiorf(x) can be equally ge. lip = 1, only '

P — i)

f(z)

Qefined forinternal nodes(npn-leaf nodles). This will be 2The termination conditions for growing trees where chosen
important below, where estimates at different levels of theo facilitate the derivation of Theorem 3. In practice, thesed-
tree are mixed for regularization. tions can be overly restrictive, as they often require large sample

sets to grow reasonable-sized trees. Our actual implementation
In [32] we prove the following important convergence re- sidesteps these conditions, and trees are grown all the way to the
sult: end. While the convergence results reported here are not appli-
. . cable any longer, our implementation yielded much better perfor-
Theorem 3. With probability one, density trees converge mance specifically when small sample sets were used (e.g., 100
to f asN —oc. samples).



Model Initialization: Initialize A = {, u, v} by three randomly drawn sets of samples of the appropriate dimension. Generate density
trees from these samples. $et 1, and chose an initial sample set si¥e> 0.

E-step:
1. Computation of, (c.f., (6)). Generat&/ samples from the tree representingsing likelihood-weighted sampling.
2. Computation o, (c.f., (7). For eaclhwith 1 < ¢t < T do:
(@) GeneratéV samplegz’, p,/) from the sample set representing-; using likelihood-weighted sampling.
(b) For each samplé:’, p./), generate the conditional densityz | =) using the tree-version @f. Sample a single from
this tree, using likelihood-weighted sampling.
(c) Setp. to avalue proportional to(O; | z), whereO, is thet-th observation in the data set. This density value is obtained
using the tree representing
(d) Generate a tree from the new sample set.
. Computation ofir (c.f., (6)). Generat&V uniformly distributed samples.
4. Computation of; (c.f., (8)). For each with 7" > ¢ > 1 do:
(@) GeneratéV samplegz’, p,/) from the sample set representifig.. using likelihood-weighted sampling.
(b) For each samplé:’, p./), generate the conditional densityz’ | =) using the tree-version @f. Sample a single from
this tree, using likelihood-weighted sampling.
(c) Setp, to a value proportionat(O:11 | z'), whereO,4, is thet + 1-th observation in the data set. This density value is
obtained using the tree representing
(d) Generate a tree from the new sample set.
5. Computation ofy; (c.f., (9)). For each with 1 < ¢ < T do:
(a) GenerateV/2 sample froma; by likelihood weighted sampling, and assign to each samme importance factop.
proportional ta3; (z), using the tree approximation 6f.
(b) GeneratéV/2 sample fromg3; by likelihood weighted sampling and assign to each sampd® importance factop.
proportional tox (), using the tree approximation af .

w

M-step:

1. Estimation of the new state transition dengit{c.f., (12)): Pick/N random timeg € {1,...,7 — 1} and generate samples
(w,p.) and{a’, p,+) from ., and~:41, respectively, by likelihood-weighted sampling. Add:, »'), N ') into the sample
set representing. Generate a tree from the sample set. When usiag | =), condition the tree on.

2. Estimation of the new observation densityc.f., (13)): PickN randomt € {1,...,7} and generate a sample, p.) from

~: by likelihood-weighted sampling. Add«, O;), N ™'} into the sample set representingGenerate a tree from the sample
set. When using(b | =), condition the tree on.

3. Estimation of the new initial state distributian(c.f., (11)): Copy the sample sef into =. Generate a tree from the sample
set.

Annealing: Setp < pp. Stop when the likelihood of an independent cross-validation set is at its maximum.
Sample set size:N «+— nN, for somen > 1.
Table 1: The MCHMM algorithm.

hence, the probability density induced by the tree is uni-Cross validation (early stopping) is applied to determine
form over its domain. If» = 0, on the other hand, there when to stop training.

is no shrinkage and only the estimates in the leaf nodes de-

termine the shape of the density function. For intermediate;  Monte Carlo HMMs

values ofp, estimates along the entire path are combined.

Since the optimal value gf is problem-specific—de facto We are now ready to present the main algorithm of this

it depends on the nature of the (unobservable) stateesp- ~ Paper, along with the main theoretical result: The Monte
our approach uses annealing and cross validation to detefarlo algorithm for GHMMs, calledvionte Carlo hidden

mine the best value fgr. More specifically, Markov modelg(in short MCHMM). An MCHMM is a
(n) o computational instantiation of a GHMM that represents all
P = F (20)  densities through samples and trees.

wherep < 1 is a constant (e.g., 0.9) anddenotes the The learning algorithm for MCHMMs is depicted in Ta-
iteration counter of the Baum-Welch algorithm (starting atble 1. MCHMMs use both sample-based and tree represen-
1). Thus,p starts withp(® = 1, for which nothing can  tations during learning. In a nutshell,

be learned, since every density is uniform. The parameter

p is then annealed towards zero in an exponential fashion.e E-step. Particle filters are applied for forward and
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Figure 2: Examples of gestures. The first two gestures were drawn counterclockwise; whereas the other two were drawn
clockwise. The MCHMM learning task is to differentiate them.

