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Abstract

Recent research has studied the role of sparsity in highrdiroeal regression and
signal reconstruction, establishing theoretical limdsrecovering sparse models
from sparse data. In this paper we study a variant of thislprotwhere the
original n input variables are compressed by a random linear transtiwmto
m  n examples inp dimensions, and establish conditions under which a sparse
linear model can be successfully recovered from the corsptedata. A primary
motivation for this compression procedure is to anonymieedata and preserve
privacy by revealing little information about the originddta. We characterize
the number of random projections that are required faregularized compressed
regression to identify the nonzero coef cients in the truedel with probabil-
ity approaching one, a property called “sparsistence.” dditéon, we show that

" 1-regularized compressed regression asymptotically piedis well as an or-
acle linear model, a property called “persistence.” Finalte characterize the
privacy properties of the compression procedure in infeionatheoretic terms,
establishing upper bounds on the rate of information conicatied between the
compressed and uncompressed data that decay to zero.

1 Introduction

Two issues facing the use of statistical learning methodppiications arscaleandprivacy. Scale

is an issue in storing, manipulating and analyzing extrgrteebe, high dimensional data. Privacy
is, increasingly, a concern whenever large amounts of cemtidl data are manipulated within an
organization. It is often important to allow researchersamalyze data without compromising the
privacy of customers or leaking con dential informationtside the organization. In this paper we
show that sparse regression for high dimensional data caared out directly on a compressed
form of the data, in a manner that can be shown to guard priveay information theoretic sense.

The approach we develop here compresses the data by a ramd@ndr af ne transformation,
reducing the number of data records exponentially, whigserving the number of original input
variables. These compressed data can then be made avéilabtatistical analyses; we focus on
the problem of sparse linear regression for high dimensidata. Informally, our theory ensures
that the relevant predictors can be learned from the corspdedata as well as they could be from
the original uncompressed data. Moreover, the actual giieds based on new examples are as
accurate as they would be had the original data been madalzeai However, the original data
are not recoverable from the compressed data, and the cesegreata effectively reveal no more
information than would be revealed by a completely new sampt the same time, the inference
algorithms run faster and require fewer resources than tnehrtarger uncompressed data would
require. The original data need not be stored; they can heftvamed “on the y” as they come in.



In more detail, the data are represented as ap matrix X. Each of thep columns is an attribute,

and each of the rows is the vector of attributes for an individual record.eTdata are compressed

by a random linear transformatiod 7! X 8 X, where8 is a randomm n matrix with

m  n. Itis also natural to consider a random af ne transformatio7! X 8 XC 1, wherel

is a randomm  p matrix. Such transformations have been called “matrix nmggkn the privacy
literature [6]. The entries B and1 are taken to be independent Gaussian random variables, but
other distributions are possible. We think &fas “public,” while8 and1 are private and only
needed at the time of compression. However, even With 0 and8 known, recoveringX from

K requires solving a highly under-determined linear systech@mes with information theoretic
privacy guarantees, as we demonstrate.

In standard regression, a response varigblz X C 2 R"is associated with the input variables,
where ; are independent, mean zero additive noise variables. Ip@ssed regression, we assume
that the response is also compressed, resulting in thefdramesd respons®& 2 R™ given byY 7!

¥ 8Y D8X C8 D X Ce. Note that under compressios,;i 2 f1;:::; mg in the
transformed noise D 8 are no longer independent. In the sparse setting, the psgamé@ RP

is sparse, with a relatively small numb&D k kg of nonzero coef cients in . The method we
focus on is’ 1-regularized least squares, also known as the lasso [17]stWdy the ability of the
compressed lasso estimator to identify the correct spatsd eelevant variables and to predict well.

We omit details and technical assumptions in the followingorems for clarity. Our rst result
shows that the lasso gparsistenunder compression, meaning that the correct sparse séeednge
variables is identi ed asymptotically.

