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Abstract

Finding the genetic factors of complex diseases such as can-
cer, currently a major e ort of the international community
will potentially lead to better treatment of these diseases .
One of the major di culties in these studies, is the fact that
the genetic components of an individual not only depend on
the disease, but also on its ethnicity. Therefore, it is cruc ial
to nd methods that could reduce the population structure

e ects on these studies. This can be formalized as a cluster-
ing problem, where the individuals are clustered according
to their genetic information.

Mathematically, we consider the problem of clustering
bit \feature" vectors, where each vector represents the ge-
netic information of an individual. Our model assumes that
this bit vector is generated according to a prior probabilit y
distribution speci ed by the individual's membership in a
population. We present methods that can cluster the vec-
tors while attempting to optimize the number of features
required. The focus of the paper is not on the algorithms,
but on showing that optimizing certain objective functions
on the data yields the right clustering, under the random
generative model. In particular, we prove that some of the
previous formulations for clustering are e ective.

We consider two di erent clustering approaches. The
rst approach forms a graph, and then clusters the data
using a connected components algorithm, or a max cut algo-
rithm. The second approach tries to estimate simultanously
the feature frequencies in each of the populations, and the
classi cation of vectors into populations. We show that us-
ing the rst approach (log N= 2) data (i.e., total number
of features times number of vectors) is su cient to nd the
correct classi cation, where N is the number of vectors of
each population, and is the average “3 distance between
the feature probability vectors of the two populations. Us-
ing the second approach, we show that O(log N= *) data
is enough, where is the average "1 distance between the
populations.

We also present polynomial time algorithms for the
resulting max margin which, for now, needs only slightly
more data than stated above. Our methods can also be
used to give a simple combinatorial algorithm for nding a
bisection in a random graph that matches Boppana's convex
programming approach (and McSherry's spectral results).
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1 Introduction

Recent technology permits large-scale association stud-
ies, in which a complex disease such as cancer or
Alzheimer's disease is associated with some genetic fac-
tors. One of the main di culties in these studies is to
Iter out the population e ects from the data, so that

the studied disease will be the main property a ected by
the genetic information (this is called population strat-

i cation, or population substructure). Mathematically,
this boils down to a classi cation problem, in which a
set of bit vectors are classi ed into clusters. Each vector
corresponds to an individual participating in the study,
and each bit corresponds to a position in the genome
(known as a SNP - single nucleotide polymorphism).

In this paper, we consider a specic scenario of
population strati cation, in which the population at
hand is known to be composed of two sub-populations.
We assume a random generative model for the two
populations. Each population is represented by a
vector, in which every coordinate represents the prior
probability of the bit vector to be 1 in that position
for this population. We assume that each bit vector
is generated according to the population's probability
vector. Moreover, we assume the features are chosen
independently. * We note that similar models have
been proposed for many other problems, including, for
example, clustering users according to their preferences
[13, 14, 6].

The ability to classify the vectors clearly depends
on the di erence between the probability vectors of the
two populations. We therefore measure the di erence
between populations according to two measures. If
and p, are the two probability vectors, we denote by

and the average's5 and "; distances respectively
between pp and p. In particular, we de ne =
Ef[(pa(f) p2(f))?and = Etfipa(f) p2(f)il-

Here, we focus on minimizing the amount of data
required to cluster these vectors into two clusters. We
have two approaches; one isgraph-basedand one is
model-based For our graph based approach, we use

IThis independence assumption has been referred to as the
naive Bayes model.



the fact that humans are diploid, that is, in each
position, each individual has two bits, representing the

1.1 Related Work  Over the last couple of years, a
few methods have been suggested for population strati-

two copies of the chromosome (corresponding to the cation. The most widely used method, STRUCTURE

two parents).? We de ne a dissimilarity function on
pairs of individuals which is based on the diploidy
of the human DNA data, and build an associated

[19], uses a Bayesian model, and an MCMC algorithm
to nd the correct clustering based on the model. Their
method works very well in practice, although it is some-

dissimilarity graph. We assume the scenario where eachwhat ine cient, and there is no rigorous proof that

of the clusters containsN individuals. We show that
the optimal solution to a balanced max-cut problem
in the dissimilarity graph gives the correct partition
with k bits, where Nk = (log N= ?). We note
that it is quite straightforward to show that k =
O(log N= ?) bits are su cient using a simple connected
components algorithm. Our analysis for the max-cut
corresponds better to how things work in practice. In
particular, some state of the art methods for population
strati cation (i.e., STRUCTURE [19], and spectral

it converges to the correct classi cation. Recently, a
method which is based on spectral analysis was sug-
gested EigensStrat [18]). This method can be viewed as
a graph-based method, where the distance measure used
is the covariance between the bit vectors. This method
performs well on many instances in practice, but it has
not been shown rigorously that it will work well under
our model.