backward projection (c.f., Section 3.2 and Equationsonly the tree-based version of the modet {r, p, v};all

(7) and (8)), using the tree approximationsofy and  sample sets can be discarded. Problems such as state track-
v. ing, prediction, analysis and discrimination can then typi-
Forward and backward densities are multiplied (C_f_,cally be solved using particle filters (or va'riants/egtensions
Equation (9)) by multiplying the importance factors of thereof). By adaptmg the sample set size qn-lme, these
one of the sample sets (e.g.) with their density val- Methods can be implemented asy-timealgorithms [4,
ues under the tree induced from the other sample set4] that adapt their computational complexity to the avail-
(e.g., ). This “trick" overcomes the problem dis- ab[e resources. In addition, sampllng in a likelihood-
cussed in the beginning of Section 3.3, namely thatveighted manner places computation where needed: at re-

with probability 1 no two samples in the sets represent—gions with high likelihood. These properties make MCH-

ing a, and3, are the same. Its asymptotic correctnessVMs attractive for real-time tracking and control [7].

follows from the convergence results for sampling and
density trees, and the convergence of importance sam-

pling [28, 31]. 5 Experimental Results

e M-step. The new model\ = {=, u,v} is obtained

by generating samples from the initial state dIStrIbu-This section reports experimental results, obtained for

tion (in the case of), distributions of pairs of consec- MCHMNMs applied to two problems: an artificial one which

utive states (in the case pj, and distributions of states was chosen for demonstration purposes. and a gesture
paired with the corresponding observations (in the case purp ' 9

: recognition problem. The results are primarily intended to
of v). Trees are then induced from these sample sets. illustrate MCHMM s in the finite sample case. Compar-

The trees ofu andv represent joint distributions, not isons with existing HMM methods is beyond the scope of
conditional distribution. Hence, when using these treeghis paper.

they are conditioned on a state(c.f., Equations (12 . : . :
ang(13)) & d (12) The artificial data set consists of multiple oscillatory se-

guences. Observations are 10-dimensional and governed

For regularization, MCHMMs use annealing and cross-by
validation to determine the best shrinkage factor. To ensure

convergence, the number of samplgsis increased over
9 P (0254 £01,0.25 4 212,025 + 2. 3,

time. 0254 2410) if ¢ odd
The convergence of MCHMMs is guaranteed by the fol-¢), —

lowing important theorem: (0.75+ €¢1,0.75 + €4 2,0.75 + &4 3,

Theorem 4 (MCHMM Convergence Theorem). Under 5075+ £1.10) if ¢ even

the assumptions stated above, any strictly monotonically
increasing schedule of’s will cause an MCHMM to con-

verge to a local maximum of the corresponding GHMM Wheree, ; (with 1 < ¢ < 20 andl < 7 < 10) are in-
with probability 1. dependent and identically distributed noise variables with

zero-centered triangular distribution oyer0.15; 0.15]. To
test the discriminatory accuracy of the learned model, we
Once an MCHMM has been trained, it suffices to memorizealso generated a second, similar data set (using other inde-

We omit the lengthy proof, which can be found in [32].
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bars are also shown.
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Figure 4: (a) Log likelihood for the gesture data base obtained for independent testing data. The top curve shows the log
likelihood of gestures drawn in same same way as the training gesture, whereas the bottom curve shows the log likelihood
of gestures drawn in opposite direction. (b) Trade-off between sample set size and log likelihood, for the gesture data
set. The more samples are available, the higher the likelihood, and hence thacturage the results. However, even
extremely small sample sets yield reasonable discrimination.

pendent noise variable3. Notice that this problem is more difficult then the artifi-
cial one, as the observations alone (stripped of their tem-
poral order) are insufficient for discrimination; instead, the
MCHMM has to learn a meaningful model of the internal
state.

(0.25+€¢1,0.75 + €4 9,025+ &4 3,
...,0.75—|—6t710> if ¢ odd
Ot ==
<075 + &1, 0.25 + €t,25, 0.75 + €t.3,
..,0.254 &4 10) if t even  Figures 3 shows results obtained for the first dataset.
. . Shown in both figures are curves that characterize the log
The second data set consisted of a collection of handgy ¢ ihooq (notice that the log likelihood is unbounded for
drawn gestures. Figure 2 shows examples. Once drawiy, i oy distributions). Figure 3a illustrates that the log

all gestures in our data base look quite s!m|lar. Howeveryy alihood of thetraining setincreases monotonically over
some of the gestures were drawn clockwise, whereas oth-

d lockwise. H . qi nultiple iterations of EM (Baum-Welch), for different ex-
ers were drawn counterclockwise. Here we are intereste 'Berimental conditions described in the figure caption. Fig-
discriminating clockwise from counterclockwise gestures.



ure 3b shows testing results. The upper curve depicts themall sample sets yielded good discrimination (after train-
log likelihood for a set of random sequences that are gening with larger sample sets). For example, we observed on
erated from the same model as the training sequences. Tl@erage 16% classification error with= 10 samples.

