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Abstract

Thispaperescribesiscalablealgorithmfor thesimultaneousnappingandlocalization(SLAM)
problem. SLAM is the problemof acquiringa map of a staticervironmentwith a mobile robot.
Thevastmajority of SLAM algorithmsarebasedn the extendedKalman Iter (EKF). This paper
adwocatesan algorithmthat relies on the dual of the EKF, the extendedinformation Iter (EIF).
We shaov thatwhenrepresenteih theinformationform, mapposteriorsaredominatecby a small
numberof links thattie togethemearbyfeaturedn themap. This insightis developedinto a sparse
variantof the EIF, calledthe sparsextendedinformation lters (SEIF). SEIFsrepresentnapsby
graphicalnetworks of featureshatarelocally interconnectedwherelinks representelative infor-
mationbetweenpairsof nearbyfeaturesaswell asinformationaboutthe robot's poserelative to
the map. We shaw thatall essentialipdateequationsn SEIFscanbe executedin constantime,
irrespectie of thesizeof themap. We alsoprovide empiricalresultsobtainedor abenchmarldata
setcollectedin anoutdoorervironment,andusinga multi-robotmappingsimulation.

1 Intr oduction

Simultaneoudocalizationand mapping(SLAM) is the problemof acquiringa mapof anun-
known ervironmentwith a moving robot, while simultaneouslylocalizing the robot relative
to thismap[9, 21]. The SLAM problemaddressesituationswherethe robot lacks a global
positioningsensor Instead|t hasto rely on a sensomf incrementakegomotionfor robotposi-
tion estimation(e.g.,odometry inertial navigation). Suchsensorsaaccumulatesrror over time,
makingthe problemof acquiringanaccuratemapa challengingone[47]. In recentyears,the
SLAM problemhasrecevedconsiderablattentionby the scienti®ccommunity anda urry of
new algorithmsandtechniquesiasemepged[20].

Existing algorithmscan be subdvided into batchand online techniques.The former of-
fer sophisticatedechniquedo copewith perceptuabmbiguities[3, 41, 50], but they canonly
generatemapsatfter extensve batchprocessing.Online techniquesare speci®callysuitedto
acquiremapsasthe robot navigates[9, 44]. Online SLAM is of greatpracticalimportance



in mary navigation andexplorationproblems[4, 42]. Today's mostwidely usedonline algo-
rithms arebasedon the extendedKalman®lter (EKF), whoseapplicationto SLAM problems
wasdevelopedin a seriesof seminalpaperq30, 43, 44]. The EKF calculatesa Gaussiarpos-
terior over the locationsof ervironmentalfeaturesandtherobotitself. The estimationof such
a joint posteriorprobability distribution solves one of the mostdif®cult aspectof the SLAM
problem,namelythefactthatthe errorsin the estimate®f featuresn the maparemutuallyde-
pendentby virtue of thefactthatthey areacquiredthrougha moving platformwith inaccurate
positioning. Unfortunately maintaininga Gaussiarposteriorimposesa signi®cantburdenon
the memoryandspacerequirement®f the EKF. The covariancematrix of the Gaussiarposte-
rior requiresspacequadraticin the size of the map,andthe basicupdatealgorithmfor EKFs
requiresquadratictime per measurementpdate. This quadraticspaceand time requirement
imposesseverescalinglimitations. In practice EKFs canonly handlemapsthat containa few
hundredfeatures.In mary applicationdomainsi,t is desirableto acquiremapsthatareorders
of magnituddarger[17].

This limitation haslong beenrecognizedanda numberof approachesxist thatrepresent
the posteriorin a more structuredway; someof thosewill be discussedn detail towardsthe
end of the paper Possiblythe mostpopularideais to decomposehe map into collections
of smaller more manageablesubmapg2, 11, 22, 46, 55], therebygaining representational
and computationakf®cieng.. An alternatve structuredrepresentationsffectively estimates
posteriorsover entire paths(alongwith the map),not just the currentrobot pose. This makes
it possibleto exploit a conditionalindependencéhatis characteristiof the SLAM problem,
whichin turnleadsto afactoredepresentatiofB1, 27, 28]. Mostof thesestructuredechniques
are approximate and mostof themrequirememorylinearin the size of the map. Somecan
updatethe posteriorin constantime; whereasthersmaintainquadraticcompleity ata much
reducecdconstantactor

This paperdescribesa SLAM algorithmthatrepresentsnapposteriorby relativeinforma-
tion betweerfeaturesn the map,andbetweenthe mapandthe robot's pose. This ideais not
new; in fact, it is atthe coreof recentalgorithmsby Newman[37] andCsorbg[7, 8], andit is
relatedto analgorithmby Lu andMilios [24]. Justasin recentwork by Nettletonetal. [36], our
approachs basedn thewell-known informationform of the EKF, alsoknown asthe extended
information®Iter (EIF) [26]. This®lter maintainsaaninformationmatrix, insteadof thecommon
covariancematrix. The maincontritution of this paperis an EIF thatmaintainsa sparseinfor-
mationmatrix, calledthe spaiseextendednformation lter (SEIF). This sparsematrix de®nes
a Web-like network of local relative constraintdetweernpairsof adjacenfeaturesn the map,
reminiscenbf a GaussiarMarkov random®eld [54]. The sparsityhasimportantrami®cations
onthecomputationapropertiesof solvingSLAM problems.

Theuseof sparsematricesor local links, is motivatedby a key insight: the posteriordistri-
butionin SLAM problemsis dominatedoy a small numberof relative links betweenadjacent
featuresn the map. This is bestillustratedthroughan example. Figure 1 shavs the resultof



Figure1: Typical snapshotsf EKFsappliedto the SLAM problem:Shownn hereis amap(left panel),acorrelation
(centerpanel),anda normalizedinformationmatrix (right panel). Notice that the normalizedinformationmatrix
is naturallyalmostsparsemotivating our approactof usingsparsenformationmatricesin SLAM.

the vanilla EKF [30, 44, 43] appliedto the SLAM problem,in an ernvironmentcontaining50
landmarks. The left panelshavs a moving robot, alongwith its probabilisticestimateof the
locationof all 50 point features. The centralinformation maintainedby the EKF solutionis
a covariancematrix of thesedifferentestimates.The normalizedcovariance,i.e., the correla-
tion, is visualizedin the centerpanelof this ®gure. Eachof the two axeslists the robot pose
(x-y locationandorientation)followed by the x-y-locationsof the 50 landmarks.Dark entries
indicatestrongcorrelations.It is known thatin the limit of SLAM, all x-coordinatesandall
y-coordinatedbecomdully correlated9]. Thecheclerboardappearancef thecorrelationma-
trix illustratesthis fact. Maintainingthesecross-correlations—ao#hich therearequadratically
mary in the numberof featuresn the map—areessentiato the SLAM problem. This obser
vationhasgivenriseto the (false)suspicionthatonline SLAM inherentlyrequiresupdatetime
guadratidn the numberof featuresn themap.

The key insightthat underliesSEIF is shavn in the right panelof Figurel. Shavn there
is the inverse covariancematrix (alsoknown asinformationmatrix [26, 36]), normalizedjust
like the correlationmatrix. Elementsin this normalizedinformation matrix can be thought
of asconstraints,or links, which constrainthe relative locationsof pairs of featuresin the
map: The darker an entryin the display the strongerthe link. As this depictionsuggeststhe
normalizednformationmatrixappearso benaturallysparseit is dominatedy asmallnumber
of stronglinks; andit possessea large numberof links whosevalues,whennormalized,are
nearzero. Furthermorethe strengthof eachlink is relatedto the distanceof the corresponding
features: Stronglinks are found only betweenmetrically nearbyfeatures. The more distant
two featuresthewealer their link. As will becomemoreobviousin the paper this sparseness
is not coincidentalrather it directly relatesto the way informationis acquiredn SLAM. This
obsenationsuggesthatthe EKF solutionto SLAM canindeedbeapproximatelyusingasparse
representation—despithe factthatthe correlationmatrix is denselypopulated.Iin particular
while ary two featuresarefully correlatedn thelimit, the correlationarisesmainly througha
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Figure 2: lllustrationof thenetwork of featureggeneratedby our approachShavn ontheleft is asparsenforma-
tion matrix, andon theright amapin which entitiesarelinkedwhoseinformationmatrix elementis non-zero.As
arguedin the paperthefactthatnot all featuresare connecteds a key structuralelementof the SLAM problem,
andattheheartof our constantime solution.

network of local links, which only connectnearbyfeatures.It is importantto noticethatthis
structurenaturallyemepgesin SLAM; theresultsin Figurel areobtainedusingthevanillaEKF
algorithmin [45].