In general, clustering is a very well studied problem.
In particular, there is a large body of work on correlation

based clustering [18]), and our implementations achieve clustering, [4, 2, 8, 21], where the graph and the

good results whenNk is approximately 1= 2 even when
k is much smaller than 1= 2: We note, however, that this
is a structural result; we do not provide a polynomial
time algorithm for nding the best cut. Still, we believe

it is important to set a rigorous and analytical reasoning

optimization problems are given. Unlike these works,
we start with a problem and its underlying data and

de ne the graph and the optimization problem based
on the characteristics of our data - the challenge is to
show that the resulting clustering solves our original

for why our method and previous methods [19, 18] work problem.

with such little data.
Our second set of algorithms is based on anodel-

There is ample work on learning mixtures of
Gaussians[10, 3, 1, 11, 22] as opposed to the types of

basedapproach where one simultaneously estimates the distributions we learn. Perhaps the most closely related

probabilities of the features and the partition. In
this case, we can prove that nding the partition that
maximizes the "; di erence in number of features yields
the correct partition with high probability when Nk =
(log N= 4. When all the features have the same
dierence = 2
the graph-based methods, but for varying features the
graph-based method is much better.

On the other hand, we give a model based polyno-

mial time algorithm which nds the correct partition

with high probability for some Nk = (log °N= 4):3
That is, we get an algorithm with very nearly the same
data requirements as our structural result for this model

are the algorithms of Arora and Kannan[3] which can
actually learn overlapping Gaussians.

Surprisingly, we observe that the algorithms used in
this work are very related to algorithms for collaborative
Itering (in which internet users are recommended items

and this gives the same bound as for purchase). Previous works on collaborative ltering

[13, 14, 15], cluster the items and use the clustering to
infer the preferences of the individuals. In contrast, one
could view our technique as a way of clustering users
according to their preferences.

In fact, Kleinberg and Sandler[13] give an algo-
rithm that uses a quartet based dissimilarity function
and computes connected components in a thresholded

based approach. We suspect that the graph based ap-graph. Our rst graph-based approach is highly similar

proach can be made algorithmic as well.

We note that our algorithms may be of independent
interest. As evidence, we give a simple algorithm for
graph bisection in the planted bisection model that is
competitive with recent results of McSherry [16] and
classical results of Boppana [5] for this problem.

ZZhou [23] has shown that this requirement is unnecessary
using a hamming distance based score along with a max-cut bas ed
optimization function.

30ne can argue that N need only be polynomial in 1 =
1=, so the notion of polynomial should be interpreted in terms
of these quantities.

or

to their method, when the users are viewed as the DNA
bits, and the items as the individual vectors.

Another related problem is planted bisection. We
note that it is very di erent in the following respect from
our setting. The edges there are essentially generated
independently whereas all the edges for a node in our
graph are dependent on the feature bits associated with
that node, which makes the analysis very dierent.
For the planted bisection problem, there have been a
number of results since Boppana's original result [5]
which used the ellipsoid method. Many others have
since done related work both to understand commonly



used heuristics [12, 7], to produce simpler algorithms (Technically, there is a distribution of values of for

[9, 16], or to solve related problems [20, 16]. di erent features whose average is:)
There is also related work on approximation algo- . .
rithms for dense instances of graph partitioning as well The above lemma along with a Cherno /Hoe ding

as more general higher degree polynomial optimization Pound can be used to prove that the following lemma
problems. For example, Arora et.al. [3] give algorithms wh_lch gives a trivial algorithm for clustering the popu-
for a broad class of such problems. Here too, the meth- lations.

ods appear related to the methods we use here for clus-

. Lemma 2.2. If k = (log N= 2;) all the dissimilarity
tering.

scores between di erent population individuals are larger
han th ween sam lation individual
2 Graph Based Clustering: Diploid Setup ;[e:st tkgzewﬁﬁt hizeh p?gbai“ﬁ?fu ation individuals by at
In this section, we consider the case where each indi-
vidual consists of two samples for each feature that are  In this case, a connected components algorithm on
known to be drawn from the same population. As noted a thresholded subgraph will yield the proper partition.
in the introduction, this is the case for the population Indeed, we remark that this connected components
inference problem. The data there has the property that algorithm works even for several populations and for
an individual has the feature value of both its parents varying numbers of individuals.
encoded in its DNA (indeed, it's \own" feature value is In practice, and in our biological application in
unknown.) particular, this could result in a large set of features.

In this section, we present a dissimilarity measure We show in the next section that one can reduce the
for this setup and show a simple connected componentsnumber of features by trading it for extra individuals.
algorithm that separates the populations given enough
features for each individual. 3 Graph Based Partitioning