bottom curve depicts the log likelihood for independently - 1\ gesture data base, one iteration of EM (using the

generated sequences using the other model, for which t : : in th . fEi K the fol-
MCHMM was not trained. In both cases, only a single datar%ﬁ:g‘:’iriis.cnbed In the caption of Figure 3a) took the fo

set (of length 20) was used for training, and testing was
performed using 20 data sets generated independently. The sample set sizT sample set sizT training time

initial shrinkage factor wag = 1, which was annealed for p, v fora, 8,v,7 | (in seconds)
down at the ratg = 0.9. Figure 3b shows the effect of 100 100 0.852
overfitting: the testing likelihood increases first, but then 1000 100 1.53
levels off (approx. iteration 6) and decreases. Using early 100 1000 10.36
stopping, we obtained 100% generalizatameuracy in all 1000 1000 18.38

experiments, even if as few &5 = 10 samples were used. - . . _
After training, processing a single gesture (which involves

Figure 4a shows the corresponding testing result for theunning the particle filter on two different MCHMMs) took
more difficult gesture recognition problem. These resultshe following time:

were obtained using a single gesture for training only, and

using 50 gestures for testing. The top curve depicts the log _Sa@mple set size far | running time (in seconds)

likelihood for gestures drawn in the same direction as the 10 0.00242
training gesture, whereas the bottom curve shows the log 100 0.0242
likelihood for gestures drawn in the opposite direction. As 1000 0.260

easily noticed in Figure 4a, the difference between classeﬁ]ese numbers were obtained on a low-end PC (equipped

IS smallgr th'an In Figure :fb_Wh',?h comes at no SUMPTSE=,ith a 266Mhz Pentium [). The latter numbers illustrate
yet the likelihood of the “correct” class is still a factor of

. . that after learning, the processing of a gesture is several
410’5 larger than that of th'e opposite class. .Flgure 4a als.8rders of magnitl?de fas?er than tﬁe hang motion involved
shows the effect of annealing. The best shrinkage value is, gesture generation
obtained after 12 iterations, whepe= 0.28. As in the '
previous case, cross-validation using a single gesture per- )
forms well. On average, the classification accuracy wher ~€onclusion
using cross-validation for early stopping is 86.0%. This

rate is remarkably high, given that only a single gesture pe}Ve have presented Monte Carlo Hidden Markov Models
class was used for training. (MCHMMSs), a new algorithm for hidden Markov model

) . . learning. MCHMMs extend HMMs to real-valued state
Figure 4b illustrates the trade-off between computation an¢ynq observation spaces andn-parametric models. They
accuracy empirically for the gesture data base. Shown therfepresent all densities by samples, which are transformed
is the log likelihood of the testing data as a function of thejyig probability density functions using density trees. Be-
sample set size/. Notice that the horizontal axis is 10g- cayse the continuous statesps are richreough to fit (and
arithmic. All of these points are generated using a modebyerfitt) arbitrary data sets, our approach uses shrinkage to
A obtained using early stopping. The sample set size wagquce its complexity. The shrinkage parameter is gradu-
generatechfter training, to investigate the effect of com- 41y annealed down over time, and cross-validation (early

putational Iim'itati'ons on the on-line performance of thestopping) is used for model selection (regularization).
MCHMM. As in Figure 4a, the top curve in Figure 4b de- )

picts the log likelihood of gestures drawn in the same direc!n this paper, MCHMMs have been shown to converge to
tion as the training data, whereas the bottom curve showc@l maximain likelihood space for a large non-parametric
the log likelihood of gestures drawn in opposite direction.cl2ss of probability density functions. Empirical results,
The result in Figure 4b illustrates that the likelihood (and carried outin an artificial and a gesture recognition domain,
hence the accuracy) of both data sets increases with tfiemonstrate that our approach generalizes well even when
sample set size. This is not surprising, as the accuracVa'”ed Wl'th extremely scarce data. Additional experiments
of the approximations increases with the sample set siz&haracterize .the nat'ural trade-off between sample set size
In addition, Figure 4b suggests that the distance betwee@Nd accuracyllustrating that good results may be achieved
clockwise and counterclockwise gestures is approximatelfven from extremely small sample sets. Additional results
constant in log likelinood space (hence it grows in likeli- deéscribed in [32] illustrate the effect smoothingn the
hood s@ce). Thisllustrates that better results are achievedorward/backward project step.

with larger sample sets. In our experiments, however, evelfhe choice of density trees for representing densities in



MCHMMs is somewhat ad hoc. In principle, a range of [15] D. Koller and R. Fratkina. Using learning for approximation
methods could be applied, such as Gaussian kernels. The in stochastic processe€ML-98.

trade-offs involved in choosing the right density model are[16] A. Krogh, I.S. Mian, and D. Haussler. A hidden markov
currently poorly understood and therefore warrant future ~ model that finds genes in e. coli dnaNucleic Acids Re-

search 22, 1994.

research.
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