Sparsiﬁtence (Theorem 3.3): If the number of compressed exampfasatis esC1s?lognps

m Czn=logn, and the regularization parametey; satises m! 0 and m 2=logp!

1 ; then the compressed lasso estim&grD arg min %k? 4 kg C mk ki is sparsistent:
P supp®€,/ D supp/ ! lasm!1l ,wheresupp/ Dfj: j 6D0g

Our second result shows that the lass@éssistentunder compression. Roughly speaking, per-
sistence [10] means that the procedure predicts well, asuneé by the predictive risR. / D

EY TX 2, whereX 2 RP is a new input vector and is the associated response. Persistence is
a weaker condition than sparsistency, and in particulas do€assume that the true model is linear.

Persistence (Theorem 4.1): Given a sequence of sets of estimatBgs,  RP such thaBp.,, D
f :k k; Lpmgwithlog?.np/  m  n, the sequence of compressed lasso estim&tarsD

argming , L, K¥ X k2 is persistent with the predictive risR./ D E Y  TX % over

p

uncompressed data with respecBgnm, meaning thaR.€,.m/  infy i, R/ ! 0, as

n!'l ,incaseln,mD o.m=log.np//*™.

Ln;m

Our third result analyzes the privacy properties of comgdgegression. We evaluate privacy in
information theoretic terms by bounding the average mutfarmation | . XI X/=np per matrix
entry in the original data matriX, which can be viewed as a communication rate. Bounding this
mutual information is intimately connected with the prahlef computing the channel capacity of
certain multiple-antenna wireless communication systdras

Information Resistence (Propositions 5.1 and 5.2): The rate at which information abod is

revealed by the compressed d&asatis esrnm D sup ">rf'p§(’ D O DT I 0 where the
supremum is over distributions on the original dAta

As summarized by these results, compressed regressiorrasticpl procedure for sparse learning
in high dimensional data that has provably good propertamnections with related literature are
brie y reviewed in Section 2. Analyses of sparsistencesjgence and privacy properties appear in
Section 3-5. Simulations for sparsistence and persistafintte compressed lasso are presented in
Section 6. The proofs are included in the full version of thegr, available dtttp://arxiv.
org/abs/0706.0534



2 Background and Related Work

In this section we brie y review related work in high dimeasal statistical inference, compressed
sensing, and privacy, to place our work in context.

Sparse RegressionAn estimator that has received much attention in the redtarature is the
lassoby, [17], de ned asb, D argmin kY X k3C ok ki; where , is aregularization param-
eter. In [14] it was shown that the lasso is consistent in fgh Himensional setting under certain
assumptions. Sparsistency proofs for high dimensionablpnes have appeared recently in [20]
and [19]. The results and method of analysis of WainwrigB{,[tvhere X comes from a Gaussian
ensemble and; is i.i.d. Gaussian, are particularly relevant to the curpaper. We describe this
Gaussian Ensemble result, and compare our results to itagtioBe 3, 6.Given that under com-
pression, the noise D 8 is not i.i.d, one cannot simply apply this result to the coesged case.
Persistence for the lasso was rst de ned and studied by @ske=in and Ritov in [10]; we review
their result in Section 4.

Compressed SensingCompressed regression has close connections to, and di@ivation from
compressed sensing [4, 2]. However, in a sense, our mativasi the opposite of compressed
sensing. While compressed sensing{ddillows a spars& to be reconstructed from a small number
of random measurements, our goal is to reconstruct a spamstdn of X. Indeed, from the point

of view of privacy, approximately reconstructir¥, which compressed sensing shows is possible
if X is sparse, should be viewed as undesirable; we return tqtiig in Section??. Several
authors have considered variations on compressed sermirgiatistical signal processing tasks
[5, 11]. They focus on certain hypothesis testing problendeun sparse random measurements, and
a generalization to classi cation of a signal into two or ma@lasses. Here one obseryed 8 x,
wherey 2 R™, x 2 R" and8 is a known random measurement matrix. The problem is totselec
between the hypothesé; : y D 8. 5 C /. The proofs use concentration properties of random
projection, which underlie the celebrated Johnson-Listtaniss lemma. The compressed regression
problem we introduce can be considered as a more challestatigtical inference task, where the
problem is to select from an exponentially large set of line@dels, each with a certain set of
relevant variables with unknown parameters, or to prediatvall as the best linear model in some
class.