As notedabove, our approachexploits this insight by maintaininga sparse information
matrix, in which only nearbyfeaturesare linked througha non-zeroelement. The resulting
network structureis illustratedin theright panelof Figure2, wherediskscorrespond$o point
featuresanddashedarcsto links, asspeci®edn the informationmatrix visualizedon the left.
This diagramalsoshaws therobot,whichis linkedto a smallsubsebf all featuresonly. Those
featuresarecalledactivefeatuesandaredrawn in black. Storinga sparsenformationmatrix
requiresspacelinear in the numberof featuresin the map. More importantly all essential
updatesn SLAM canbe performedin constantime, regardlessof the numberof featuresin
the map. This resultis someavhat surprising,as a nave implementationof motion updates
in information ®lters requireinversionof the entire information matrix, which is an O(N?3)
operationplain EKFs,in comparisonrequireO(N ?) time (for the perceptualipdate).

The remainderof this paperis organizedas follows. Section2 formally introducesthe
extendedinformation®lter (EIF), which formsthe basisof our approach.SEIFsaredescribed
in Section3, which statesghe major computationafresultsof this paper The sectiondevelops
the constantiime algorithmfor maintainingsparseinformation matrices,andit also presents
anamortizedconstantime algorithmfor recoveringa globalmapfrom therelative information
in the SEIE The importantissueof dataassociatio®nds its treatmentin Section4, which
describesa constantime techniquefor calculatinglocal probabilitiesnecessaryo make data
associatiordecisions Experimentatesultsareprovidedin Section5, we speci®callycompare
our new approachto the EKF solution, using a benchmarkdataset collectedin an outdoor
ervironment[9, 11]. Theseresultssuggesthatthe sparsenessonstraintintroducesonly very
small errorsin the resultingmaps,whencomparedo the computationallymore cumbersome
EKF solution. The paperis concludedby a literaturereview in Section6 anda discussiorof



openresearchssuedn Section?.

2 ExtendedInformation Filters

This sectionreviews the extendedinformation®Iter (EIF), which formsthe basisof our work.
ElFsarecomputationallyequialentto extendedKalman®lters (EKFs), but they representn-
formationdifferently: insteadof maintaininga covariancematrix, the EIF maintainsaninverse
covariancematrix, alsoknown asinformationmatrix. EIFs have previously beenappliedto
the SLAM problem,mostnotablyby Nettletonandcolleague$33, 36], but they aremuchless
commonthanthe EKF approach.

Most of the materialin this sectionappliesequallyto linearandnonlinear®lters. We have
chosento presentall materialin the moregeneralnonlinearform, sincerobotsareinherently
nonlinear Thelinearform is easilyobtainedasa specialcase.

2.1 Information Form of the SLAM Problem

Let x; denotethe poseof therobotattimet. For rigid mobile robotsoperatingn a planaren-

vironment,the poseis givenby its two Cartesiarcoordinatesandtherobot's headingdirection.
LetN denotethenumberof featureqe.g.,landmarks)jn theervironment. Thevariabley, with

1 n N denotesheposeof then-th feature.For example,for pointlandmarksn theplane,
Yn may comprisethe two-dimensionalartesiarcoordinate®f this landmark.In SLAM, it is

usuallyassumedhatfeaturesio notchangeheirlocationovertime; seg[16, 53] for atreatment
of SLAM in dynamicervironments.

Therobotposex; andthe setof all featurelocationsY togetherconstitutethe stateof the
ervironment.It will bedenotedbythevector =  x; y1 ::: Yn T,Wherethesuperscript
T refersto thetranspos®f a vector

In the SLAM problemiit isimpossibleto sensehestate ; directly—otherwiseéherewould
beno mappingproblem.Insteadtherobotseekdo recover aprobabilisticestimateof . Writ-
tenin a Bayesianform, our goal shall be to calculatea posteriordistribution over the state ;.

rangeandbearingto nearbyfeatures.Controlsu; specifythe robotmotioncommandasserted
in thetimeinterval (t  1;t].

Following therich EKF traditionin the SLAM literature,our approachrepresentshe pos-
teriorp( ; j z'; ut) by a multivariateGaussiardistribution over the state ;. The meanof this

distributionwill bedenoted ;, andcovariancematrix :
n (0]

p(¢jzhu') / exp %( t 07 tl( t t) (1)
Theproportionalitysignreplaces constannhormalizerthatis easilyrecoveredfrom the covari-
ance ;. Therepresentatioof theposteriorviathemean ; andthecovariancematrix . isthe
basisof the EKF solutionto the SLAM problem(andto EKFsin general).



Information®lters representhe sameposteriorthrougha so-calledinformation matrix H;
andaninformationvectorbh—insteadof ; and .. Theseareobtainedby multiplying outthe
exponentof (1):

n h io
p(cjzu’) /1 exp
n
= exp

NIk N

ot R R 2)
We now obsenre thatthelasttermin the exponent, % ; . 1 { doesnot containthe free vari-
able { andhencecanbe subsumednto the constanhormalizer This givesustheform:

1 + T 1
Pra R R AN 9 (3)
= —:b[

THt =

[ expf %[

Theinformationmatrix H; andtheinformationvectorb arenow de®nedasindicated:
Hy = tl and h = ;I-Ht (4)

Usingthesenotationsthedesiredoosteriorcannow berepresentedh whatis commonlyknown

astheinformationform of the Kalman®lter:
n 0

p( ¢jzhu’) / exp %tTHtt-l'ht (5)
As thereademayeasilynotice,bothrepresentationsf the multi-variateGaussianposteriorare
functionally equvalent(with the exceptionof certaindegeneratecases):.The EKF representa-
tion of themean  andcovariance , andthe EIF representationf the informationvectorh,
andtheinformationmatrix H;. In particular the EKF representatiocanbe ‘recovered’ from
theinformationform via thefollowing algebra:

t = Ht 1 and t = Ht 1QT = tb(T (6)

The advantageof the EIF over the EKF will becomeapparenturtherbeloy, whenthe concept
of sparseElFswill beintroduced.

Of particularinterestwill bethe geometryof the informationmatrix. This matrix is sym-
metricandpositve-de®nite:

0 1
H Xt Xt H Xt3Y1 HXt YN
H... H... H.. .
Ht - yll,Xt yllyy1 Y1. YN (7)
HYN Xt HYN Y1 HyN YN

Eachelementn the informationmatrix constraintone (on the main diagonal)or two (off the
maindiagonal)elementsn the statevector We will referto the off-diagonalelementsaslinks:
thematricesH,, .y, link togethertherobotposeestimateandthe locationestimateof a speci®c
feature,andthe matricesHy, ,, , for n 6 n®link togethertwo featurelocationsy, and y,.
Althoughrarely madeexplicit, the manipulationof theselinks is the very essencef Gaussian
solutionsto the SLAM problem. It will be ananalysisof theselinks thatultimatelyleadsto a
constant-timesolutionto the SLAM problem.
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Figure 3. The effect of measurementen the information matrix and the associatechetwork of features:(a)
Observingy; resultsin a modi®cationof the information matrix elementsHy, .y, . (b) Similarly, observingy,
affectsH,, .y, . Both updatesanbe carriedoutin constantime.

2.2 MeasurementUpdates

In SLAM, measurementg carryspatialinformationontherelationof therobot's poseandthe
locationof afeature.For example,z; might be the approximateangeandbearingto a nearby
feature. Without loss of generality we will assumdhateachmeasuremertt; correspondso
exactly onefeaturein the map. Sightingsof multiple featuresat the sametime may easilybe
processedne-afteranother

Figure3 illustratesthe effect of measurementsn the informationmatrix H;. Supposehe
robotmeasureshe approximateangeandbearingto the featurey,, asillustratedin Figure3a.
This obsenationlinks therobotposex; to thelocationof y;. The strengthof thelink is given
by the level of noisein the measurementUpdatingEIFs basedon this measurementwvolves
the manipulationof the off-diagonalelementsH,, ., and their symmetriccounterpartd,
thatlink togetherx; andy. Additionally, the on-diagonaklementsH,, .., andHy,.,, arealso
updated.Theseupdatesareadditive: Eachobsenation of a featurey increaseshe strengthof
thetotal link betweerthe robotposeandthis very feature,andwith it thetotal informationin
the ®lter. Figure 3b shaws the incorporationof a secondmeasuremendf a differentfeature,
Y2. In responsdo this measurementhe EIF updatesthe links Hy,.,, = HyTZ;Xt (andHy,
andHy,.,,). As this examplesuggestsmeasurementsitroducelinks only betweerthe robot
posex; andobsenedfeaturesMeasurementsever generatéinks betweerpairsof featurespr
betweertherobotandunobseredfeatures.

