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Abstract. This paperaddressestheproblemof building large­scalegeometricmapsof indoorenvironmentswith
mobile robots. It posesthemapbuilding problemasa constrained,probabilisticmaximum­likelihoodestimation
problem. It thendevisesa practicalalgorithmfor generatingthe mostlikely mapfrom data,alongwith the most
likely pathtakenby therobot. Experimentalresultsin cyclic environmentsof sizeup to 80 by 25 meterillustrate
theappropriatenessof theapproach.
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1. Intr oduction

Over the last two decadesor so, the problemof acquiringmapsin indoor environments
hasreceivedconsiderableattentionin themobileroboticscommunity. Theproblemof map
building is theproblemof determiningthelocationof entities­of­interest(suchas:landmarks,
obstacles),oftenrelativetoaglobalframeof reference(suchasaCartesiancoordinateframe).
To build a mapof its environment,a robotmustknow whereit is relative to pastlocations.
Sincerobot motion is inaccurate,the robot mustsolve a concurrentlocalizationproblem,
whosedif�culty increaseswith the sizeof the environment(andspeci�cally with the size
of possiblecycles therein). Thus, the generalproblemof mapbuilding is an exampleof
a chicken­and­egg problem: To determinethe locationof theentities­of­interest,therobot
needsto know whereit is. To determinewhereit is, therobotneedsto know thelocationsof
theentities­of­interest.

In our experiments,we investigatea restrictedversionof the mapbuilding problem,in
which a humanoperatortele­operatestherobot throughits environment. In particular, we
assumethattheoperatorselectsa smallnumberof signi�cant places(suchasintersections,
corners,deadends),wherehe pushes(with high likelihood) a button to inform the robot
thatsucha placehasbeenreached.Theapproach,however, canbeappliedto theproblem
of landmark­basedmapacquisition(usingoneof the many landmarkrecognitionroutines
publishedin the literature, such as (Borenstein,Everett, & Feng, 1996; Choset,1996;
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Kuipers& Byun, 1991; Mataríc, 1994)). Thus, the paperphrasesthe approachin the
languagecommonlyusedin the �eld of landmark­basednavigation. Thegeneralproblem
addressedin this paperis: How cana robotconstructa consistentmapof anenvironment,
if it occasionallyobservesa landmark?In particular, thepaperaddressessituationswhere
landmarksmight beentirely indistinguishable,andwheretheaccumulatedodometricerror
mightbeenormous.

The paperpresentsanalgorithmfor landmark­basedmapacquisitionandconcurrentlo­
calizationthatis basedon a rigorousstatisticalaccounton robotmotionandperception.In
it theproblemof mapbuilding is posedasamaximumlikelihoodestimationproblem,where
both the locationof landmarksandthe robot's positionhave to be estimated.Likelihood
is maximizedunderprobabilisticconstraintsthat arisefrom the physicsof robot motion
andperception.Following (Koenig& Simmons,1996;Shatkay& Kaelbling,1997a),the
high­dimensionalmaximumlikelihood estimationproblemis solved ef�ciently using the
Baum­Welch(or alpha­beta)algorithm(Rabiner& Juang,1986),which is a specialversion
of EM (Dempster, Laird, & Rubin, 1977). Baum­Welch alternatesan “expectationstep”
(E­step)anda “maximizationstep”(M­step,sometimesalsocalled“modi�cation step”). In
theE­step,thecurrentmapis heldconstantandtheprobabilitydistributionsarecalculated
for pastandcurrentrobot locations.In theM­step,themostlikely mapis computedbased
on the estimationresultof the E­step. By alternatingbothsteps,therobot simultaneously
improvesits localizationandits map,which leadsto a local maximumin likelihood space.
Theprobabilisticnatureof theestimationalgorithmmakesit considerablyrobust to ambi­
guitiesandnoise,bothin theodometryandin perception.It alsoenablestherobotto revise
pastlocationestimatesasnew sensordataarrives.

The paperalsosurveys resultsobtainedwith a RWI B21 robot in indoor environments
of size80 by 25 meter. Oneof theenvironmentscontainsa cycle of size60 by 25 meter,
which hasbeenmappedsuccessfullydespitesigni�cant odometricerror. Theapproachhas
beenintegratedwith aconventionalmethodfor building occupancy grid maps(Thrun,1993,
1998),for which resultsarereportedaswell. Relatedwork is reviewedin Section9.

2. The probabilistic model

Thissectiondescribesourprobabilisticmodelof thetwo basicaspectsinvolvedin mapping:
motionandperception.Thesemodelstogetherwith the data(seenext section)de�ne the
basiclikelihoodfunction,accordingto whichmapsarebuilt.

2.1. Robot motion

Let � and��� denoterobotlocationsin � ­ � ­ � space(sometimescalledposes), andlet � denote
acontrol(motioncommand),whichconsistsof acombinationof rotationalandtranslational
motion. Sincerobotmotionis inaccurate,theeffectof a control � on therobot's location �

is modeledby a conditionalprobabilitydensity
�
	

�

���

��
���� (1)

which determinesthe probability that the robot is at location ��� , if it previously executed
control � at location � .

�
	

���

�

��
���� imposesprobabilisticconstraintsbetweenrobotpositions



�

(a) (b)

Figure1. Probabilisticmodelof robotmotion: Accumulateduncertaintyaftermovingasshown: (a)40 meter, (b)
80 meter.

at differentpoints in time. If
�
	

��� is the probability distribution for the robot's location
beforeexecutinga control � ,
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�
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����� � (2)

is the probabilitydistribution after executingthat control. Figure1 illustratesthe motion
model.In Figure1a,therobotstartsat thebottomlocation(in aknown position),andmoves
asindicatedby thevertical line. Theresultingprobabilitydistribution is visualizedby the
grey areain Figure1a: Thedarkeravalue,themorelikely it is thattherobotis there.Figure
1b depictsthis distributionafter two motioncommands.Of course,Figure1 (andvarious
other�gures in thispaper)show only 2D projectionsof

�
	

��� , as
�
	

��� is three­dimensional.
Notethattheparticularshapeof thedistributionsresultsfrom accumulatedtranslationaland
rotationalerrorastherobotmoves.