In this section, we look at input data which has N indi-

21 The Dissimilarity Score  The dissimilarity viduals from population 1 and N individuals from pop-
score between individuals is the di erence between the ulation 2. The connected components algorithm of the
average agreement among the internal feature bits and previous section did not require this condition. We sus-
the average agreement among the feature bits across thepect that other partitioning functions and methodolo-
pair. For example, if individual 1 has 00 for its diploid gies could be used to relax this condition.
value and individual 2 has 11, then the internal bits
both agree and the cross bits neither agree. For the 3.1 Some Notation We use the notation (P;P) to
case where one individual has feature bit values 01, anddenote the correct partition and (S;S) to denote an
the other also has 01 the internal bits do not agree and arbitrary cut. In our notation, S always denotes the side
the cross bits depending on the pairing agree by 2 or of the cut which has at least as many individuals from
by O, so we give an average score of -1. This is how weyopulation 1 as from population 2. We say that a cut
de ne the scores in the table 2.1. For two individuals (S:S) with N nodes on both sides hag swapped nodes
with feature bit values X and Y, we de ne scorg(X;Y ), if S hasN L nodes from population 1 andL nodes
as the sum of the diploid dissimilarities (de ned in ta- from population 2. The nodes inS from population 1
ble 2.1) over the values of the pairs of features bits. and the nodes in'S from population 2 are called the
unswapped nodes All cuts we consider in this section

| 00 11 01 are balanced that is, they have N nodes on either side
600 2 O unless otherwise speci ed.
1112 0 O We take the scoref (S;S) of a cut to be the sum of
0160 0 -1 the edge scores in the cut, where an edge score is the

dissimilarity score de ned in the previous section. We
show that when the number of featuresk is su cient,
out of all balanced cuts (S;S), (P; P) has the maximum
score with high probability. We also look at di (S;S)
which is di erence between the value off on (S;S) and
Lemma 2.1. The expected score for two individuals the value off on the perfect partition. In other words,
from the same population for a feature (which consists di (S;S) = f(S;S) f(P;P).

of a bit for each parent) is 0, and the expected score ~ Recall that we use the notation  to denote

for two individuals from -di erent populations is 2k Ej [(p(lf) p(zf))]z. Thus the expected score di erence

Table 1: We only de ne 01 values since 10 is symmetric.

The following lemma is straightforward.



between edges connecting two nodes belonging to dif-

ferent populations is 2k , and the expected score on an

Lemma 3.1. If k > 72c*2ld N " hone of the events

E (u) occur with probability at least 1 % over the

edge connecting two nodes belonging to the same pop-choice of the feature bits ofu for some constantc > 1.

ulation is 0.

We sometimes use the notatiorP; to denote the set
of individuals in population 1 and P to denote the set of
individuals in population 2. We use the term feature to
denote the data bits available for a single individual and
the term sampleto mean the total feature bits across
all individuals.

3.2 Our Results Our main result in this section can
be summarized by the following theorem.

Theorem 3.1.
or absence ofk independent features for individuals
belonging to two populations.
have this data for N individuals in each population. If

k  max(Z log M Ioglog N - 1024109 N} ' the correct parti-
tion (P;P) has the highest score with probability at least
1 L

R
A more optimized calculation shows that the con-
stants in the theorem are at most 40 in both expres-
sions. In this paper, we present the proof with higher
constants. A complete proof is given in [23]. We provide
the main ideas here.

Our proof strategy works roughly as follows. We
rst show in Lemma 3.1 that with high probability, the
average score between any individual and an individual
in its own population is lower than the average score
between the same individual and an individual in a
di erent population. We then show in Theorem 3.2
that if this event happens for all individuals in the data
set, any arbitrary cut (S;S) has a higher value off
than the perfect partition with at most exponentially
low probability. The union bound over all cuts in the
graph gives us Theorem 3.1.

We begin with Lemma 3.1. Given an individual u
belonging to population 1, let E (u) denote the following
event:

D = Exzp, [score(u;x)]  Eyap,[score(u;y)] k

This random variable D has expectation 2 k. The
event E (u) is the event that it varies (in a bad direction)
by at least k: That is, this choice of individual u is
not as close to their own population as is desired. The
expectations are taken over random choices of andy.
We de ne the notion of event E (u) for u in population
2, by reversing the sign in the de nition of D above,
and proceeding as above.

Let E = [ yE(u). We show that if the number of
samples is su cient, E occurs with low probability.

Also suppose that wepartition.

The proof follows by an application of the Method of
Bounded Di erences and appears in the full manuscript.

For the rest of our proof, we sometimes assume that
E holds and sometimes thatE, holds for u 2 V°where
VCis some subset o¥/.

We look at cuts (S;S) which contain L swapped
nodes from the perfect partition. Let us denote the
cut by (X [ P;Y[ Q). Here X and Y are the sets
of unswapped nodes belonging to population 1 and 2
and P and Q are the sets of swapped nodes belonging

Suppose we have data for the presencdo population 2 and 1 respectively. On expectation, any

such cut has a lower value of the scoré than the perfect
We would like to show that all such cuts
(S;S) have a lower value off than the perfect partition
with high probability. One way to do this is to show that
the variance of the value off on an arbitrary cut ( S;S)
is low. Unfortunately, this is not true. What we can
show, however, is thatdi  (S;S), the di erence between
the scores of cut §;S) and the perfect partition has
low variance compared to its expectation; the perfect
partition therefore has the highest objective value of all
cuts with high probability.