Privacy. Research on privacy in statistical data analysis has a lsoris, going back at least to [3].
We refer to [6] for discussion and further pointers into fherature; recent work includes [16]. The
work of [12] is closely related to our work at a high level, Irat it considers low rank random linear
transformations of either the row space or column spacesaldtaX. The authors note the Johnson-
Lindenstrauss lemma, and argue heuristically that datangniprocedures that exploit correlations
or pairwise distances in the data are just as effective urathetom projection. The privacy analysis
is restricted to observing that recoverigfrom X requires solving an under-determined linear
system. We are not aware of previous work that analyzes tagstic properties of a statistical
estimator under random projection in the high dimensioedtirsy, giving information-theoretic
guarantees, although an information-theoretic quantiataof privacy was proposed in [1]. We
cast privacy in terms of the rate of information communidatboutX through®, maximizing over
all distributions onX, and identify this with the problem of bounding the Shannapacity of a
multi-antenna wireless channel, as modeled in [13]. Andllis important to mention the active
area of cryptographic approaches to privacy from the thsalecomputer science community, for
instance [9, 7]; however, this line of work is quite diffetérom our approach.

3 Compressed Regression is Sparsistent

In the standard setting{ isan p matrix,Y D X C is a vector of noisy observations under
a linear model, ang is considered to be a constant. In the high-dimensionahgette allow p to
grow withn. The lasso refers to the followingP;/ min kY X k% suchthatk k; L. In

Lagrangian form, this becomesP,/ min %kY X k% C nk ki. For an appropriate choice of
the regularization parameterD . Y; L/, the solutions of these two problems coincide.

In compressed regression we project each colifpr2 R" of X to a subspace ah dimensions,
using anm  n random projection matri8 . Let X D 8 X be the compressed design matrix, and



let¥ D 8Y be the compressed response. Thus, the transformedendiseo longer i.i.d.. The
compressed lasso is the following optimization problem¥d 8 X C8 D 8 X Ce, with€,
being the set of optimal solutions:

1 1
. .Pmin —k& & K5C pmk ki;.b/ €nDargmin ——k¥ & k3C mk ki (1)
2m 2RP 2m

Although sparsistency is the primary goal in selecting thieect variables, our analysis establishes
conditions for the stronger property of sign consistency:

De nition 3.1. (Sign Consistency)A set of estimators n is sign consistenwith the true if
P ob,2e,stsgnb/Dsgn/ ! lasn!1l ,wheresgnl/ is given by sgmx/ D 1;0; and

1forx >; D; or< 0 respectively. As a shorthand, denote the event that a siggistent solution
exists withE sgnb,/ D sgn | :D 9b 2+ ,suchthatsg¥ D sgn |/ .

Clearly, if a set of estimators is sign consistent then ip&rsistent.

All recent work establishing results on sparsity recovesguanes some form d@ficoherence condi-
tion on the data matrix. To formulate such a condition, it is convenient to introelan additional

be the set of irrelevant variables. Th&g and Xsc denote the corresponding sets of columns of the
matrix X. We will impose the following incgherence condition; reéldtconditions are used by [18]
in a deterministic setting. L&tAk; D max jleinjj denote the matrig -norm.