Mathematicallyspeaking,theexactmotionmodelassumesthattherobotaccumulatesboth
translationalandrotationalerrorasit moves.Bothsourcesof erroraredistributedaccording
to a triangulardistribution, that is centeredon thezero­erroroutcome.1 Thewidth of these
distributionsareproportionalto thelengthof themotioncommand.Of course,theresulting
distributionis nottriangularlydistributedin � ­ � ­ � space,asthedifferentcurvaturesin Figure
1 indicate.

2.2. Robot perception

Ourapproachassumesthattherobotcanobserve landmarks.More speci�cally, weassume
thattherobotis givenamethodfor estimatingthetype, therelativeangleandanapproximate
distanceof nearbylandmarks.For example,suchlandmarksmightbeChoset's“meetpoints”
(Choset,1996) (seealso (Kuipers& Byun, 1991; Mataríc, 1994)),which correspondto
intersectionsor deadendsin corridorsandwhich canbe detectedvery robustly. Various
otherchoicesaredescribedin (Borensteinetal., 1996).

In ourprobabilisticframework, landmarksarenotnecessarilydistinguishable;in themost
dif�cult case,landmarksareentirelyindistinguishable.It is alsoassumedthattheperceptual
componentis erroneous—therobotmightmisjudgetheangle,distance,or typeof landmark.
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(a) (b)

Figure2. Probabilisticmodelof robotperception:(a)uncertaintyaftersensinga landmarkin 5 meterdistance,(b)
thecorrespondingmap.

Thus,themodelof robotperceptionis modeledby a conditionalprobability:

�
	��

�

� 
�� ��� (3)

Here
�

denotesa landmarkobservation,and � denotesthemapof theenvironment(which
containsknowledgeaboutthe exact locationof all landmarks).

�
	��

�

� 
�� � determinesthe
likelihood of makingobservation

�

whentherobot is at location � , assumingthat � is the
correctmodelof theenvionment.

The perceptualmodel imposesprobabilisticconstraintsbetweenthe map, � , and the
robot's location, � . Accordingto Bayesrule, theprobabilityof beingat � whenthe robot
observes
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is givenby
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Here
�
	

�

�

� � measuresthe probability that the robot is at � prior to observing
�

and 


is a normalizerthatensuresthat the left­handprobabilitiesin (4) sumup to 1 (over all � ).
Equation(4) impliesthatafterobserving

�

, therobot'sprobabilityof beingat � isproportional
to theproductof

�
	

�

�

� � andtheperceptualprobability
�
	��

�

� 
�� � .
Figure 2a illustratesthe effect of Equation(4) for a simple example. Shown there is

the distribution
�
	

�

�

�


�� � that resultsif the robot initially hasno knowledgeasto where
it is (i.e.,

� 	

�

�

� � is uniformly distributed),andif it perceives a landmarkapproximately
5 metersaheadof it, in a world � that containsexactly two indistinguishablelandmarks.
This world is shown in Figure2b. Thecirclesin Figure2aindicatethat therobot is likely
to beapproximately5 meteraway from a landmark—althoughthereis a residualnon­zero
probabilityfor beingat anotherlocation,sincetherobot'sperceptualroutinesmight err. If
thelandmarkweredistinguishable,theresultingdensity(Figure2a)wouldconsistof asingle
circle, insteadof two.

Noticethatalthoughtheperceptualmodel
�
	��

�

� 
�� � assumesexactknowledgeof boththe
robot'slocationanditsenvironment(whichmakesit easytoderive),theestimationaccording
to equation(4) doesnot assumeknowledgeof � . It only assumesknowledgeof themap � .
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3. Data, maps,and the map likelihood function

Mapsarebuilt from data,by maximizingthelikelihoodof themapunderthedata.Thedata
is a sequenceof control interleaved with observations. Without lossof generality, let us
assumethatmotionandperceptionarealternated,i.e., thatthedataavailablefor mappingis
of theform
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denotesthetotalnumberof steps.
In statisticalterms,theproblemof mappingis theproblemof �nding themostlikely map

giventhedata

��� � argmax�

�
	

�

�

� � � (6)

Theprobability
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By virtue of Bayesrule, the probability
�
	

�

�

�

� 1 �


 � � � 
 �

���

�


 ��� on the right handsideof
Equation(7) canbere­writtenas
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Basedon theobservationthat
�

���

� dependsonly on themap � andthelocation �

���

� at time
�

, the�rst termon theright handsideof Equation(8) canbetransformedinto

�
	

�

�

� 
 �

� 1 �


 � � � 
��

���

�

� �

�

�

��� 1

� 	��

���

�

�

� 
 �

���

�

� (9)

Furthermore,
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� doesnot dependon any of thelocations�

���

� (with
�

� 1 
 � � � 





).
� 	

� � is theBayesian
prior over all maps,whichhenceforthwill beassumedto beuniformly distributed.