Theorem 3.2. Suppose that the evenE does not oc-
cur. If k max(Z log N loglog N - 102410d N ) for an arbi-
trary cut (S;S) with L swapped nodesPr[di (S;S)

0]

3
Nz¥z -

Proof:

The goal of the proof is to look at the function
di (S;S) as a martingale. Unfortunately, we cannot
get a good bound on the deviation if we do so right
away.

The proof therefore proceeds in four main steps.
Given the cut (S;S) = (X [ P;Y[ Q), we rst x
a con guration of the feature bits of the individuals
in P and Q such that they satisfy certain properties:
essentially, that the sum, over featuers, of the deviations
from the expected value of the number of individuals in
P and Q is small. Lemma 3.3 shows that this fails to
happen with only exponentially small probability. Now
the function f is a random function of the features of the
unswapped nodes. Now we would like to show that if the
event E does not occur, the functionf is a martingale
which has low deviation compared to its expectation.
However, doing so is a bit complicated.

To simplify the calculations, we de ne another event
Es: Es = [u2r[ oE(U).

The event Es occurs when one of the individuals
in the set of swapped nodes is further from the average



individual in its own population than from the average
individual in a dierent population. The proof of

impose the same constraints on these other deviations.
Let F denote the event that not all these constraints

Lemma 3.1 implies that for all possible subsets of are satis ed. We show that the probability of F is very

swapped nodesEs does not occur with high probability
since it is really just a condition on each individual node
which holds individually with high probability.

We proceed in the following by conditioning on
Es. We will complete the proof by showing that the
probability is essentially the same in the event that we
condition on E which is required in Theorem 3.2.

We next show in Corollary 1 that if Es does not
occur, the expectation of f (S;S) is much less than
the expectation of the scoref evaluated on the perfect
partition. Note that this expectation is taken over the
random feature bits of the individuals in X and Y. In
Lemma 3.4, we look at the functionf as a martingale
and show a deviation bound conditioned orEs. Finally
we demonstrate how this implies a deviation bound on
di (S;S) conditioned on E.

Lemma 3.2. Suppose eventEs does not occur. Then
for any node u in population 1, Ex»g[score(u; x)jEs]

Eyop[score(u;y)iEs] &

The lemma says that conditioning on the eventEg

low.

Lemma 3.3. PI[FJEs] o=

The proof is in the full manuscript. The idea is that
the probability that the number of 00's for a feature f
varies from its expectation by t; L is at most e i,
Assuming independence of the features (which is not
quite true under the condition that Es does not hold),
the probability that overall, the features vary according
. This probability is small
enough to tolerate a union bound over con gurations

The next lemma shows a bound on the deviation of
di (S;S) from its expected value, given thatEs and F
hold.

Lemma 3.4. Let (S;S) be an arbitrary cut with L
swapped nodﬁs, and let D
t = max(8L LN k logN; 256." kN logN loglogN).
Then,
Pr[jdi

(S;S) E[di (S;S)lj>tjEs\ F]

1
Nz -

does not change the expected score di erence between

an individual u and individuals x and y in dierent
populations.

This follows from the fact that the event Es occurs
with very low probability so that excluding it from the

sample space does not change the expectation of thisTheorem 3.3.

random variable by much. The proof is an the full
manuscript.

The following corollary follows from the fact that
di (S;S) is the sum over all nodes inX and Y of
the quantity in Lemma 3.2, along with linearity of
expectation. The proof is in the full manuscript.

Corollary 1. Suppose that the eventEs does not
occur. Then, E[di (S;S)] kL (N L).

We also use the notation qf) =1 p(lf) and

og) =1 p(zf). Let the number of nodes inP with a
00 value for featuref be (cf'’)2L + t%" L. We impose
the condition that

X
(B.1) (19?2
f

4L logN +2kloglogN + O(k)

Similarly let t?* and t}' be the corresponding de-
viations in the number of individuals in P with value
01 and 11 for featuref, and s, s?* and s! be the
corresponding deviations in the number of individuals
in Q with value 00, 01 and 11 for featuref. We also

Proof:
We use the Method of Average Bounded Dier-
ences [17], as restated in Theorem 3.3.

of random variables and let be a function satisfying the
property that for eachi 2 [n]; there is a non-negativec
such that

IELiXi] E[jXi ali G
Then,

Pr[j 2e =2

P
whereC =, ¢

We apply this lemma to E[di (S;S)jEs] which we
estimate in Corollary 1. This function depends on the
choice of the feature bits of the individuals in X and
Y: Note that E[di (S;S)jEs;F] does not dier very
much from E[di

(S;S)jEs] asF occurs with very low
probability.

Now, we let Byt be the choice of featuref for
individual u. We choose these bits in lexicographic order
for the sake of using the Method of Bounded di erences.
We proceed to give an upper bound ort,s by bounding
the maximum change inf given the conditions F and
Es on the choice ofP and Q.