For a mathematicatlerivation of the updaterule, we obsere that Bayesrule enablesusto
factorthedesiredposteriorinto thefollowing product:

PR

p(¢jzhu) 1 pzj ¢zt Hu)p(ejzt huh)

t 1.t

= p(zj Jp(tjz Hu) (8)

The secondstepof this derivation exploited common(andobvious) independences SLAM
problems[49]. For thetime being,we assumeahatp( ; j z' 1;u') is representety H; and
k. Thosewill bediscussedn the next sectionwhererobotmotionwill beaddressedThekey
guestionaddresseth this section thus,concerngherepresentationf the probability distribu-
tion p(z; j () andthe mechanicof carryingout the multiplication above. In the "extended'



family of ®lters,acommonmodelof robotperceptions onein which measurementaregov-
ernedvia a deterministiononlinearmeasuremerfunctionh with addedGaussiamoise:

zz = h(y)+" 9

Here", is anindependenhoisevariablewith zeromean whosecovariancewill bedenotedZ.
Putinto probabilisticterms,(9) speci®esa Gaussiardistribution over the measuremendpace

of theform
n

0
P(ze] +) 1 exp %(Zt h())'Z Yz h(y) (10)

Following therich literatureof EKFs, EIFs approximatehis Gaussiarby linearizingthe mea-
suremenfunctionh. More speci®cally a Taylor seriesexpansionof h givesus

h( +) h( )+r h( [« ] (11)

wherer h( ;) is the®rst derivative (Jacobianpf h with respecto the statevariable , taken

= . For brevity, we will write 2, = h( ;) to indicatethatthisis a predictiongivenour state
estimate ;. Thetranspos®f the Jacobiarmatrixr h( ;) andwill bedenotedC;. With these
de®nitions,Equation(11) readsasfollows:

h( ) X+ CtT( t t) (12)

This approximatiorieadsto thefollowing Gaussiarapproximatiorof the measuremerdensity
in Equation(10):

n (0]

P(ze] +) I exp %(Zt % Cl+Cl )'Z Mz & C +C ) (13)

Multiplying outthe exponentandregroupingtheresultingtermsgivesus

n
= exp % tTCtZ 1CtT t + (Zt 2‘t + CtT t)TZ 1CtT t (14)
(0]

%(Zt 2t+CtT t)TZ 1(Zt zt"'CtT t)

As before,the ®nal termin the exponentdoesnot dependon the variable ; andhencecanbe
subsumedito the proportionalityfactor:

n [0}

[ exp 17Cz 'Cl +(@=z 2+Cl )’z 'Cl; (15)
We are now in the positionto statethe measurementipdateequation,which implementthe
probabilisticlaw (8).
it t : 17T °
p(ejzsu) / exp 5 Heet by
n
exp ; {CZ 1CtT i+ (z 2+ Cl 'z ']

= expf 3| c(Het 1CT) tH(pt(z 2t CT t)T 1CT}) (16)

{z
by
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Figure 4. The effect of motion on the information matrix and the associatechetwork of features: (a) before
motion, and (b) after motion. If motionis non-deterministicmotion updatesntroducenew links (or reinforce
existing links) betweenary two active featureswhile wealeningthe links betweerthe robotandthosefeatures.
This stepintroducedinks betweermpairsof features.

Thus,the measuremenipdateof the EIF is given by thefollowing additive rule:
H
b

In the generalcase theseupdatesmay modify the entireinformationmatrix H; andvectorh,
respectrely. A key obsenration of all SLAM problemsis that the JacobianC, is spaise In
particular C; is zeroexceptfor theelementshatcorrespondo therobotposex; andthefeature
y; obsenedattimet.

H.+ CzZ C/ (17)
h+(z 2+C/ )’z 'Cc/ (18)

= &0 020 0 (19)
Thiswell-known sparsenessf C, [9] is dueto thefactthatmeasurements areonly afunction
of the relative distanceand orientationof the robot to the obsened feature. As a pleasing
consequencehe updateC,Z C/ to theinformationmatrix in (17) is only non-zeroin four
places:the off-diagonalelementghatlink therobotposex; with the obsered featurey;, and
the main-diagonaklementghat correspondo x; andy;. Thus,the updateequationg17) and
(18) arewell in tunewith our intuitive descriptiongivenin the beginning of this sectionwhere
we amguedthat measurementsnly strengtherthe links betweenthe robot poseandobsered
featuresjn theinformationmatrix.

To comparehisto the EKF solution,we noticethateventhoughthe changeof theinforma-
tion matrixis local, theresultingcovarianceusuallychangesn non-localways. put differently,
thedifferencebetweertheold covariance ; = H, ! andthenew covariancematrix ; = H, ?

is usuallynon-zeroaverywhere.

2.3 Motion Updates

Thesecondmportantstepof SLAM concerngheupdateof the®lter in accordancéo robotmo-
tion. In thestandardSLAM problem,only therobotposechange®ver time. The ervironment
is static.

Theeffect of robotmotionontheinformationmatrix H, areslightly morecomplicatedhan
that of measurementdrigure4aillustratesan information matrix andthe associatechetwork



beforethe robot moves, in which the robot is linked to two (previously obsered) features.
If robot motion wasfree of noise,this link structurewould not be affectedby robot motion.
However, thenoisein robotactuationvealensthelink betweertherobotandall actve features.
HenceH,,,, andH,,.,, aredecreasetyy a certainamount.This decreasee ects thefactthat
the noisein motioninducesa lossof informationof therelatve locationof the featureso the
robot. Not all of this informationis lost, however. Someof it is shiftedinto between-feature
links Hy,.,,, asillustratedin Figure 4b. This re ects the fact that even thoughthe motion
induceda loss of information of the robot relatve to the features,no information was lost
betweenndividual features Robotmotion, thus,hastheeffectthatfeatureghatwereindirectly
linkedthroughtherobotposebecomdinkeddirectly.

To derive the updaterule, we begin with a Bayesiandescriptionof robotmotion. Updating
a®lter basedon robotmotionmotioninvolvesthe calculationof thefollowing posterior:

z
p(ejzt Hu) = p(ef « uZt Hu)p(eajzt Hu)de (20)
ExploitingthecommonSLAM independenceg9] leadsto
Z
p((jz' hu) = P(ej ¢« su)p(e1jzt Hut Hydy (21)

Thetermp( ; 1 j z' %;ut 1) istheposteriorattimet 1, representethy H; ; andl, ;. Our
concernwill thereforebe with the remainingtermp( { j ¢ 1;U;), which characterizesobot
motionin probabilisticterms.

Similar to the measuremennodelabove, it is commonpracticeto modelrobotmotion by
anonlinearfunctionwith addedndependenGaussiamoise:

t = 1+ ¢ with t = 9(+t 15Ur)+ Sk (22)

Hereg is themotionmodel,a vectorvaluedfunctionwhichis non-zeroonly for therobotpose
coordinatesasfeaturelocationsarestaticin SLAM. Thetermlabeled ; constituteghe state
changettimet. Thestochastigpartof thischangas modeledvy , aGaussiamandonmvariable
with zeromeanandcovariancdJ;. This Gaussiawvariableis alow-dimensionalariablede®ned
for therobotposeonly. HereS, is a projectionmatrix of theform S, = (1 0 ::: 0)", where
| is anidentity matrix of the samedimensionasthe robot posevectorx; andasof ;. Each
0 in this matrix refersto a null matrix, of which thereareN in S;. The productS, ¢, hence,
give thefollowing generalizedhoisevariable,enlagedto the dimensionof thefull statevector

:Sc¢=( ¢ 0:::0)". In EIFs,thefunctiong in (22) is approximatedy its ®rst degree
Taylor seriesexpansion:

a( ¢ 1;Up) gl ¢ nu)+r o ¢ wudle 2 t 1]
= M+ Ac A (23)

HereA. =r 9o( ; 1;u) isthedermative of gwith respecto at =  ; andu;. Thesymbol
" is shortfor the predictedmotion effect, g( ; 1;U;). Pluggingthis approximatiorinto (22)



leadsto anapproximatiorof ;, thestateattimet:

AN

t (T+A) 1+ ¢ Art1t+Soq (24)
Henceunderthis approximatiortherandomvariable , is again Gaussiardistributed. Its mean
is obtainedby replacing ; and . in (24) by theirrespectre means:

N N

t = (+A) t 1+ ¢ At 1+S0= 1+ (25)

The covarianceof  is simply obtainedby scaledandaddingthe covarianceof the Gaussian
variableson theright-handsideof (24):

(I+A)  1(I+A) ' +0 0+ SUS]
(I +A) ¢ 1(1 + A)T + SUS] (26)

—

Updateequationg25) and(26) arein the EKF form, thatis, they arede®nedover meansandco-
variances.Theinformationform is now easilyrecoreredfrom the de®nitionof theinformation
formin (4) andits inversein (6). In particular we have

h i
Ho= = (1+A) 1(l + A)T + SUS]
h i
= (14 AQH, L1 + A)T+ SUST (27)
; h AT ho o AT
h = th:ht1+ t Hti: H, 3k 1+ "¢ H;
= b H L+ "7 H (28)

Theseequationsappearcomputationallyinvolved, in that they requirethe inversionof large
matrices.In thegenerakasethecompleity of the EIF is thereforecubicin thesizeof thestate
spaceln thenext sectionwe provide thesurprisingresultthatbothH,; andl canbecomputed
in constantimeif H; ; is sparse.