Finally, theterm
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This transformationis basedon the observation that the robot's location �

����� 1 � depends
only on the robot's location �

���

� one time stepearlierandthe action �

���

� executedthere.
SubstitutingEquations(8), (9), and(10) into theright­handsideof Equation(7) leadsto the
likelihoodfunction
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Sincewe areonly interestedin maximizing
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��� , not in computingits value,we can
safelydroptheconstants
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is exclusivelyafunctionof thedata� , theperceptualmodel
�
	��

�

� 
���� , andthemotionmodel
�
	

� �

�

��
���� (c.f. Section2). Maximizing this expressionis equivalentto �nding the most
likely map.

4. Ef�cient maximum likelihood estimation

Unfortunately, computing(12) is computationallychallenging. This is because�nding
the most likely mapinvolvessearchin the spaceof all maps. For the sizeenvironments
consideredhere,this spaceoftenhas106 dimensionsor more. To makemattersworse,the
evaluationof a singlemapwouldrequireintegratingover all possiblelocationsatall points
in time,which for thedatasetsconsideredin thispaperwouldrequireintegrationover more
than105 independentvariables,which is clearly infeasible. In the light of thesenumbers,
�nding themapthatgloballymaximizesthelikelihoodfunctionappearsto bedif�cult.

Fortunately, thereexists an ef�cient andwell­understoodtechniquefor hill­climbing in
likelihoodspace:theEM algorithm(Dempsteretal., 1977),whichin thecontext of Hidden
Markov Models is often referredto as Baum­Welch or alpha­betaalgorithm (Rabiner&
Juang,1986) (for applicationsof alpha­betain the context of mappingsee(Koenig &
Simmons,1996; Shatkay& Kaelbling, 1997a;Oore,Hinton, & Dudek, 1997)). EM is
a hill­climbing routinein likelihood spacewhich alternatestwo steps,anexpectationstep
(E­step)anda maximizationstep(M­step). In the E­step,probabilisticestimatesfor the
robot's locationsat the variouspoints in times areestimatedbasedon the currentlybest
availablemap(in the�rst iteration,thereis none).In theM­step,amaximumlikelihoodmap
is estimatedbasedon thelocationscomputedin theE­step.TheE­stepcanbeinterpretedas
a localizationstepwith a �x edmap,whereastheM­stepimplementsa mappingstepwhich
operatesunderthe assumptionthat the robot's locations(or, moreprecisely, probabilistic
estimatesthereof)areknown. Iterative applicationof both rules leadsto a re�nementof
both,thelocationestimatesandthemap.

Webelievethatthisalgorithmcanbeshown to convergeto a localmaximumin likelihood
space. Our belief is basedon existing convergenceresultsfor EM and HiddenMarkov
Models(Dempsteretal., 1977;Rabiner& Juang,1986)andamorerecentresultby Shatkay
andKaelblingthatshows theconvergenceof thealpha­betaalgorithmfor learningHidden
Markov Modelsaugmentedwith metricinformation(Shatkay& Kaelbling,1997b).

4.1. The E­step

In theE­step,thecurrent­bestmap� andthedataareusedtocomputeprobabilisticestimates
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Here 
 1, 
 2 
 and 
 3 arenormalizersthatensurethattheleft­handsideof Equation(13)sums
up to oneover all �

���

� . The derivation of (13) follows from (a) the applicationof Bayes
rule, (b) a commonly­usedMarkov assumptionthatspeci�estheconditionalindependence
of future from pastdatagiven knowledgeof the currentlocationand the map, and(c) a
secondapplicationof Bayesruleundertheassumptionin theabsenceof data,robotpositions
areequallylikely.

Bothterms,�

���

� and �

���

� , arecomputedseparately, wheretheformeris computedforward
in time andthe latter is computedbackwardsin time. The readershouldnoticethat our
de�nition of �

���

� and �

���

� deviatesfrom the de�nition usually given in the literatureon
Hidden Markov Models (c.f., (Rabiner& Juang,1986)). However, our de�nition maps
nicely into existing localizationparadigms.Thecomputationof the � ­valuesis a versionof
Markovlocalization,whichhasrecentlybeenusedwith greatsuccessby variousresearchers
(Burgard,Fox, Hennig,& Schmidt,1996;Kaelbling,Cassandra,& Kurien,1996;Koenig&
Simmons,1996;Nourbakhsh,Powers,& Birch�eld, 1995;Simmons& Koenig,1995;Thrun
etal.,1998;Thrun,in press).The � ­valuesaddadditionalknowledgeto therobot'sposition,
typically notcapturedin Markov­localization.They are,however, essentialfor revisingpast
beliefbasedonsensordatathatwasreceivedlaterin time,whichis a necessaryprerequisite
of building large­scalemaps.

4.1.1. Computationof the � ­values

Sinceinitially, therobotis assumedto beat thecenterof theglobalreferenceframe, �
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givenby a Diracdistributioncenteredat
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All other �
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� arecomputedrecursively:
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where
 isagainaprobabilisticnormalizer, andtherightmosttermof (15)canbetransformed
to
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Figure 3. A typical sequenceof � ­tables(projectedinto 2D), takenfrom oneof the experimentsreportedin this
paper, illustratesthecomplexnatureof thedistributionsinvolved.
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Substituting(16)into(15) yieldsarecursiverulefor thecomputationof all �

���

� with boundary
condition(14), which usesthedata � , themodel � , in conjunctionwith themotionmodel

�
	

� �

�

��
���� andthe perceptualmodel
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�� � . See(Thrun, in press)for a moredetailed
derivation.