De nition 3.2. (S-Incoherence)Let X be ann  p matrix and letS f 1;:::; pgbe nonempty.
We say thaX is S-incoherentn case

Ix&Xs , C IxIXs ljs , 1 ; forsome 2.0;1] )

Although not explicitly required, we only apply this de iwih to X such that columns oX satisfy

Theorem 3.3. Suppose that, before compressiodn D X C , where each column oX is
normalized to havé,-normn, and" N.O; Z2l,/. Assume thaKX is S-incoherent, wher& D
supp /,anddenesD j§ and n D minizsj ; j. We observe, after compressi&hD X Ceg
where¥ D 8Y,X D 8 X,ande D 8 , where8i; N.O, %/. Let€yn 2 € asin(b). If

r

16C2152C@ .npC2lognClog2sCl/ m 16Ir:)gn 3)
with C1 D p‘% 2:5044andC, D P 8e 7:6885and ! Osatises
m? 3 1 (r logs TyTyo 1 )
m!l ; and .b/ —m WC m -5 XgXs/ L IO (4)
Then the compressed lasso is sparsistensupp €,/ D supp/ ! 1 asm!1

4 Compressed Regression is Persistent

Persistence (Greenshtein and Ritov [10]) is a weaker dondihan sparsistency. In particular, the
assumption thE.YjX/ D T X is dropped. Roughly speaking, persistence implies thateguiure
predicts well. We review the arguments in [10] rst; we thatagt it to the compressed case.

Uncompressed PersistenceConsider a new pairX; Y/ and supfose we want to predicfrom X.
The predictive risk using predictor’ X isR./ D E.Y TX/?. Note that this is a well-de ned
quantity even though we do not assume atjX/ D T X. Itis convenient to rewrite the risk in
the following way: de neQ D .Y; Xg;:::; Xp/and D. 1; 15:::; p/T, then

R./ D "6; where6 DE.QQ'/: (5)



LetQD.QI Q)  QNT;whereQ' D .¥i; Xui;:::; Xpi/T  Q;8i D 1;:::; nareii.d. random
vectors and the training error is

1 X
R,/ D

1
oY x"/2D Tg"; WhereB”DﬁQTQ: (6)
iD1

GivenB, Df :k ki Lpgfor L, D o .n=logn/*™ , we de ne the oracle predictor ., D
argmin , , R/, andthe uncompressed lasso estimBtob arg min, K Ly Ry./ .

Assumption 1. Suppose that, for eaghandk, E jZj9 q!M9 2s=2, foreveryq 2 and some
constantdM ands, whereZ D Q;jQx E.Q; Q«/, whereQj; Qk denote elements @d.

Following arguments in [10], it can be shown that under Agstiom 1 and given a sequence of sets
of estimatorsB, D f : k k; Lngfor Ln D o .n=logn/¥* | the sequence of uncompressed

lasso estimator8, D argmin 55 R,./ is persistent,i.eR.By/ R, n/ " o

Compressed Persistence. For the compressed case, again we want to predi¢ty/, but
now the estimatoP,., is based on the lasso from the compressed data ofrsizeLet D

1; 1;:::; plT as before and we replad®, with
) ) 1
Rym./ D TB™: whereb™™D m—QT8 T8 Q: 7
n
_ . 1=4
Given compressed sample sizg, letBym Df :k ki Lnp.mg whereLn.m D 0 mg'_“—fh], :

We de ne the compressed oracle predictof,m D argmin .y
lasso estimatobn;m D argmin .y Rn;m. /.

Theorem 4.1. Under Assumptiorl, we further assume that there exists a constént- 0 such
thatE. QJZ/ < My; 8], whereQj denotes thg'!" element ofQ. For any sequencB,.m  RP with
Iogz.nm/ mn N, whereBy.m consists of all coef cient vectors such thak k;  Lpm D
0 .mnp=log.npn// ¥ , the sequence of compressed lasso proce@r.asD argmin 2Bnm Ftn;m. /

R./ and the compressed

Ln;m

Ln;m

is persistentR. bn;m/ R nml !P 0, whenp, D O e forc< 1=2.