3 SparseExtendedInformation Filters

The central,new algorithmpresentedn this paperis the spaiseextendednformation lter , or
SEIF. The SEIFdiffersfrom theextendednformation®Iter describedn theprevioussectionin
thatit maintainsa sparseinformationmatrix. An informationmatrix H, is consideregparseif
thenumberof links to therobotandto eachfeaturein the mapis boundedoy a constanthatis
independenodf the numberof featuresn themap. The boundfor the numberof links between
the robot poseandotherfeaturesin the mapwill be denoted ; the boundon the numberof
links for eachfeature(not countingthelink to therobot)will bedenoted . Themotivationfor
maintaininga sparsanformationis mainly computationalaswill becomeapparenbelow. Its
justi®cationwasalreadydiscusse@dbove, whenwe demonstratethatin SLAM, thenormalized
information matrix is alreadyalmostsparse. This suggestshat by enforcingsparsenesghe
inducedapproximatiorerroris small.



3.1 ConstantTime Results

We beagin by proving threeimportantconstantime resultswhich form the backboneof SEIFs.
All proofscanbefoundin theappendix.

Lemmal: The measuremenipdatein Section(2.2) requiresconstantime, irrespectve of
the numberof featuresn the map.

This lemmaensureghat measurementsanbe incorporatedn constantime. Notice that
this lemmadoesnot requiresparsenessf the information matrix; rather it is a well-knovn
propertyof information®ltersin SLAM.

Lesstrivial is thefollowing lemma:

LemmaZ: If theinformationmatrixis sparseandA. = 0, themotionupdatein Section(2.3)
requiresconstantime. The constant-timeipdateequationsaregivenby:

Le = SJU '+ STH. 1Sd 'STH; 1
He = He 1 He gl (29)
bh = b 1+ AtTHt 1 bl + AtTHt 1kt

This resultaddressethe importantspecialcaseA; = 0, thatis, the Jacobiarof posechange
with respecto theabsoluteobotposeis zero. Thisis the casefor robotswith linearmechanics,
andwith nonlinearmechanicsvherethereis no "cross-talk'betweerabsolutecoordinatesand
theadditive changedueto motion.

In general, A; 6 0, sincethe x-y updatedependson the robot orientation. This caseis
addressetly thenext lemma:

Lemma3: If the informationmatrix is sparsethe motion updatein Section(2.3) requires
constantimeif themean . is availablefor therobotposeandall actve features.The constant-
time updateequationsaregivenby:

| Sl +[STAS] D 'S)

He: = {Hia g

He = HY S(U t+ STHY 1S 'SiHY

Hi = H?, H,

b = b1 [.( H Heo+HZ )+ "TH, (30)

For A; 6 0, aconstantime updaterequiresknowledgeof the mean , ; beforethe motion
commandfor therobotposeandall active featureqbut notthe passve features).Thisinforma-
tion is not maintainedby the standardnformation®lter, andextractingit in the straightforvard
way (via Equation(6)) requiresmorethanconstantime. A constant-timesolutionto this prob-
lemwill now bepresented.

3.2 Sparsi cation

The®nal stepin SEIFsconcernghe sparsi®catiorof theinformationmatrix H. Sparsi®cation
is necessarilyan approximate step, sinceinformation matricesin SLAM are naturally not



sparse—eenthoughnormalizednformationmatricestendto be almostsparseln the context
of SLAM, it suf®cesto remove links (deactvate)betweertherobotposeandindividual features
in themap;if donecorrectly this alsolimits thenumberof links betweerpairsof features.

To see let usbrie y considerthetwo circumstancesinderwhich a new link maybe intro-
duced. First, observinga passve featureactivatesthis feature,thatis, introducesa new link
betweertherobotposeandthevery feature. Thus,measuremenipdategpotentiallyviolatethe
bound . Secondmotionintroducedinks betweerary two active featuresandhenceleadto
violationsof the bound . This consideratiorsuggestshat controlling the numberof actve
featurescanavoid violation of bothsparsenedsounds.

Oursparsi®catiotechniques illustratedin Figure5. Shavn thereis thesituationbeforeand
aftersparsi®cationTheremoval of alink in thenetwork correspondso settinganelemenin the
informationmatrix to zero; however, this requiresthe manipulationof otherlinks betweerthe
robotandotheractive features.Theresultingnetwork is only anapproximatiorto the original
one,whosequality depend®n the magnitudeof thelink beforeremaoval.

We will now presenta constant-timesparsi®catiortechnique.To do so, it will prove useful
to partitionthe setof all featuresnto threedisjoint subsets:

Y = Y'+Y%+Y (31)

whereY * is the setof all active featuresthat shallremainactive. Y ° areoneor moreactive
featureghatwe seekto deactvate (remove thelink to therobot). Finally, Y areall currently
passve features.

The sparsi®catioris bestderived from ®rst principles. If Y ] Y° containsall currently
active featuresthe posteriorcanbefactoredasfollows:

p(x; Y% YT Y jzihub)
pP(Xe j Y% Y'Y Zhud) piY% Y'Yy jzhuh
p(Xe j Y% Y Y =0,25u) p(Y%hY* ;Y jzhuh) (32)

p(xe; Y j z'u')

In thelaststepwe exploitedthefactthatif we know theactive featuresy © andY *, thevariable
X¢ doesnot dependon the passve featuresY . We canhencesetY to an arbitraryvalue
without affecting the conditionalposteriorover x;, p(X; j Y% Y*;Y ;z';u!). Herewe simply
choseY = 0.

To sparsifytheinformationmatrix, the posterioris approximatedy the following distribu-
tion, in which we simply drop the dependencen Y © in the ®rst term. It is easilyshavn that
this distribution minimizesthe KL divergenceto the exact,non-sparselistribution:

p(xe; Y j z';uh)

pP(xcj YT Y =0z5u) p(Y% Yy jzhuh)
px; YT jY = 0;z5u)
p(Y*jY =0;zut)
This posterioris calculatedn constantime. In particular we begin by calculatingtheinforma-
tion matrix for thedistributionp(x; Y, Y* j Y = 0)of all variablesbutY , andconditioned

p(YO Y™ Y jzhuh) (33)



onY = 0. Thisis obtainedoy extractingthe submatrixof all statevariablesbut Y
Hto = Sx;Y*;YOSI;Y*;YOHtSX;Y";YOSI;Y*;YO (34)

With that,thematrixinversionlemma leadsto thefollowing informationmatricesfor theterms
pPX; YT jY =0;z%u)andp(Y* jY = 0;z';u'), denotedH! andH?, respectiely:

HE
H?

HIO HtOSYO(S-YroHtOSYO) 1S$QHIO
HY  HSevo(StvoHiSavo) *Sty,HY (36)

HerethevariousS-matricesareprojectionmatrices analogougo the matrix Sy, de®nedabove.
The®naltermin ourapproximation(33),p(Y%; Y*;Y j z';u!), hasthefollowing information
matrix:

H® = H¢ HS(S;HS«) 'Si He (37)

Puttingtheseexpressiongogetheraccordingto Equation(33) yieldsthefollowing information
matrix, in whichthefeatureY ° is now indeeddeactvated:

fo = HE HZ+HE = He HS,(SLHSy) *STHY

+H{Svo (StvoHSxve) "SivoH?  HiSe(S{HiSx) 'SpH: (38)
Theresultinginformationvectoris now obtainedby thefollowing simpleconsideration:
B = [H = [(H H+Hy)
= [He+ [(He H) = b+ [(F H) (39)

All equationscan be computedin constanttime, regardlessof the size of H;. The effect of
this approximationis the deactvation of the featuresY °, while introducingonly new links
betweenactive features.The sparsi®catiorrule requiresknowvledgeof the meanvector  for
all active featureswhichis obtainedvia theapproximatiortechniquedescribedn the previous
section. From (39), it is obvious that the sparsi®catiordoesnot affect the mean ¢, thatis,
H, 'of = [H] ‘[B]". Furthermoreour approximationminimizesthe KL divergenceto the
correctposterior Thesepropertyis essentiafor the consisteng of our approximation.

The sparsi®catioris executedwheneer a measurementpdateor a motion updatewould
violate a sparsenessonstraint. Active featuresare chosenfor deactvation in reverseorder
of the magnitudeof their link. This stratgy tendsto deactvate featureswhoselast sighting
is furthestaway in time. Empirically, it inducesapproximationerrorsthat are negligible for
appropriatelychosersparsenessonstraints , and .