Note that if we conditioned on E, the feature
bits of an unswapped individual u would not vary
independently. Conditioning on Es instead ensures

E[ li>t]



that the feature bits of an individual uin X [ Y are
independent and allows us to computec,; :

When the state of the featuref changes from 11 to
00 in an unswapped individualu, c,s can be bounded
as follows. Note thatdi (S;S) is precisely the scores
of the fo(l)lowing edges:

1
X X
@  score(u;q) score(u; p)A +
2X 2 2P
u qu p 1
X X
@  score(v;p) score(v; g)A
v2Y p2P q2Q

From the way we Bet the feature bits in P and Q,
there are (p{')2L + t!" L nodes inQ with value 11 for

feature f, and (¢f')2L + t%" L nodes inQ with value
00 for featuref . Each edge betweeru and any of the
former set of nodes now contribute 2 extra todi  (S;S),
and each edge betweem and each of the nodes in the
latter set now no longer contribute 2 to di (S;S). A
similar calculation can be done for the edges between
and the nodes inP. In summary, we can boundc,s as:

20012 ()2 ()2 + ()L

+2t90 L+2t3 L+2s0 L+2s0 L
f f p—

20" pYL+27 L

(170 + t#t + s7° + i)

Cu;f

The other cases are similar. For any change in
u's feature bits, we can boundc,s to be at most
2" pUYL +27 T(t%0 + t01 + t21 + 500 + s + 11,

The total deviation C can be bounded as

X X

Caf
fou2X[y
8L2N)J< +
B8LN (7% + tP + tft + 50 + s + 512
f
16L%N k +

384LN (4L logN + 2k loglogN + O(k))

If the rst term dominates the sum, for t
8Lp LN k logN, % (2L + 2)log N and the lemma
holds by the method of bounded dierences (Theo-
rem 3.3.) If the second term dominates, fort
256!.p kN logN loglogN, % (2L +2)log N and the
lemma holds by Theorem 3.3.

Lemma 3.4 and Corollary 1 show that conditioned
on Es and F for any cut (S;S), di (S;S) is at most

2 kNL + t with high probability, where t is de ned
as in Lemma 3.4. Ifk is large enough, namely, ifk
max(Z> log N Ioglog N - 1024109 Ny 't s at most 5 kNL .

Let B be the bad event that di (S;S) > 0. So
far we have shown that the probability of B is at most
ot conditioned on Es and F. As event E implies
Es, Pr[BjEs;F] Pr[BJE; F]Pr[EJEs;F]. Thus,
Pr[BJE; F]is less than %= since PrEjEs;F] is close
to 1 (bigger than 1=2 is sucient.) Since Pr[F] <
1=N2-*2 js so small, we can conclude that PBjE]

remains less than 2= which proves Theorem 3.2.

4 Model-Based Partitioning

In this section, we consider partitioning using a model-
based approach. A model-based approach is one in
which we use the data to simultaneously estimate the
probability of occurrence of each feature in the two
populations as well as assign individuals to populations.

We consider two model-based approaches. First, we
present a simple combinatorial algorithm which runs in
polynomial time and nds the perfect partition when k
and N are large enough. Next, we de ne a model-based
scoreg on the partitions of the individuals. We show
that the partition which maximizes the score g is the
correct partition with high probability, provided k and
N are large enough. However we do not know how to
compute this partition e ciently.

4.1 Preliminaries We use the following notation,
(f)

some of which we de ned in Section 3. We use;

and p(zf) to denote the probabilities of occurrence of

feature f in populations 1 and 2 respectively. For a

speci c feature f, we let P jp(lf) D(zf)j and we let
= E;¢ [jp(lf) p(zf)j], sothat ; = k.

For the rest of the section, we only look at partitions
which have N nodes on either side. The algorithm
of this section, iteratively produces better and better
partitions. We always assume without loss of generality
that S has at least as many individuals from population
1 as doesS. A partition (' S;S) has advantage if S has
(3 + )N individuals from population 1.

Given a partition ( S;S) with positive advantage,
let p(sf) and pfsf) denote the fraction of individuals with
feature f in S and S respectively. We say that feature

f is in the right order if pg) and pg) are in the same

order asp(lf) and p(zf).

We now show an useful lemma, which, given a parti-
tion (S;S) with advantage , determines the probability
with which a feature f is in the right order in this par-

tition.



Lemma 4.1. (Ordering Lemma) Let f be a feature
such that p(lf) < p(zf) and (S;S) be a partition of 2N
If 2 ¢ < i,

individuals with advantage .
p

N
1 _
Pips’ < pg’l +2¢% ¢ N
Otherwise, . .
PripS) < U]

where c is a constant.

Proof: Let N¢ (S) and N (S) be the number of people
with feature f in S and S respectively. Then, N; (S)
and N (S) are sums of N independent G=1 random
variables, with E[N¢ (S)] = [( 2+ )p{? + (% )p{)IN
and EIN¢ (S =[(3+ oy +(5  )pi’IN.

The dierence between the expectations of the
two distributions is 2 ;N. When 2 ; plﬁ we
can apply Lemma 4.2 to get the rst bound. When
2 > p% the lemma follows by an application of the
Hoe ding Bound.

1 e ~ N

Lemma 4.2. Let W; and W, be sums ofn 0=1 indepen-
dent random variables with0 < E[W,] E[W1]< " n.