The main difference between the sequence of compresseul datimmators and the original un-
compressed sequence is timband my together de ne the sequence of estimators for the com-
pressed data. Hem, is allowed to grow frome. log?.np// to n; hence for each xedn,

bn;m; 8mp such thatlod.np/ < m, n de nes a subsequence of estimators. In Section 6 we
illustrate the compressed lasso persistency via simulatio compare the empirical risks with the
oracle risks on such a subsequence for a red

5 Information Theoretic Analysis of Privacy

Next we derive bounds on the rate at which the compressed®atweal information about the
uncompressed dafd. Our general approach is to consider the mappi{ng! 8 X C 1 as a nhoisy
communication channel, where the channel is charactebyedultiplicative noise8 and additive
noisel . Since the number of symbols X is np we normalize by this effective block length to

de ne the information rate,.,, per symbol asn.m D sup, x/ "ﬁy/. Thus, we seek bounds on
the capacity of this channel. A privacy guarantee is giveteims of bounds on the ratgm ! 0
decaying to zero. Intuitively, if the mutual informatiortisees | . XI X/ D H.X/ H.Xj&/ 0,
then the compressed dd&areveal, on average, no more information about the origintd ¥ than

could be obtained from an independent sample.

The underlying channel is equivalent to the multiple antemodel for wireless communication
[13], where there are transmitter andn receiver antennas in a Raleigh at-fading environment.
The propagation coef cients between pairs of transmittet geceiver antennas are modeled by the
matrix entries8 jj ; they remain constant for a coherence intervapaime periods. Computing the



channel capacity over multiple intervals requires optatian of the joint density opn transmitted
signals, the problem studied in [13]. Formally, I;,he chansehodeled aZ D 8 X C 1 , where

> 0,1;j N.0;,8j; N.O;1=n/andl [, E[Xizj] P, where the latter is a power
constraint.

Theorem 5.1. Suppose thaE[XjZ] P and the compressed data are formedblp 8 XC 1 ,
where8 ism nwith independent entriegij  N.0; 1=n/ andl ism p with independent entries

1ij  N.0;1/. Then the information rate;m satis esfnm D SUR, x/ "ﬁ:)Z’ Miog 1C 5

This result is implicitly contained in [13]. Wheh D O, or equivalently D 0, which is the
case assumed in our sparsistence and persistence rdmiltbave analysis yields the trivial bound
r:m 1 . We thus derive a separate bound for this case; howeveresudting asymptotic order
of the information rate is the same.

Theorem 5.2, Suppose thazE[XjZ] P and the compressed data are formedblp 8 X, where

8 ism n with independent entrieBj; N.O; 1=n/. Then the information rate, m satis es
fom D sup, xy “até log.2 ePl:

Under our sparsistency lower bound or the above upper bounds akgm D O.log.np/=n/. We
note that these bounds may not be the best possible sincarteyptained assuming knowledge of
the compression matri& , when in fact the privacy protocol requires ti8atand1 are not public.

6 Experiments

In this section, we report results of simulations desigiegtidate the theoretical analysis presented
in previous sections. We rst present results that show tragressed lasso is comparable to the
uncompressed lasso in recovering the sparsity patterredful linear model. We then show results
on persistence that are in close agreement with the thearetisults of Section 4. We only include
Figures 1-2 here; additional plots are included in the feibkion.

Sparsistency. Here we run simulations to compare the compressed lassotlvdtincompressed
lasso in terms of the probability of success in recoverimgsyparsity pattern of . We use random
matrices for bothX and8 , and reproduce the experimental conditions of [19]. A degigrameter

is the compression factor fD % which indicates how much the original data are compressed.
The results show that when the compression faétds large enough, the thresholding behaviors
as speci ed in (8) and (9) for the uncompressed lasso carey tvthe compressed lasso, when
X is drawn from a Gaussian ensemble. In general, the compressitor f is well below the
requirement that we have in Theorem 3.3 in cXss deterministic. In more detail, we consider the
Gaussian ensemble for the projection ma#rivhere8i:;  N.O; 1=n/ are independent. The noise