4.1.2. Computationof the � ­values

Thecomputationof �
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� is completelyanalogous,but backwardsin time. The initial �

�
�

� ,
which expressestheprobabilitythat therobot's �nal positionis � , is uniformly distributed
( �
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� doesnot dependondata).All other � ­valuesarecomputedin thefollowing way:
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Therightmostexpressionis furthertransformedto:
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Thederivationof theequationsareanalogousto thatof thecomputationrule for � ­values.
Theresultof theE­step,�
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���

� , is anestimateof therobot'slocationsatthevariouspoints
in time

�

.
Figure3 shows a sequenceof � ­values,which arosein oneof theexperimentsdescribed

below. This �gure illustratesthatsomeof thedistributionsaremulti­modal;Kalman�lters
(Kalman,1960),whicharefrequentlyusedin localization,areprobablynotappropriatehere.
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4.1.3. First E­step

In the�rst computationof theE­step,wherenomap � is available,
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�� � is assumedto
bedistributeduniformly. This is equivalentto ignoringall observations �
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in thecomputationof the � ­ and � ­values.Theresultingpositionestimatesareonly based
on thecontrols � �

� 1 �
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� 2 �
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���	� 1 �

� in � .

4.2. The M­step

TheM­stepcomputesthemostlikely mapbasedontheprobabilitiescomputedin theE­step.
Withoutlossof generality,weassumethatthereare� differenttypesof landmarks(for some

value � ), denoted� 1 
 � � � 
���� . Theset � � ��� 1 
 � � � 
���� 
��

�

� is thesetof generalizedlandmark
typeswhich includes�

�

, the“no­landmark.” A probabilisticmapof the environmentis an
assignmentof probabilities
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	�� ��� � for ��
�� , where ��� 
 ��� is a locationmeasured
in global coordinates,and �

	�� is a randomvariablethat correspondsto the generalized
landmarktype at � ��
 ��� . The M­stepcomputesthe mostlikely mapunderthe assumption
that �

���

�

�

�

���

� accuratelyre�ects thelikelihoodthattherobotwasat �

���

� at time
�

.
Following (Rabiner& Juang,1986),the maximumlikelihood mapunder�x ed position

estimatesis computedaccordingto theweightedlikelihoodratio
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where
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Sinceweassumethat � 	�� doesnotdependontherobot'sposition� (andhencein theabsence
of data:
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Here 
 is theusualnormalizer. While theseequationslook complex, they basicallyamount
to a frequentistapproach.Equation(19) countshow often thegeneralizedlandmark� was
observedfor location ��� 
 ��� , dividedbythenumbersomegeneralizedlandmarkwasobserved
for thatlocation.Eachcountis weightedby theprobabilitythattherobotwasata location�

whereit couldobserve somethingabout ��� 
 ��� . Frequency countsaremaximumlikelihood
estimators.Thus,the M­stepdeterminesthe mostlikely mapfrom the positionestimates
computedin theE­step.By alternatingbothsteps,boththelocalizationestimatesandthemap
aregraduallyimproved(seealso(Rabiner& Juang,1986;Shatkay& Kaelbling,1997b)).

5. Ef�ciency considerations

In our implementation,all probabilitiesarerepresentedby discretegrids. Thus,all integrals
arereplacedby sumsin all equationsabove. Mapsof size90 by 90 meterwith a spatial
resolutionof 1 meterandanangularresolutionof 5 � wereusedthroughoutall experiments
reportedhere,with the exceptionof the experimentsconductedin the Carnegie Museum
of NaturalHistory, wheremapsof size60 by 60 meterswereused. Our implementation
employsavarietyof “tricks” for ef�cient storageandcomputation:

� Caching. The motionmodel
�
	

�

�

� 
 ��� � is computedin advancefor eachcontrol in �

andcachedin a look­uptable.

� Exploiting symmetry. Symmetricprobabilitiesarestoredin a compactmanner.

� Coarse­grainedtemporal resolution. Insteadof estimatingthelocationateachindivid­
ual micro­step,locationsareonly estimatedif at leastonelandmarkhasbeenobserved,
or if therobotmoved20meters.In between,positionerroris interpolatedlinearly.

� Selectivecomputation. Computationfocuseson locations� whoseprobability
�
	

��� is
largerthana threshold:

� 	

��� mustbelargeror equalto � 001max�

�

�
	

� � � .

� Selectivememorization. Only a subsetof all probabilitiesarestoredfor each
�
	

��� ,
namelythosethat areabove the thresholddescribedabove. This is currently imple­
mentedwith a generalizedversionof boundingboxes.

Thesealgorithmic“tricks” werefoundto lowermemoryrequirementsby afactorof 2 � 98
�

108

(in our largestexperiment)whencomparedto a literal implementationof theapproach.The
computationwasacceleratedby a similar factor.

All experimentalresultsdescribedbelow wereobtainedona200MhzPentiumProequipped
with 64mbRAM in lessthantwohoursperrun. Onaverage,thecomputationof aprobability

�
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���

�

� —which includesthe computationof the corresponding� ­ and � ­table—tookless
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Figure4. TheRWI B21 robotusedin our research.

than10secondsfor thesizeenvironmentsconsideredhere.Datacollectionrequiredbetween
15and20minutesfor eachdataset.The(worst­case)memorycomplexity andcomputational
complexity arelinearin thesizeof � andin thesizeof theenvironment.

6. Results

Theapproachwastestedusinga B21mobilerobot,manufacturedby RealWorld Interface,
Inc (seeFigure4). Datawascollectedby joy­sticking the robot throughits environment
andusingodometry(shaftencoders)to reverse­computethecorrespondingcontrol. While
joy­stickingtherobot,ahumanchoseandmarkedacollectionof signi�cant locationsin the
robot'senvironment,which roughlycorrespondedto themeet­pointsdescribedin (Choset,
1996). Thesewereusedaslandmarks.Whenthe robotcameacrossa landmarklocation,
the humanoperatorpusheda button. Button presseswere translatedinto two typesof
observations: A landmarkobservation for the robot's currentposition,and no­landmark
observationsfor all other locationswithin a perceptualradiusof 10 meters. The choice
of 10 meterswassomewhatadhoc—inmany cases,the“true” distancebetweenlandmark
locationswassmaller, causingsomewhatof a perceptualcon�ict. To testthemostdif�cult
case,weassumedthatthelandmarksweregenerallyindistinguishable.