Then,
1 G

Priw, W] E""pﬁ

whereG = E[W;] E[W;] and c is a constant.

We defer the proof of this lemma to the full version
of the paper. We use the following version of the
Hoe ding Bound in a later part of the section.

Theorem 2. (Hoeffding Bound) [17] Let

X1;::5; X be independent random variggles such

that X; lies betweena; and by, and let X
Then,

n
i=1 Xi.

PrjX E[X]j>t] 2e =2

b)?.

where

= (a

4.2 A Model-Based Algorithm
describe our model-based algorithm.
The intuition of our algorithm is as follows. Sup-
pose we were given the correct classi cation of a con-
stant fraction of the nodes. Then we could estimate with

In this section, we

the size of each such set. We begin with a random
partition of the individuals in the training set into two
equal sized setsSy and Sp. Notice that with at least
constant probability, the two sides are biﬁ\sed toward one
population or another by an additive =~ n individuals.
We estimate the probabilities for a xed subset of the
features in each ofSy and Sy. Using these probabilities,
we estimate using a simple scoring function which side
each individual in the test set is more likely to have come
from.# We use this score to form a new partition S;; S;)
of the test set and repeat the learning and partitioning
process on alternative halves for (logn) iterations as
shown below. At this point, the classi cation would
be approximately correct and it is easy to now nd a
correct classi cation.

In each subsequent learning/categorization phase,
we use a separate set of features to maintain indepen-
dence between the phases. We randomly divide the set
of all features into (log n) groups, and use a new group
for each round. Standard techniques can be used to
show that the value of and when restricted to each
of these groups is within a constant factor of and ;
for ease of exposition we simply assume from now on
that they are equal. We also abuse notation and use
k to denote the number of features in each round; the
total number of features we need is thus (klogn).

We compute our scoring function as follows. We
initialise the score of an individual to O and look at
each feature in order. For each featurd ,

if p(lf) > p(zf), add 1 to the score if the feature is
present, and otherwise subtract 1.

if p(lf) < p(zf), subtract 1 from the score if the

feature is present, and otherwise add 1

We denote the result by score(x) for an individual
X. The following theorem summarises the main result
of this section.

Theorem 4.1. Suppose we have data on the presence
or absence ofKk features in N individuals. Then, with
probability at least 1 Nl our algorithm nds the correct

partition in  (log N) rounds if K > ( @) and
2
NR> ( looNy

If x and y are individuals from populations 1 and

reasonable accuracy the probability of the presence of 2 respectively, the goal of the algorithm is to tell x

each feature in either population and use a simple scor-
ing function to nd the correct side for each unclassi ed
individual. In reality, we start with a random (though
slightly biased) partition and repeatedly (re)classify to
get more and more correct partitions.

In the beginning, we divide the set of all individuals
randomly into two equally large sets, which we call the
training set T and the test set TC Let 2n N be

and y apart based on their scores. For this, we would
like to estimate how the quantity score(x) scoreg(y)
behaves. Note that this quantity is not only a function
of the randomness in the features ofx and y but it
also depends on the randomness in the feature bits
of the individuals in the training set. The next two

7We do not, use the technical notion of likelihood, though.



lemmas ensure that with high probability over the

We leave the proof of this lemma to the full

randomness in the training set, the expected value of manuscript. For now, we observe Lemma 4.3 holds with

scoreg(x)  scorg(y) is high, where the expectation is
taken only over the feature bits of x and y.

For a given advantage , we call a featuref a low
featureif 2 ¢ < pl—ﬁ and a high feature otherwise. For
the rest of the section, we useL and H to denote the

high probability for every step of the algorithm. Then,
for each node in the test set, we have a lower bound on
its expected scqre. Moreover, we know that the vari-
ance is at most k: Using Lemma 4.2, we can infer a
lower bound on the probability of categorizing a test

set of low and high features respectiyely. We also sayhode correctly. If we are in the rst case of Lemma 4.3,

that the low features dominate when , ¢
otherwise, we say that the high features dominate.

Lemma 4.3. Let Z; be a random variable such that
Zi = ¢ if the feature f i§ in the right orderpand f
otherwise, and letZ =  ; Z¢. Also let "n > c?

wherec®is a constant andk > ( 29, When the high
features dominate,

k 1
Pr[Zz < — —
[z< 51 -
Otherwise, D
c2 2k"'n. 1
Pr[Z< ———— =
[ i =
Here c is the constant in Lemma 4.2 and is a

constant.

The proof uses Lemma 4.1 along with Theorem 2.
We omit the details here.

Lemma 4.4. Let x be a node belonging to populatiord
and y be a node belonging to populatior2. Let (S;;S;)
be a partition with advantage . |If the low features
dominate, with probability at least1 % over the feature
bits of the individuals in the training set,

p_—

E[score(x)] E[score(y)] #
Otherwise,

E[score(x)] E[scoreg(y)] e

where c° is a constant, ¢ is the constant in Lemma 4.2
and is the constant in Lemma 4.3. The expectation

this lower bound becomes% +2 : This yields a new par-
tition with the required 2 advantage. In the other case
of Lemma 4.3, we can get a constant advantage.