is N.O; 2/,where 2D 1. We consider Gaussian ensembles for the design métnith both
diagonal and Toeplitz covariance. In the Toeplitz casectvariance is given by ./ j;; D 1" 1I;

we use D 0:1. [19] shows that whelX comes from a Gaussian ensemble under these conditions,
there exist xed constants and  such that forany > 0 ands D supp / , if

n>2 yC /slogp s/CsCl (8)
then the lasso identi es true variables with probabilitypapaching one. Conversely, if
n<2 - [slogp s/CsCl; 9

then the probability of recovering the true variables ushmylasso approaches zero. In the follow-
ing simulations, we carry out the lasso using procedare .Y; X/ that implements the LARS
algorithm of [8] to calculate the full regularization pathr-or the uncompressed case, we run
lars .Y; X/ such thaty D X C ; and for the compressgd case we tars .8 Y;8 X/ such
that8 Y D 8 X C8: Theregularization parameterig, D ¢ .log.p s/ logs/=m. The results
show that the behavior under compression is close to thenmiassed case.

Persistence.Here we solve the followingj-constrained optimization problenf® D
argmin, , | KY X kj directly, based on algorithms described by [15]. We coirstitze solu-

tionto lieinthe ballB, D fk k; Lng whereL, D nt=P logn. By [10], the uncompressed lasso



Prob of success

1.0

Risk

Identity; FP g=0.5, a=0.2; p=1024
T e 2
Toeplitz r =0.1; Fractional Power g=0.5, a=0.2 /g

1.0

¥

I

7| p=128 | | 256 1512 11024 A

Prob of success

15 20 25 30
Control parameter q

—6— Uncompressed . P N
& £=120 Toeplitz r=0.1; FP g=0.5, a=0.2; p=1024

' fe——f—3
: /;/

@ 7

31 4
7

5/ —6— Uncomp.

-

£/

0.6

Prob of success

0.4

T T T T T
100 150 200 250 300
Compressed dimension m

0.2

0.0

00 05 10 15 20 25 30
Control parameter q

Figure 1: Plots of the number of samples versus the probgabiiisuccess for recovering sgn /.
Each point on a curve for a particulatror m, wherem D 2 “slog.p s/ CsC 1,is an average
over 200 trials; for each trial, we randomly draXy p, 8 m n, and 2 R". The covariancé D
1E XTX andmodel are xed across all curves in the plot. The sparsity level i/ D 0:2p'=.
The four sets of curves in the left plot are for D 128 256 512 and 1024, with dashed lines

markingm for D 1 ands D 2; 3; 5 and 6 respectively. In the plots on the right, each curve has

a compression factof 2 f5; 10; 20; 40; 80; 120y for the compressed lasso, thad fm; dashed
linesmark D 1. For6 DI, D - D 1,whilefor6 DT.0:1/, , 21:84and- 0:46[19],
for the uncompressed lasso in (8) and in (9).
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Figure 2: Risk versus compressed dimension. Wa R 9000 andp D 128, and ses$. p/ D 3 and
L, D 2:6874. Themodelis D. 09, 17,1113 052 17, 13 090:::;07 so
that , , > Lnpand , 62Bp, and the uncompressed oracle predictive risRi® 9:81. For each
value ofm, a data point corresponds to the mean empirical risk, whiakeined in (7), over 100
trials, and each vertical bar shows one standard deviakioneach trial, we randomly draX, p
with i.i.d. row vectors;, N.O; T.0:1/,andY D X C



estimator?,, is persistent oveB,,. For the compressed lasso, giverand pn, and a vBrying com-
pressed sample sire, we take the balB,.,, Df :k k; Lnp.mgwhereLp.m D ml=4= log.npy/.

The compressed lasso estimaba[m for log>.np/ m  n, is persistent oveBn:m by Theo-
rem 4.1. The simulations con rm this behavior.
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