1Thematrix inversionlemma(Sherman-Morrison-Wodhury formula),asusedthroughouthis article, is stated
asfollows:

H'+sBST ' = H HSB '+STHS 'S™H (35)



3.3 Amortized Approximate Map Recovery

Beforederving an algorithmfor recovering the stateestimate ; from the informationform,
let usbrie y considerwhatpartsof ; areneededn SEIFs,andwhen. SEIFsneedthe state
estimate , of therobotposeandthe active featuresn the map. Theseestimatesareneededat
threedifferentoccasions(1) thelinearizationof the nonlineameasuremerdgndmotionmodel,
(2) the motion updateaccordingto Lemma3, and (3) the sparsi®catiortechniquedescribed
furtherbelow. For linearsystemsthe meansareonly neededor the sparsi®catior(third point
above). We alsonotethatwe only needconstantlymary of thevaluesin {, namelytheestimate
of therobotposeandof thelocationsof active features.
As statedn (6), themeanvector ; is afunctionof H; andh:

c= H = (40)

Unfortunatelycalculatingequation(40) directly involvesinvertingalargematrix, whichwould
requiresmorethanconstantime.

The sparsenessf the matrix H; allows usto recover the stateincrementally In particu-
lar, we cando so on-line, asthe datais being gatheredandthe estimated andH arebeing
constructedTo do so,it will prove convenientto pose(40) asanoptimizationproblem:

Lemmad4. Thestate . is themode”, := argmax  p( ) of the Gaussiardistribution, de-

®nedoverthevariable ;:

n (0]
p({) = const exp 3 TH¢ +H . (41)

Here . is a vector of the sameform and dimensionalityas ;. This lemmasuggestghat
recovering . is equvalentto ®nding the modeof (41). Thus,it transformsa matrix inversion
probleminto an optimizationproblem. For this optimizationproblem,we will now describe
aniterative hill climbing algorithmwhich, thanksto the sparsenessf the informationmatrix,
requiresonly constantime peroptimizationupdate.

Our approachs aninstantiationof coordinatedescentFor simplicity, we stateit herefor a
singlecoordinateonly; ourimplementationteratesa constanhumberK of suchoptimizations

aftereachmeasuremenipdatestep. Themode” of (41)is attainedat:

n

[0}
A argmax p( () = argmaxexp 3 {H¢ +h ¢
t t

t

argmin 3 'H; ¢ 0 ¢ (42)

We notethatthe agumentof the min-operatoiin (42) canbe written in a form thatmakesthe
individual coordinatevariables i (for thei-th coordinateof ;) explicit:

X X X

% fHeo B¢ = % o i;TtHi;j;t it ' hTt it (43)
i i

whereH;; . is the elementwith coordinateqi; j) in H¢, andh; if thei-th componenbf the

vectorh . Takingthederwative of thisexpressiorwith respecto anarbitrarycoordinatevariable
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Figure 5: Sparsi®cation:A featureis deactvatedby eliminatingits link to the robot. To compensatdor this
changen informationstate links betweenactive featuresand/orthe robotarealsoupdated.The entireoperation
canbeperformedn constantime.
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Settingthis to zeroleadsto the optimum of the i-th coordinatevariable ;. given all other
estimates;:

2 3
X
k+1 k
i[;t+ b= Hi;i;t1 4hT;t Hi:j it j[;t]5 (45)
i6i
The sameexpressioncan corveniently be written in matrix notation,were S; is a projection
matrix for extractingthei-th componentrom thematrix H:

h [
kU = (STHS) ST b He M+ HssT M (46)

All otherestimates jo; with i°6 i remainunchangedh this updatestep thatis, }5;1] = i[(‘f;{.

As is easilyseenthe numberof elementsn the summationin (45), andhencethe vector
multiplicationin (46),is constanif H, is sparseHence eachupdaterequiresconstantime. To
maintainthe constant-timgropertyof our SLAM algorithm,we canafford a constanhumber
of updatesK pertime step. This will generallynot leadto convergence,but the relaxation
processakesplaceover multiple time stepsresultingin smallerrorsin the overall estimate.

4 Data Association

Data associatiorrefersto the problemof determiningthe correspondencbetweenmultiple
sightingsof identicalfeatures.Featuresaregenerallynot uniquein appearancegndthe robot
hasto make decisionswith regardsto the identity of individual features. Dataassociations
generallyacknavledgedto be a key problemin SLAM, anda numberof solutionshasbeen
proposed9, 28, 46]. Herewe follow the standardnaximumlikelihood approachdescribed
in [9]. This approachrequiresa mechanisnfor evaluatingthe likelihood of a measurement
underanallegeddataassociationsoasto identify the associatiorthatmakesthe measurement
mostprobable Thekey resulthereis thatthislik elihoodcanbeapproximatedightly in constant
time.



4.1 Recovering Data AssociationProbabilities

To perform dataassociationwe augmentthe notationto make the dataassociatiorvariable
explicit. Let n; betheindex of themeasuremer,, andlet n' bethe sequencef all correspon-

featuresN, ; thatis increasedlynamicallyasnew featuresareacquired.We distinguishtwo
casespamelythata featurecorrespondso a previously obsered one (hencen; N, ;), or
thatz, corresponds$o a new, previously unobseredfeature(n; = Ny ; + 1). We will denote
therobot's guessf n, by ;.

To make the correspondenceariablesexplicit in our notation,the posteriorestimatecby
SEIFwill henceforthbedenoted

p( ¢jz';u';nY) (47)

Heren! is the sequencef the estimated/aluesof the correspondenceariablesnt. Noticethat
we choseto placethe correspondencesn the right side of the conditioningbar. The maxi-
mum likelihoodapproachsimply choseghe correspondencthat maximizesthe measurement
likelihoodatary pointin time:

A, = argmaxp(z jz' L u;At Lnp)
Nt Z
—_ H . R S N N
= argn';nax P(zt] +:Nny) P( t]Z {;U ;N ; d.
7 7 Hib
= argmax Pz ] Xt;Yn;Ne) PXG Y j 20 UG AT Y (48)
Nt

Our notationp(z; | X¢; Yn,; Nt) of the sensomodelmakesthe correspondenceariablen; ex-
plicit. Calculatingthis probability exactly is not possiblein constanttime, sinceit involves
mauginalizing out almostall variablesin the map (which requiresthe inversionof a large ma-
trix). However, thesametype of approximatiorthatwasessentiafor theef®cientsparsi®cation
canalsobeappliedhereaswell.

In particular let us denoteby Y, the combinedMarkov blanket of the robot posex; and
the landmarky,,. This Markov blanket is the setof all featuresin the mapthatarelinked to
the robotof landmarky,, . Figure® illustratesthis set. Notice thatY, includesby de®nition
all active landmarks. The sparenessf H, ensureghat,’ containsonly a ®xed numberof
featuresregardlessof thesizeof themapN .

All otherfeatureswill becollectively referredto asY,, , thatis:
Yoo = Y Yoo fyng (49)

The setY, containsonly featureswhoselocation assertsonly an indirect in uence on the
two variablesof interest,x; andy,,. Our approachapproximateshe probability p(X; Yn, ]
zt L ut; At 1) in Equation(48) by essentiallyignoringtheseindirectin uences:

P(X; Yn, j 2' Hub At Y



Figure 6: The combinedMarkov blanket of featurey, androbotx; is suf®cientfor approximatingthe posterior
probability of the featurelocations,conditioningaway all otherfeatures. This insight leadsto a constanttime
methodfor recoveringthe approximateprobability distribution p(x¢; yn j z¢ *;ut).

zz
= S P(Xt; Yoo Yo Yo, § 20 Hutsnt b dY, dy,,
- POXt Y Yors Yo 20 HuS At ) p(Yer j Y, 52t Huhnt )
, P(Ya jZ8 Husnt fdYldy, (50)
POXGYne J Yo i Yo, = a2 HUSAY D p(YjY, = izt hubhat b dy,

This probability canbe computedn constantime. In completeanalogyto variousderivations
above, we notethat the approximationof the posterioris simply obtainedby carvingout the
submatrixcorrespondingo thetwo targetvariables:

T T 1
tne = Sy Yn (er;yn Yo He S Yn ;Yn+) Sxiiyn
tne = tSxeym (51)

This calculationis constantiime, sinceit involvesa matrix whosesizeis independentf N .
From this Gaussianthe desiredmeasuremenprobability in Equation(48) is now easilyre-
covered,asdescribedn Section2.2. In our experiment,we found this approximatiorto work
surprisinglywell. In theresultsreportedfurtherbelon usingreal-world data,the averagerela-
tive errorin estimatingdikelihoodsis 3:4 10 *. Associationerrorsdueto this approximation
werepracticallynon-«istent.