The correctness of our algorithm is ensured by the
following nal lemma, the proof of which we defer to
the full version of the paper.

Lemma 4.6. Let (S;;Sj) be a partition of the training

set which has advantage at leasCy where Cy is a

constant. If k> ( °9) we can correctly classify every
node in the test set with probability at leastl 1

4.3 A Model-Based Optimization Function We
now introduce our model-based optimization function.
Let N¢ (S) denote the number of individuals with fea-
ture f in the set of individuals S. Given a partition
(S;S) of the individuals, our score g(S;S) is de ned as
follows: X
9(S;S) =
f

Nt (S) Nt (S)

We also dene di 4(S;S), which is the dierence
betweeng(P;P) and g(S;S). The main result of the

section can be summarised by the following theorem.

Theorem 4.2. Suppose we are given data for the pres-
ence or absence ok features in N individuals from two
populations. Ifk > ( 2Ny andN > ( 99N the par-
tition (S;S) with N nodes on egch side that maximizes
the value of the scoreg(S;S)= ; Nt (S) N (S) is
the correct partition with probability at least 1 &

R
Proving Theorem 4.2 is easy wherl is comparable to
N, sayL > N=4. When N > ( 29N) we can show
that the expected di erence between the values of the
perfect partition and an arbritrary partition ( S;S) with

L swapped nodes is at leaskL= 5. We omit the details

here is taken over the choice of the feature bits for nodeshere. Now the di erence in the scores is a function of

x andy.

The basic idea is to observe that the dierence
between the scores is basically twice the scor& in
Lemma 4.3. We omit the details.

Lemma 4.5. Let (&i ;' Si) be a partition with advantage
at least where "'n > c? and let k > ( %) and
nk > ( '%91). Then, with probability at least 1 2,
(Si+1;Si+1) has advantage at leasmin[2 ; Co], where

Co is a constant.

Nk = ( Lk) bits, and if we change the value of each
of these bits, the score changes by at most 2. Therefore
the probability that this di erence is less than 0 is at
most the proﬁaability that it diers from its expected
value by ( L* klogN), and by the Method of Bounded
Di erences, this value is exponentially small in N .

We cannot use this argument directly when L
N=4 because now the expected value of the di erence is
( kL ) which can be much smaller than the standard
deviation  Nk. What we can do however, is show that



the di erence behaves well for most con gurations of
the feature bits of the unswapped individuals.

For the rest of the section, we focus on proving
theorem 4.2 whenL < N=4. Using notation from
Section 3, let (S;S) be the partition (X [ P;Y [ Q),
where all nodes inX and Q are in population 1 and all
nodes inY and P are in population 2. The main idea
behind the proof is to look at only a region of the total
probability space on which a certain condition holds.
Let pﬁ(f) and pg) be the fraction of individuals who have
feature f in the sets X and Y respectively. Let S; be

a random variable which is 1 Whenpg) and pg) are in

X X
E[ £]=
f f 2B

Eldi 4S;S)] = E[ ¢]+  E[ ¢]

f2B

A feature f is in B if bggh ¢ > 55 and S = 1.
Condition (1) tells us that = ¢, ;4 1 IS at least &
and the total contribution from the featuresyvhich have
p < can be at most £5. Therefore ;,5 i

tisis1g | 75 e Agajp, a feature is not in
B if either S = lor ;< . 19 f Zk
by Condition (1), and therefore Zk 4+ X
5k_

20

ffjSi=
f2B f

20 °
Applying Claims 4 and 3, for a xed C such that

the right order and when jpg(f) pg)j > —,and 1 Condition (1) holds, we can estimateE[di ¢(S;S)jC]

otherwise. The condition we need is the following: to be at least 3% & 3% L= K
) X 8k
(4.2) St o The next lemma shows thatdi 4(S;S) < 0 with

f probability at most max[ 3-; -] when (S;S) is a cut

with L swapped nodes.
Lemma 4.9. Let L  N=4 and let (S;S) be a cut with
L swapped nodes. Then

Pridi 4(S;S)

The following lemma shows that this condition
holds with probability at least 1~ max[3; 5] when
N and k are large enough.

Lemma 4.7. Let N > ( 9Ny and k > ( 9N and
L < NT. Then, condition 4.2 holds with probability
at least 1 max[3r; 7] over the feature bits of the The pasic idea behind the proof is as follows. If the
individuals in X and Y. feature bits of the individuals in X and Y are xed,

The basic idea of the proof is to use Lemma 3.3di ¢(S;S) is a random function of the features of the
which bounds the sum of squares of the deviation of individuals in P and Q, and there are only 2k such
the number of individuals with feature f from their bits. When the feature bits of the individuals in X and
expected value. An application of the conditions on Y are xed such that condition (1) holds, Lemma 4.8
N and k then completes the proof. The following shows that the expectation ofdi 4(S;S) is also high.
lemma shows thatE[di 4] is high when Condition (1) Finally, since condition (1) holds with high probability,
is satis ed. we have Lemma 4.9.