Figure5ashowsoneof ourdatasets,collectedin ouruniversitybuildings.Thecirclesmark
landmarklocations. Whatmakesthis particularenvironmentdif�cult is the large circular
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(a) (b)

Figure 5. (a) Rawdata(2,972controls). The box size is 90 by 90 meters. Circlesindicatethe locationswhere
landmarkswereobserved.Thedataindicatessystematicdrift, in someof thecorridors.The�nal odometricerror
is approximately24.9meters.(b) Occupancygrid map,constructedfrom sonarmeasurements.

(a) (b)

Figure 6. (a) Maximum likelihood map,alongwith the estimatedpath of the robot. (b) Occupancygrid map
constructedusingtheseestimatedlocations.

hallway(60 by 25 meters). Whentraversingthe circle for the �rst time, the robot cannot
exploit landmarksto improve its locationestimates;thus,it accumulatesodometricerror.
As Figure5aillustrates,theodometricerror is quitesigni�cant; the�nal odometricerror is
approximately24.9meters.Sincelandmarksareindistinguishable,it is dif�cult todetermine
therobot's positionwhenthe circle is closedfor the �rst time (heretheodometricerror is
larger than14 meters). Only asthe robot proceedsthroughknown territory can it useits
perceptualcluesto estimatewhereit is (andwas),in orderto build a consistentmap.

Figure6ashowsthemaximumlikelihoodmapalongwith theestimatedpathof therobot.
This mapis topologicallycorrect,andalbeit somebentsin the curvatureof the corridors
(to avoid those,onehasto makefurtherassumptions),the mapis indeedgoodenoughfor
practicaluse.This resultdemonstratesthepowerof themethod.In a seriesof experiments
with this dataset,we consistentlyfoundthattheprincipletopologyof theenvironmentwas
alreadyknown after two iterationsof theBaum­Welchalgorithm;afterapproximatelyfour
iterations,thelocationof thelandmarkswereconsistentlyknown with highcertainty.
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(a) (b)

(c) (d)

Figure 7. Evenin this simplecase(small cycle,only minor odometricerror),our approachimprovesthe quality
of the map: (a) raw data,(b) occupancygrid mapbuilt from raw data,(c) correcteddata,and (4) the resulting
occupancygrid map.

The resultof the estimationroutinecanbe usedto build moreaccurateoccupancy grid
maps(Elfes,1989;Moravec,1988). Figure6b shows anoccupancy grid mapconstructed
from sonarmeasurements(usinga ring of 24 Polaroidsonarsensors),using the guessed
maximumlikelihoodpositionsasinput to themappingsoftwaredescribedin (Thrun,1998).
In comparison,Figure5b shows the samemapusingthe raw, uncorrecteddata. The map
constructedfromraw dataisnotusablefor navigation,whereasthecorrectedmapissuf�cient
for ourcurrentnavigationsoftware(see(Thrunetal.,1998)for adescriptionof thenavigation
routines).

Figures7 to 11 show the mapat differentstagesof the datacollection. Figure7 shows
resultsfor mappingthesmallcyclein theenvironment.Heremostpublishedmethodsshould
work well, sincethe odometricerror is considerablysmall. The quality of the occupancy
grid mapbene�tsfrom ourapproach,asshown in Figure7b&d. In particular, thecorrected
occupancy grid map(Figure7d) shows anobstacleon the right that is missingin the map
constructedfrom raw data). The importanceof revising pastlocationestimatesbasedon
datacollectedlater in time becomesmoreapparentwhentherobotmapsthesecondcircle
in theenvironment.Heretheodometricerror is quite large(morethan14 meters).Figures
8­11 show consecutive resultsafter observingthe 15th, 16th, 17th, and 20th landmark,
respectively. While theresultingmapis topologicallyincorrectin the�rst two Figures,with
17observationsor morethemapis topologicallycorrect.Weconjecturethatany incremental
routinethatdoesnotrevisepastlocationestimateswouldbeboundto fail in suchasituation.



� �

(a) (b)

(c)

Figure 8. After observingthe 15th landmark,the most plausiblemap is topologically incorrect,due to string
odometricerror. (a) Rawdata,(b) Mapandestimatedtrajectory, (c) occupancygrid map.Theirregulardarkareas
in (b) indicatethattheapproachassignshighprobabilityto severallocationsfor thelaststep.

Figures12 and13 show resultsobtainedin a differentpart of the building. In this run,
oneof thecorridorswasextremelypopulated,asthe“fuzziness”of theoccupancy grid map
suggests.The�oor materialin bothtestingenvironmentsconsistedof carpetandtiles,which
typically ampli�es errorsin therobot'sodometry.

After convergenceof the Baum­Welch algorithm, the � valuesdemonstratenicely the
connectionof thecurrentapproachandMarkov localization. This is becausethe � ­values
globally localize the robot (with � in reverseorder): The �nal value, �

�
�

� , is uniformly
distributed,indicatingthatin theabsenceof any sensordatatherobot'slocationis unknown.
As




decreases,anincreasingnumberof observationsandcontrolsareincorporatedinto the
estimation.Figure14 shows anexample,obtainedusingtheseconddataset.Herethe last
four � ­tables( �

� 24�


 � � � 
 �

� 21� ) areshown, afterconvergenceof themapbuilding algorithm.
The�nal value,�

� 24� , whichis shownontheleft in Figure14,is uniformlydistributed.With
everystepin thecomputationtheuncertaintyis reduced.After threesteps,theapproachhas
alreadyuniquelydeterminedthe robot's positionwith high certainty(rightmostdiagram).
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(a) (b)

(c)

Figure9. After observingthe16thlandmark,themostplausiblemapis topologicallystill incorrect.