New featuresaredetectedy comparingthelikelihoodp(z; j z' *;ut; At 1;n,) to athresh-
old . If thelikelihoodis smallerthan , weseth; = N; 1+ 1andN; = N; 1 + 1; otherwise
the size of the mapremainsunchangedthatis, N; = N; ;. Suchan approachapproachis
standardn the context of EKFs[9].

4.2 Map Management

Our exactmechanisnfor building up the mapis closelyrelatedto commonproceduresn the
SLAM community[9]. Due to erroneoudeaturedetectionscausedior exampleby moving
objectsor measurementoise,additionalcarehasto betakento ®lter outthoseinterferingmea-
surementskFor ary detectedbjectthatcannotbe explainedby existing featuresa new feature
candidatas generatedut not putinto SEIFdirectly. Insteadit is addedinto a provisionallist
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Figure 7: Comparisorof EKFswith SEIFsusingasimulationwith N = 50landmarksin bothdiagramstheleft
panelsshav the ®nal ®lter result, which indicateshighercertaintiesfor our approactdueto the approximations
involvedin maintaininga sparsenformationmatrix. The centerpanelsshaw thelinks (red: betweertherobotand
landmarksgreen:betweenandmarks).Theright panelshaw theresultingcovarianceandnormalizednformation
matricesfor bothapproachedNotice the similarity!

with a weightrepresentingts probability of beinga usefulfeature. In the next measurement
step,thenewly arrivedcandidatesrechecledagainstall candidatesn thewaiting list; reason-
ablematchesncreasaheweightof correspondingandidatesCandidateshatarenot matched
loseweightbecauséhey aremorelik ely to beamoving object. Whenacandidatéasits weight
above a certainthresholdjt joins the SEIF network of features.

We noticethatdataassociatioviolatesthe constantime propertyof SEIFs.Thisis because
when calculatingdataassociationsmultiple featureshave to be tested. If we canensurethat
all plausiblefeaturesare alreadyconnectedn the SEIF by a short pathto the set of active
features,t would be feasibleto perform dataassociatiorin constanttime. In this way, the
SEIF structurenaturallyfacilitatesthe searchof the mostlikely featuregiven a measurement.
However, this is not the casewhenclosinga cycle for the ®rst time, in which casethe correct
associatiormight befar away in the SEIF adjacenyg graph.Usingincrementalersionsof kd-
trees[23, 40], it appeardo be feasibleto implementdataassociationn logarithmic time by
recursvely partitioningthe spaceof all featurelocationsusing a tree. However, our present
implementatiordoesnotrely on suchtrees hences overly inef®cient.

As a ®nal aside,we noticethat anotherimportantoperationcanbe donein constanttime
in SEIF:the mege of identicalfeaturespreviously mistreatecastwo or moreuniqueones. It
is simply accomplishedy addingcorresponding/aluesin the H; matrix andb, vector This
operationis necessaryvhencollapsingmultiple featuresinto one uponthe arrival of further
sensokevidence atopic thatis presentlynotimplemented.



Figure 8: The vehicleusedin our experimentsis equippedwith a 2D laserrange®nderanda differential GPS
system.Thevehicle’s ego-motionis measuredby a linearvariabledifferentialtransformeisensorfor the steering,
andawheel-mountedelocity encoderin the backgroundthe Victoria Park testervironmentcanbe seen.

5 Experimental Results

The primary purposeof our experimentalcomparisonvasto evaluatethe performanceof the
SEIF againstthatof the “gold standard’in SLAM, which is the EKF, from which the SEIFis
derived. Someof our experimentsrely on a benchmarkdatasetcommonlyusedto evaluate
SLAM algorithms[9, 11]. Othersrely on simulation,to facilitatemoresystematievaluations.
The vehicleandits ervironmentare shavn in Figures8 and9, respectrely. Therobotis
equippedwith a SICK laserrange®nderanda unit for measuringsteeringangleandforward
velocity. Thelaseris usedto detecttreesin the park, but it alsopicks up hundredsof spurious
featuressuchascornersof moving carson a nearbyhighway. Theraw odometryof the vehicle
is extremelypoor, resultingin several hundredmetersof error whenusedfor pathintegration
alongthe vehicle's 3.5kmpath. This s illustratedin Figure9(a), which shavs the pathof the
vehicle. Thepoorquality of theodometryinformationalongwith thepresencef mary spurious
featuregnale this dataseparticularlyamenabldor testingSLAM algorithms.
Thepathrecoreredby the SEIFis shavn in Figure9(b). This pathis visually indistinguish-
ablefrom the oneproducedy the EKF andrelatedvariants][9, 11]. Theaveragepositionerror
is smallerthan0.50meterswhich is vanishinglysmallcomparedo the overall pathlengthof
3.5km. Comparingwith EKF, SEIF runsapproximatelytwice asfastandconsumegessthan
a quarterof the memoryEKF uses.We concludethatthe SEIF performsaswell on a physical
benchmarldatasetasfar asits accurag is concernedhowever, eventhoughthe overall sizeof
themapis small,usingSEIFsresultin noticeablesavingsbothin memoryandexecutiontime.
In additionto the real-world data,we alsouseda robot simulator The simulatorhasthe
advantagethatwe know the groundtruth (whichis unknavn for the real-world datasets),and
thatit facilitatessystematiexperimentsspeci®callywith regardsto scalingup SEIFsto large
ervironments.In our simulations we focusedparticularlyon theloop closingproblem,which
is generallyacknavledgedto be one of the hardestproblemsin SLAM [13, 24]. Whenclos-
ing aloop, usuallymary landmarklocationsare affected,testingour amortizedmaprecovery
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Figure 9: The testingervironment: A 350 metersby 350 meterspatchin Victoria Park in Sydng. (a) shavs
integratedpathfrom odometryreadinggb) shawvs the pathastheresultof SEIF

mechanismunderthe hardestpossiblecircumstances As notedabove, loop closuresarethe
only conditionunderwhich SEIFscannotbe executedin constanttime per update,sincethe
mostlikely dataassociatiomequiresnon-localsearch.

Therobotsimulatoris setup to alwaysgeneratanapswith the samedensityof landmarks
(on average);asthe numberof landmarkss increasedsois the sizeof the ervironment.Each
unit interval possesseS0 landmarks(on average). The landmarksare randomlydistributed
in a squaredregion with a minimum distancebetweenary pair of landmarks. The noise of
robot motion and measurementare all modeledby zeromeanGaussiamoise. Speci®cally
thevariances 10 “ for forwardvelocity, 10 2 for rotationalvelocity, 0.002for rangedetection
and0.003for bearingsmeasurementdn eachiterationof the simulation,the robottakesone
move and one measurementat which it may sensea variablenumberof nearbylandmarks.
In eachour experimentswe performeda total of 20N iterations,which leadsroughly to the
samenumberof sightingsof individual landmarks. The maximumsensomrangeis setto 0.2,
which resultsin approximatelyé landmarkdetectionson averagefor one measuremerstep.
Themaximumnumberof active landmarkds alwayssetto be 10, a parametethatworkedwell
empirically.

Figurell and 12 show that SEIF beatsEKF in termsof computatiorandmemoryusage.
This doesnot surprise giventhat SEIFsmaintainsparsematrices.As predictedoy thetheory
EKF's usageof computatiorandmemorybothincreaseguadraticallywith the numberof land-
marksN . In SEIFs,the CPUtime periterationappeargo stayroughly constanfor mapswith
3000r morelandmark.Thememoryusedto storetheinformationmatrixincreasesnly linearly
asexpected.Dueto the approximatiorof the informationmatrix andamortizedmaprecovery,
SEIFhasbiggererrorthanEKF. Thisis shavnin Figure13,which plotstheempiricalerrorasa
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Figure 10: Overlay of estimatedandmarkpositionsandrobotpath.

functionof themapsizeN . However, thisincreasean erroris small,andcaneasilybejusti®ed
by thereducedcomputatiorandmemorycostswhenthe mapis large.

In anotherseriesof experimentswe were particularlyinterestedn the sourceof possible
approximatiorerrors. In particular we soughtto elucidatewhat fraction of the residualerror
wasdueto the sparsi®cationandwhatfractionwasdueto the amortizedrecovery of the map.
To this endwe comparedhreealgorithms: EKFs, SEIFs,anda variantof SEIFsin which the
exactstateestimate  is alwaysavailable. The latterwasimplementedisingmatrix inversion,
asdescribedn Equation(6). Clearly, therecovery of themapdoesnotrunin constantime, but
it alwaysprovidesanexactresult.

Thefollowing tabledepictsresultsfor N = 50landmarksafter500updatecycles,atwhich
pointall threeapproachearenearcorvergence.