Theorem 4.2 now follows by taking an union bound
over all cuts. We omit the details here.

2 2
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0] N 2L

max|

Lemma 4.8. Let L <N=4 and let C be a con guration
of the feature bits of the individuals inX and Y such

that condition 4.2 holds. Then, E[di ¢(S;S)jC] % 5 Bisection

The techniques of the previous section can be used to
Proof: Let ¢ denote the contribution of feature f  give a simple algorithm for bisection in the randomized
to di ¢(S;S). We make the following two claims, the model introduced by Bui. This matches the result of
proofs of which we defer to the full version of the paper. Boppana which used convex programming. We note

. that McSherry also matched this result using spectral
Claim 3. Let  be a feature such that 75 and methods. Our algorithm is a local improvement method
suppose thaEXf and Y; are xed S0 thgtSf =1.Then, ¢ o sort. It is related to the approach of Condon
E[ r] =, where the expectation is taken over the 53ng Karp, or an improved version due to Carson and
randomness in the feature bits of® and Q. Impagliazzo.

Suppose we are given a random graph generated
as follows. The graph has B8 nodes andm edges, and
the nodes can be partitioned into two sets of equal size.
Each node chooseg} neighbors at random as follows:
it selects each node on the same side of the partition

Let B be the set of features such thatS; = 1 and Wwith probability % + and each node 8” the opposite

f 55- Then, the expectation of di 4(S;S) can be side with probability % where = logn and
written as follows. is a constant.

Claim 4. Let X; and Y; be xed to any values.
Then,E[ ] ¢+ L, where the expectation is taken
over the randomness in the feature bits of the individu-
als in P and Q.

2m



Given a partition (S;S), we always assume that
S has at least as many nodes from the rst side as
from the second side of the partition. We say that
(S;S) has imbalance if S contains (% + )n nodes
from the rst side. Our algorithm starts with a random
partition of the nodes. Note that this partition has
imbalance at least pl—ﬁ with constant probability. We
iteratively reclassify the nodes and produce partitions
with increasing imbalance up to a constant imbalance.

For each node we examine the nextd = 50+
unexamined (in any previous iteration of the algorithm)
edges. We place the node on the side with the majority
of neighbors, breaking ties at random. The following
lemma shows that when < c @ where c®is a constant,

[6] John Canny. Collaborative Itering with privacy via fac tor
analysis. In Proceedings of the 25th annual international
ACM SIGIR conference on Research and development in
information retrieval , pages 238{245, 2002.

Ted Carson and Russell Impagliazzo. Hill-climbing nds
random planted bisections. In Proceedings of SODA 2001,
2001.

Moses Charikar, Venkatesan Guruswami,
Wirth. Clustering with qualitative information.
pages 524{533, 2003.

[9] Anne Condon and Richard M. Karp. Algorithms for graph
partitioning on the planted partition model. Random Struc-
tures and Algorithms , 18(2):116{140, 2001.

A. Dasgupta, J. Hopcroft, J. Kleinberg, and M. Sandler. ~ On
learning mixtures of heavy-tailed distributions. In Proceed-
ings of the 46th IEEE Symposium on Foundations of Com-
puter Science, pages 491{500, 2005.

(7]

[8] and Anthony

In FOCS,

(20]

the imbalance increases by at least a constant factor [11] S. Dasgupta. Learning mixtures of gaussians. In Proceedings

every round.

Lemma 5.1. Let (S;S) be a partition of the nodes with
imbalance . If <c @ a node is classied correctly with
probability at least % +4 . Here ’is a constant.

The proof uses ideas similar to the proof of Lemma 4.1.
Since we start with imbalancep%, we get a partition

with constant imbalance after at most %Iogn rounds.
We now use Lemma 5.2 and the remainingt- unexam-

of the 40th IEEE Symposium on Foundations of Computer
S cience, pages 634{644, 1999.

[12] Mark Jerrum and Gregory Sorkin. Simulated annealing fo r
graph bisection. In Proceedings of the 34th IEEE Symposium
on Foundations of Computer Science , pages 94{103, 1993.

[13] J. Kleinberg and M. Sandler. Convergent algorithms for
collaborative ltering. In  Proc. 4th ACM Conference on
Electronic Commerce , 2003.

[14] J. Kleinberg and M. Sandler. Using mixture models for
collaborative Itering. In Proceedings of the 36th ACM
Symposium on Theory of computing , pages 569{578, 2004.

ined edges per node to classify each nodes correctly with[15] Ravi Kumar, Prabhakar Raghavan, Sridhar Rajagopalan,

high probability.
Lemma 5.2. Suppose we have a partition(S;S) with

. m )
constant imbalance, andj _Unexammed edges for eaf:h [16] Frank McSherry. Spectral partitioning of random graph
node. Then, we can classify each node correctly with

1

o

The proof is very similar to the proof of Lemma 4.6
and we defer it to the full version of the paper.
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