The � values,in contrast,effectively tracka robot'spositionundertheassumptionthat the
initial positionis known.

7. Application

Themappingalgorithmwassuccessfullyemployedin apracticalproblem,involving thefast
acquisitionof amapfor amuseum.In thepast(Burgardetal.,1998;Fox,Burgard,& Thrun,
1997),we successfullydeployeda robot in the “DeutschesMuseumBonn,” with the task
of engagingpeopleandproviding interactiveguidedtoursthroughthemuseum.During six
daysof operation,therobotentertainedandguidedmorethan2,000visitorsof themuseum
andanadditional600“virtual” thatcommandedtherobot throughthe Web. During those
tours,it traversedapproximately18.5km atanaveragespeedof approximately36.6cm/sec.
Thereliability of therobotin reachingits destinationwas99.75%(averagedover2,400tour
goals).

Oneof thebottlenecksof this installationwastherequirementfor accuratemaps.Ournav­
igationsoftware(Thrunet al., 1998)requireshighly accuratemapsfor reliablenavigation.
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(a) (b)

(c)

Figure10. After observingthe17thlandmark,our approach�nds a topologicallycorrectmap.Fromthispoint on,
themaximumlikelihoodmapis alwaystopologicallycorrect.

In fact, themapusedin this exhibition wasacquiredby hand,andit took usapproximately
aweekof (quitepainful) tape­measuring,interleavedwith datacollectionandtedioushand­
tuning of the map, to comeup with an accuratemap. Accuratemapswereof uttermost
importance,sincetherobothadto beableto navigateeven in extremelycrowdedenviron­
ments(seeFigure15), while at thesametime a largenumberof obstacleswerepractically
“invisible” to therobot'ssensors(suchasglasscages).In fact, threeof thesevencollisions
that our robot encounteredduring the exhibition werecausedby inaccuraciesin the map,
which we thanmanuallyimproved after the fact. With oneexception,all othercollisions
werecausedby hardwarefailures,or failureson our sideto replacetherobot'sbatteriesin
time.

Thecurrentapproachhasalreadybeenusefulin thiscontext. Wearecurrentlyinstallinga
similar tour­guidein theCarnegie Museumof NaturalSciencein Pittsburgh,PA. Figure16
shows a raw dataset,collectedin the“DinosaurHall” of thatmuseum.TheDinosaurHall
is signi�cantly smallerthanour testingenvironments. It is about45 meterslong, andthe
areashown in Figure16ameasuresonly 60by 60 meters.Thedatasetwascollectedin less
than15minutes:In about3 minutes,wemarkedninelocationson themuseum's �oor using
tape,andin anadditional11minuteswejoy­stickedtherobotthroughthemuseum,pressing
a buttonwhenever it traversedoneof the markers.We did not measureanything by hand
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(a) (b)

(c)

Figure11. Themapobtainedafterobservingthe20thlandmarkis topologicallycorrect.

(of course,therelative locationof themarkersto eachotheris estimatedby thealgorithm;
it doesnot have to bemeasuredmanually).The�nal odometricerroris approximately25.1
metersandalmost90degrees.

In approximately41 minutesof computation(on a busy PentiumPC), our approach
generatedthe map shown in Figure 17. While this map is not perfect, it is suf�cient
for navigation(oncewedraw in “invisible” obstaclesby hand).Thus,ourapproachreduced
thetime to acquirea mapfrom approximatelya weekto anhouror so. This is importantto
ussincein thepastwehavefrequentlyinstalledrobotsatvarioussites,oftenatconferences,
wheretime pressureprohibitsmodelingenvironmentsby hand. We conjecturethatsimilar
time savings can be achieved in installing robotsin other indoor environments,suchas
hospitals(King & Weiman,1990).

8. Suitability for collaborativemulti­r obot mapping

Multi­robot collaborationis a topic that is currently gaining signi�cant attentionin the
scienti�c community(seee.g.,(Mataríc,1997;Parker, 1996)).A sub­problemof multi­robot
collaborationis multi­robotmapacquisition(Lopez& Sierra,1997). In the mostgeneral
problem,onewouldlike toplacerobotsatarbitrarylocationsin anunknownenvironmentand
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(a) (b)

Figure12. (a)A seconddataset(2,091controls,boxsize90by 90meters),and(b)occupancygrid map,constructed
from sonarmeasurements.

(a) (b)

Figure13. (a)Maximumlikelihoodmap,alongwith theestimatedpathof therobot,and(b) theresultingoccupancy
grid map.

Figure 14. Thelast four � ­tables( �

�

24�����������

�

�

21� ) afterconvergence.Herethecircle marksthelocationof the
robot,which is beingestimated.Seetext.
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Figure15. Therobotictour­guidein action,in the“DeutschesMuseumBonn.” To navigatingsafelythroughdense
crowdswhile avoidingcollisionswith “invisible” obstacles(suchasametalplateshown in thecenterof thisimage)
requiredaccuratemaps.

have therobotsbuild asingle,consistentmapthereof.In themostdif�cult case,therelative
locationof therobotsto eachotheris unknown. Thus,to build asinglemap,therobotshave
to determinetheir positionrelative to eachother, i.e., thereis a global localizationproblem.

As noticedabove, our approachis a generalizationof Markov localization,which has
beendemonstratedto localizerobotsglobally (Burgardetal., 1996).To copewith multiple
robotswhoserelativelocationis unknown,ourbasicapproachhasto beextendedslightly. In
particular, theinitial positionof thesecondrobotrelative to the�rst oneis unknown. Thus,
theinitial belief

�
	

�

� 0 �

� , andhence�

� 0 � , is initializeduniformlyfor thesecondrobot(andin
fact,everyotherrobotbut the�rst). As in thesingle­robotcase,theinitial positionof the�rst
robotis de�ned as

	

0 
 0 
 0� , and �

� 0 � is initializedusinga Dirac distribution(c.f., Equation
(14)). With thisextension,ourapproachis �t for collaborativemulti­robotmapacquisition.

To evaluateour approachempirically, we collecteda seconddatasetin the Carnegie
Museumof NaturalScience.This datasetis shown in Figure18a. Strictly speaking,this
datasetwas collectedwith the samerobot. However, thereis no differenceto a dataset
collectedwith a differentrobotof thesametype,sothat theresultsshoulddirectly transfer
over to themulti­robotcase.

Figure18b shows the resultingpositionestimatesafter a single iterationof the EM al­
gorithm, if the map generatedusing the �rst datasetis usedas an initial map (shown in
Figure17a). After a singleiteration,which requireslessthantwo minutesof computation
time, the robot hascorrectlydeterminedits positionrelative to the �rst robot (with high
con�dence),andtheresultingmapincorporatesobservationsmadeby bothrobots.Figures
18c1­c5illustratetheef�ciency with which therobotlocalizesitself relative to theexisting
map. Herethe �rst alphavalues, �

� 1 �


 �

� 2 �


 � � � 
 �

� 5 � , aredepicted,in the �rst iterationof
EM. Initially, afterincorporatinga singleobservation,therobotdoesnot yet know whereit
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(a) (b)

Figure 16. Rawdatacollectedin theCarnegieMuseumof NaturalHistory of NaturalSciencein Pittsburgh, PA.
Theareain (a)measuresonly 60 by 60 meters,andthetotalmapis only approximately45meterslong.

(a) (b)

Figure17. Thecorrectedmapof theCarnegieMuseumof NaturalHistoryof NaturalScienceis goodenoughfor
therobotictour­guide.
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(a) (b)

(c1) (c2) (c3) (c4) (c5)

Figure 18. A seconddatasetis integratedinto the �rst, both collectedin the museum. The relative locationof
the secondsetwith respectto the �rst is unknown. (a) Raw data,(b) resultafter a single iteration(lessthan2
minutescomputation),(c1)­(c5)Thealphavalues(in the�rst iterationof theestimationalgorithm)demonstratethe
localizationunderglobaluncertainty. After only four iterations,therobotknowswith fairly highcon�dencewhere
it is.

is, but it assignshigh likelihoodto positionsthatwerepreviouslymarkedin themap. After
only four steps,the robot knows whereit is, as indicatedby the unimodaldistribution in
Figure18c4.Not shown in Figure18arethecorresponding� ­values.After computingand
incorporatingthose,therobotknowswith high certaintywhereit wasfor any point in time.

The availability of an initial map greatly improves the computationalef�ciency of the
approach.Ourapproachrequired1 minuteand57secondsfor estimatingthelocationof the
robotwhenthepreviouslyacquiredmapwasused,for a datasetthattook12minutesand19
secondsto collect. Thus,oncea mapis known, our approachappearsto befastenoughto
localizeandtrackrobotsasthey move.

9. Relatedwork

Over the last decade,therehasbeena �urry of work on mapbuilding for mobile robots
(seee.g., (Chatila& Laumond,1985; Leonard,Durrant­Whyte,& Cox, 1992; Rencken,
1993;Thrun, 1998)). As noticedby Lu andMilios (Lu & Milios, 1997),the dominating
paradigmin the�eld isincremental:Robotlocationsareestimatedasthey occur;themajority
of approacheslacks the ability to usesensordatafor revising pastlocationestimates.A
detailedsurvey of recentliteratureon mapbuilding canbe found in (Thrun, 1998). The
approachproposedthere,however, is also incrementalandthereforeincapableof dealing
with situationssuchastheonesdescribedin thispaper.
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Recently, severalgroupshaveproposedalgorithmsthatreviseestimatesbackwardsin time.
KoenigandSimmonsinvestigatedthe problemunderthe assumptionthat a topologically
correctsketchof the environment is available, which simpli�es the problemsomewhat
(Koenig& Simmons,1996). They proposeda probabilisticframework similar to the one
describedhere,which also employsthe Baum­Welch algorithmfor estimation. Shatkay
and Kaelbling (Shatkay& Kaelbling, 1997a)generalizedthis approachfor mappingin
the absenceof prior information. Their approachconsultslocal geometricinformation
to disambiguatedifferent locations. Both approachesdiffer from ours in that they build
topologicalmaps.They donot explicitly estimateglobalgeometricinformation(i.e., � ­ � ­ �

positions).As acknowledgedin (Shatkay& Kaelbling,1997a),the latterapproachfails to
takethecumulativenatureof rotationalodometricerrorinto account.It alsoviolatesabasic
“additivity property”of geometry(see(Shatkay& Kaelbling,1997a)).Evenin theabsence
of odometricerror, it is unclearto us if theapproachwill alwaysproducethecorrectmap.
OoreandcolleaguesappliedanEM­basedalgorithmto a relatedproblem,in whicha robot
learnedto associatesensorinputwith poses(Ooreetal., 1997)(seealso(Thrun,in press)).

Lu and Milios (Lu & Milios, 1997) have proposeda methodthat matcheslaserscans
into partially built maps,using Kalman �lters for positioning. Togetherwith Gutmann
(Gutmann,1996),they havedemonstratedtheappropriatenessof thisalgorithmfor mapping
environmentswith cycles. Their approachis incapableof representingambiguitiesand
multi­modaldensities.It canonly compensatealimited amountof odometricerrorin � ­ � ­ � ­
space,dueto therequirementof a “suf�cient overlapbetweenscans”(Lu & Milios, 1997).
In all casesstudiedin (Gutmann,1996; Lu & Milios, 1997),the odometricerror wasan
orderof magnitudesmallerthantheonereportedhere. In addition,theapproachis largely
speci�c to robotsequippedwith laserrange�nders. It is unclearto us if theapproachcan
copewith lessaccuratesensorssuchassonars.

Tothebestof ourknowledge,thetopicof collaborativemulti­robotmappinghaspreviously
onlybeenstudiedbyLopezandcolleagues(Lopez& Sierra,1997).Like ours,theirapproach
modelstheuncertaintyof a robot's locationexplicitly, andit alsotakesthisuncertaintyinto
accountwhenbuilding maps.However, their approachlacksa methodfor localization.As
the uncertaintygrows larger thana prespeci�edthreshold,mappingis simply terminated,
therebyimposingtight, intrinsic boundson the sizeof environmentsthat canbe mapped.
Due to the lack of a localizationcomponent,robotscannotlocalizethemselvesin another
robot'smap.

Theapproachproposedin thispaperalsorelatestoworkin the�eld of Markov localization,
which requiresa mapto be given. Recently, Markov localizationhasbeenemployedby
variousgroupswith remarkablesuccess(Burgardetal.,1996;Kaelblingetal.,1996;Koenig
& Simmons,1996;Nourbakhshet al., 1995;Simmons& Koenig,1995;Thrunet al., 1998;
Thrun, in press). In our own work, Markov localizationplayeda key role in a recent
installationin the DeutschesMuseumBonn,whereoneof our robotsprovided interactive
toursto visitors. In morethan18.5kmof autonomousrobotnavigationin adenselycrowded
environment(top speed80 cm/sec,averagespeed36 cm/sec),Markov localizationwas
absolutelyessentialfor the robot's safetyand success(Fox et al., 1997). The method
proposedheredirectlyextendsthis approach.In futureinstallationsof thetour­guiderobot,
mapsdo not have to becraftedmanuallybut cannow begeneratedby joy­stickinga robot
throughits environment. This will reducethe installationtime from severaldaysto only a
few hours.
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10. Discussion

Thispaperproposedaprobabilisticapproachto building large­scalemapsof indoorenviron­
mentswith mobilerobots.It phrasedtheproblemof mapbuilding asamaximumlikelihood
estimationproblem,whererobot motion and perceptionimposeprobabilisticconstraints
on the map. It then devised an ef�cient algorithm for maximumlikelihood estimation.
Simpli�ed speaking,this algorithmalternateslocalizationandmapping,therebyimproving
estimatesof both the mapandthe robot's locations. Experimentalresultsin large, cyclic
environmentsdemonstratetheappropriatenessandrobustnessof theapproach.

Thebasicapproachcanbeextendedin severalinterestingdirections.
The currentapproachis “passive”, i.e., it doesnot restrict in any way how the robot is

controlled.Thus,theapproachcanbecombinedwith oneof theknownsensor­basedexplo­
rationtechniques.We have alreadyintegratedtheapproachwith our previously developed
algorithmfor greedyoccupancy­grid­basedexplorationdescribedin (Thrun,1993;Buhmann
etal.,1995)(seealso(Yamauchi& Beer, 1996));however, nosystematicresultsareavailable
at this point in time. Anotherpossibility, which hasnot yet beenimplemented,would be
to combinethe currentapproachwith Choset's sensor­basedcovering algorithm(Choset,
1996).

Our currentimplementationalsorelieson humansto identify landmarks. While this is
reasonablewhenmappinganenvironmentcollaboratively with a human,it is impracticalif
therobotis to operateautonomously. Thelack of a landmark­recognizingroutineis purely
a limitation of our currentimplementation,not of the generalalgorithm. Recentresearch
on landmark­basednavigation hasproduceda large numberof methodsfor recognizing
speci�c landmarks(see,e.g.,(Borensteinet al., 1996)).In particular, Choset'ssensor­based
covering algorithm(Choset,1996)automaticallydetectsandnavigatesto so­calledmeet­
points. Meet­pointscorrespondto intersections,corners,anddead­ends(seealso(Kuipers
& Byun, 1991)). We conjecturethat a combinedalgorithm,usingChoset's approachfor
explorationandmeet­pointdetectionandourapproachfor mapping,wouldyieldanalgorithm
for fully autonomousexplorationandmapping.

Oneinterestingextensionwouldbeto applytheproposedmethodto othertypesrepresen­
tations,with differentsensormodels. The perceptualmodelusedhere,which is basedon
landmarks,is just onechoiceout of many possiblechoices. A differentchoicewould be
theprobabilisticsensormodeldescribedin (Burgard,Fox, & Hennig,1997;Burgardet al.,
1996),whichspeci�cally appliesto proximity sensors,suchassonarsor laserrange�nders.
Theinversesensormodel(alsocalledsensorinterpretation),which is employedin themap
building step(M­step),canbe realizedby theapproachdescribedin (Thrun,1998),where
neuralnetworksareusedto extract occupancy grid mapsfrom sensordata. As a result,
proximity sensorreadingswouldbedirectlyincorporatedin thepositionestimation,thereby
obliviating theneedfor landmarks.The extensionof thecurrentapproachto othersensor
modelsis subjectto futurework.
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