# experiments ®nal error ®nal # of links computation

(with 95%conf.interval) | (with 95%conf.intenal) | (perupdate)
EKF 1,000 (5:54 0:67) 10 3 1,275 O(N?)
SEIFwith exact ¢ 1,000 (4:75 0:67) 10 3 549 1:60 O(N?3)
SEIF(constantime) 1,000 (6:35 0:67) 10 3 549 1:59 o)

As theseresultssuggestour approachapproximate€KF very tightly. The residualmaper-
ror of our approachs with 6:35 10 2 approximatelyl4.6%higherthanthat of the extended
Kalman®lter. This errorappeardo belargely causedy the coordinatedescenprocedureand
is possiblyin ated by thefactthatK = 10is a smallvaluegiventhesizeof the map. Enforc-
ing the sparsenessonstraintseemaot to have ary negative effect on the overall error of the
resultingmap,astheresultsfor our sparse®lter implementatiorsuggest.

In a®nal seriesof experimentswe appliedSEIFsto a restrictedversionof the multi-robot
SLAM problem,commonlystudiedin theliterature[36]. In ourimplementationtherobotsare



Figure 11: Thecomparisorof averageCPUtime betweerSEIFandEKF.

Figure 122 Thecomparisorof averagememoryusagebetweerSEIFandEKF.

Figure 13. The comparisorof rootmeansquaredistanceerrorbetweerSEIFandEKF.
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Figure 14: Snapshotfrom our multi-robotSLAM simulationat differentpointsin time. Initially, the posesof the
vehiclesareknown. During Steps62through64, vehiclel and2 traversethesameareafor the®rsttime; asaresult,
theuncertaintyin theirlocal mapsshrinks.Later, in steps85through89, vehicle2 obsenesthesamdandmarksas
vehicle3, with a similar effect on the overall uncertainty After 500stepsall landmarksareaccuratelfocalized.



informedof theirinitial pose. Thisis a commonassumptionn multi-robot SLAM, necessary
for thetypelinearizationthatis appliedbothin EKFsandSEIFs[36].

Our simulationinvolves a teamof threeair vehicles. The vehiclesare not equippedwith
GPS;hencethey accruepositioningerror over time. Figure 14 shaws the joint mapat differ-
ent stagesof the simulation. As in [36], we assumethat the vehiclescommunicateupdates
of their informationmatricesand vectors,enablingthemto generatea single, joint map. As
arguedthere theinformationform providestheimportantadvantageover EKFsthatcommuni-
cationcanbedelayedarbitrarily, which overcomesa needfor tight synchronizationnherentto
the EKF. This characteristi@risesdirectly from the factthatinformationin SEIFsis additive,
whereascovariancematricesarenot. SEIFsoffer over thework in [36] thatthe messagesent
betweenvehiclesaresmall. A relatedapproactfor generatingsmallmessages multi-vehicle
SLAM hasrecentlybeendescribedn [35].

Figure 14 shawvs a sequencef snapshot®f the multi-vehiclesystem,using 3 differentair
vehicles. Initially, the vehicle startour in differentareas,andthe combinedmap (illustrated
by the uncertaintyellipses)consistsof threedisjoint regions. During Steps62 through64,
the top two vehiclesdiscover identicallandmarks;as a result, the overall uncertaintyof their
respectre mapregiondecreaseskhisillustratesthatthe SEIFindeedmaintainghecorrelations
in the individual landmarks uncertaintiesalbeit usinga sparsanformationmatrix insteadof
the covariancematrix. Similarly, in steps85 through89, shethird vehicle beginsto identical
landmarksalsoseenby anothervehicle. Again, the resultinguncertaintyof the entiremapis
reducedascanbeseeneasily Thelastpanelin Figure14 shavs the ®nal map,obtainedafter
500iterations.This exampleshavs thatSEIFsarewell-suitedfor multi-robotSLAM, assuming
thattheinitial posesf thevehiclesareknown.

6 RelatedWork

SElFsarerelatedto a rich body of literatureon SLAM and high-dimensionaf®ltering. Re-
cently, several researcherbave developedhierarchicaltechniqueghat decomposenapsinto
collectionsof smallerf moremanageablsubmapgl, 2, 11, 22,46, 55]. While in principle, hi-
erarchicatechniquegansolve theSLAM problemin lineartime, mary of thesetechniquesitill
requirequadraticime perupdate.Onerecenttechniqueupdateghe ®lter in constantime [22]
by restrictingall computationto the submapn which the robot presentlyoperates.Using ap-
proximationtechniquegor transitioningbetweersubmapsthis work demonstratethatconsis-
tenterror boundscanbe maintainedwith a constant-timealgorithm (which is not necessarily
the casefor SEIFs). However, the methoddoesnot propagte informationto previously vis-
ited submapsinlessthe robot subsequentlyevisits theseregions. Hence,this methodsufers
aslower rateof corvergencein comparisorto the O(N ?) full covariancesolution. Alternative
methodsbasedon decompositionnto submapssuchasthe sequentiamapjoining techniques
describedn [46, 56] canachieve the samerate of corvergenceasthe full EKF solution, but
incuranO(N 2) computationaburden.



A differentline of researchhasrelied on particle ®lters for ef®cient mapping[10]. The
FastSLAMalgorithm[15, 27, 28] andearlierrelatedmappingalgorithms[31, 48] requiretime
logarithmicin the numberof featuresin the map, but they dependinearly on a particle-®lter
speci®cparametefthe numberof particles). Thereexists now evidencethata single particle
may suf®ce for corvergencein idealizedsituations[27] , but the numberof particlesrequired
for handlingdataassociatiomproblemsobustlyis still notfully understoodMore recently thin
junctiontreeshave beenappliedto the SLAM problemby Paskin[38]. Thiswork establishes
viable alternatve to the approachproposechere,with someavhatdifferentcomputationaprop-
erties.However, atthe presenpoint this approachHacksanef®cienttechniquefor makingdata
associatiordecisions.

As notedin the introductionof this article, the ideaof representingnapsby relative infor-
mationhaspreviously beenexploredby a numberof authorsmostnotablyin recentalgorithms
by Newman[37] andCsorba[7, 8]; it is alsorelatedto an earlieralgorithmby Lu and Mil-
ios [24, 14]. Newman's algorithmassumesensorghat provide relative informationbetween
multiple landmarks which enablest to bypassthe issueof sparsi®catiorof the information
matrix. Thework by Lu andMilios usesrobotposesasthe corerepresentatiorhencethe size
of the®lter grows linearly over time (evenfor mapsof ®nite size). As aresult,the approachs
not applicableonline. However, the approachby Lu andMilios relieson local links between
adjacentposes similar to the local links maintainedoy SEIFsbetweenmnearbylandmarks. It
thereforesharesmary of the computationapropertiesof SEIFswhenappliedto datasetsof
limited size.

Justasin recentwork by Nettletonet al. [36], our approachis basedon the information
form of the EKF [26], ashotedabove. However, Nettletonandcolleaguedocuson theissue
of communicatiorbetweenmmultiple robots;asa result,they have notaddressedomputational
ef®ciengy problems(their algorithmrequiresO(N3) time per update). Relative to this work,
a centralinnovationin SEIFsis the sparsi®catiorstep,which resultsin anincreaseccomputa-
tional ef®ciengy. A secondnnovationis theamortizedconstantime recovery of themap.

As notedabore, theinformationmatrix andvectorestimatedy the SEIFde®nesa Gaussian
Markov random®eld [54] (GMRF). As adirectconsequence rich body of literaturein infer-
encein sparseGMRFsbecomedlirectly applicableto a numberof problemsaddressethere,
suchasthe maprecovery, the sparsi®cationandthe mamginalizationnecessaryor dataassoci-
ation[32, 39,52]. Also applicables therich literatureon sparsematrix transformation$12].

7 Discussion

Thispapemproposednef®cientalgorithmfor theSLAM problem.Ourapproachs basednthe
well-known informationform of theextendedKalman®Iter. Basedontheempiricalobsenration
that the information matrix is dominatedby a small numberof entriesthat are found only
betweemearbyfeaturesin the map, we have developeda sparse extendedinformation®lter,
or SEIE This ®lter enforcesa sparseinformation matrix, which can be updatedin constant



time. In thelinear SLAM casewith known dataassociationall updatescanbe performedin
constantime; in the nonlinear case additionalstateestimatesare neededhatare not part of
the regular informationform of the EKF. We proposeda amortizedconstant-timecoordinate
descentalgorithmfor recovering thesestateestimatesdrom the informationform. We also
proposedan ef®cient algorithm for dataassociationn SEIFsthat requireslogarithmic time,
assuminghat the searchfor nearbyfeaturesis implementedby an ef®cient searchtree. The
approacthasbeenimplementecandcomparedo the EKF solution.Overall, we ®nd thatSEIFs
produceresultsthat differ only mamginally from that of the EKFs, yet at a much improved
computationaspeed Giventhe computationabhdvantage®f SEIFsover EKFs,we believe that
SEIFsshouldbeaviable alternatve to EKF solutionswhenbuilding high-dimensionamaps.

SEIFs, are representedhere, possess numberof critical limitations that warrantfuture
researchFirstandforemost, SEIFsmayeasilybecomeovercon®denta propertyoftenreferred
to asinconsisten{22, 17]. The overcon®dencemainly arisesfrom the approximationin the
sparsi®catiorstep. Suchovercon®dences not necessarilyan problemfor the corvergenceof
theapproach28], butit mayintroduceerrorsin thedataassociatiomprocessin practice wedid
not ®nd the overcon®denceo affect theresultin ary noticeableway; however, it is relatively
easyto constructsituationsn whichit leadsto arbitraryerrorsin the dataassociatiorprocess.

Anotheropenquestionconcernghe speedat which theamortizedmaprecovery converges.
Clearly, themapis neededor anumberof stepserrorsin themapmaythereforeaffecttheover
all estimatiorresult. Again, ourreal-world experimentshav no signof noticeabledegradation,
but a smallerrorincreasevasnotedin oneof our simulatedexperiments.

Finally, SEIFinheritsanumberof limitationsfrom thecommonrliteratureon SLAM. Among
thosearethe useof Taylor expansionfor linearization,which cancausethe mapto diverge;
the staticworld assumptiorwhich makesthe approachinapplicableto modelingmoving ob-
jects[53]; theinability to maintainmultiple dataassociatiorhypotheseswhich makesthe ap-
proachbrittle in the presenceof ambiguoudeatures;the relianceon features,or landmarks;
andtherequirementhattheinitial posebeknown in the multi-robotimplementationVirtually
all of theselimitations have beenaddresseth therecentliterature. For example,arecentline
of researcthasdevised ef®cient particle ®ltering techniqueg15, 28, 31] thataddressnostof
theseshortcomingsTheissuesaddresseth this paperaresomevhatorthogonato theseimi-
tations,andit appeargeasibleto combineef®cientparticle®lter samplingwith SEIFs.We also
notethatin arecentimplementationa new lazy dataassociatiormethodologywasdeveloped
thatusesa SEIF-styleinformationmatrix to robustly generatenapswith hundredof metersn
diameter51].

Theuseof sparsematricesin SLAM offersa numberof importantinsightsinto the design
of SLAM algorithms. Our approachputsa new perspectie on the rich literatureon hierar
chical mappingdiscussedurther above. As in SEIFs,thesetechniquedocus updateson a
subsetof all featuresto gain computationakf®cieng.. SEIFs,howvever, composesubmaps
dynamically whereagpastwork relied on the de®nitionof staticsubmapsWe conjecturethat



our sparsenetwork structuresapturethe naturaldependencieim SLAM problemsmuchbetter
thanstaticsubmapdecompositionsandin turn leadto moreaccurataesults. They alsoavoid
problemsthatfrequentlyoccurat the boundaryof submapswherethe estimationcanbecome
unstable However, the veri®cationof theseclaimswill be subjectto futureresearchA related
paperdiscusseshe applicationof constantime techniquego informationexchangeproblems
in multi-robotSLAM [34].

Finally, we notethatour work shedssomefreshlight on the ongoingdiscussioron there-
lation of topologicalandmetricmaps atopic thathasbeenwidely investigatedin the cognitive
mappingcommunity[6, 18]. Links in SEIFscapturerelative information,in thatthey relate
the locationof onelandmarkto another(seealso[7, 8, 37]). Thisis acommoncharacteristic
of topologicalmaprepresentationfb, 41, 19, 25]. SEIFsalsooffer a soundmethodfor recov-
eringabsolutdocationsandaf®liated posteriordor arbitrarysubmapsasedon theselinks, of
the type commonlyfoundin metric maprepresentation29, 45]. Thus, SEIFsbring together
aspectof both paradigmshy de®ningsimple computationabperationdor changingrelative
to absolutaepresentationgndvice versa.
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Appendix: Proofs

Proofof Lemmal: Measurementipdatesare realizedvia (17) and (18), restatecherefor the
readers corvenience:

He = He+ CZ ] (52)
h = b+ (z 2t+CtT t)TZ 1CtT (53)

Fromthe estimateof the robot poseandthe locationof the obsered feature the prediction2,
andall non-zercelementf the JacobiarC, canbe calculatedn constantime, for ary of the
commonlyusedmeasuremennodelsg. The constantime propertyfollows now directly from
the sparsenessf the matrix C;, discussedlreadyin Section2.2. This sparsenessnpliesthat
only ®nitely mary valueshave to be changedvhentransitioningfromH; to H,, andfrom b to
h. Q:E:D:

Proofof Lemma2: For A; = 0, Equation(28) givesusthefollowing updatingequationfor
theinformationmatrix:

He = [H i+ SUST ! (54)
Applying the matrix inversionlemmaleadsto thefollowing form:

He = Heow HeaSdU T+ SiHy oSd 'SiH
:ZLt
= He 1 Heale (55)

The updateof the informationmatrix, H; L, is a matrix thatis non-zeroonly for elements
that correspondo the robot poseandthe active features.To see,we notethatthe terminside



theinversionin L; is a low-dimensionaimatrix which is of the samedimensionasthe motion

noiseU;. Thein ation via the matricesS, andS] leadsto a matrix thatis zero except for

elementghat correspondo the robot pose. The key insightnow is thatthe sparsenessf the

matrixH; ; impliesthatonly ®nitely mary element®f H, ;L maybenon-zeropnamelythose

correspondingo therobotposeandactive features.They areeasilycalculatedn constantime.
For theinformationvector we obtainfrom (28) and(55):

by b H 5+ “TIH,
b H S+ “TI(He © Hy aly)

= b1+ "THi 1 boale+ “THe oL (56)

As above, thesparsenessf H, ; andof thevector " ; ensureshattheupdateof theinformation
vectoris zeroexceptfor entriescorrespondingo the robotposeandthe active features.Those
canalsobecalculatedn constantime. Q:E:D:

Proofof Lemma3: The updateof H; requiresthe de®nitionof the auxiliary variable , :=
(I + A,) 1. Thenon-trivial component®f this matrix canessentiallybe calculatedn constant
time by virtue of:

(I + SSSTASS,)
I IS(SIS; + [STAS] D) 'S]I
I Sl + [S{AS] D) 'S¢ (57)

Noticethat  differsfrom theidentity matrix | only at elementghatcorrespondo the robot
pose asis easilyseerfrom thefactthattheinversionin (57) involvesalow-dimensionamatrix.

Thede®nitionof  allows usto derive a constant-timesxpressiorfor updatingthe infor-
mationmatrix H :

Hy

[(1 + AQH, 501+ AYT + S,UsT] !
( Ty p *es0sD
=HP
[(HP 1) '+ SUsi]?
HY 4 |Ht0 1Sx[Up 1+ S)I{|7_|t0 15x] 1S>IHtO}
= Hy

ThematrixH? ; = [H; ; . iseasilyobtainedn constantime, andby the samereasoning
asabove, theentireupdaterequiresconstantime. Theinformationvectorh is now obtainedas
follows:

b

[h 1Ht 11+ AI]Ht
b H, YH + “TH,



N
= h 1H, 11(Ht+,_|t 1{th %+|Ht01{ZHt0})+ tTHt
=0 =0

= b oH 4(He 1+ He He . He o+ HY )+ “TH;

z1 3

Hq
1Hy 11(Ht 1 He Heot HtO 1)+ AtTHt

1B HCA( He He o+ HY )+ “TH

1 tTlHt 1H; 11( He He ot Ht0 1)"' AtTHt

= b1 {4 Ho Hea+H )+ "TH, (59)

1
o o T

The update H; is non-zeroonly for elementsthat correspondo the robot poseor actve
features Similarly, thedifferenceH? ; H, ; is non-zeroonly for constantlymary elements.
Therefore only thosemeanestimatesn  ; arenecessaryo calculatethe product [ ; H;.
Q:E:D:

Proofof Lemmad4: Themode; of (41)is givenby

AN
t

argmax p( )
! )

n
argmaxexp 1 TH¢ (+ 1
t

argmin 3 'Hy ¢ 0 ¢ (60)
t

Thegradientof the expressionnsidethe minimumin (60) with respecto ; is givenby
@ n1 T
@ 2

whoseminimum % is attainedwvhenthe derivative (61) is O, thatis,

o}
Hi + t}Tt = H¢ th (61)

N = H, 1th (62)

Fromthis andEquation(40) it followsthaty = . Q:E:D:



