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Abstract

The task of learning models for many real-world problems requires researchers to incorporate prob-
lem Domain Knowledge into the learning algorithms because there is rarely enough training data
to enable accurate learning of the structures and underlying relationships in the problem. Domain
Knowledge comes in many forms. Domain Knowledge about relevance of variables (Feature Selec-
tion) can help us ignore certain variables when building our model. Domain Knowledge specifying
conditional independencies among variables can guide our search over possible model structures.
This thesis presents a theoretical framework for incorporating a different kind of knowledge into
learning algorithms for Bayesian Networks: Domain Knowledge about relationships among param-
eters.

We develop a unified framework for incorporating general Parameter Domain Knowledge con-
straints in learning procedures for Bayesian Networks by formulating this as a constrained opti-
mization problem. We solve this problem using iterative algorithms based on Newton-Raphson
method for approximating the solutions of a system of equations. We approach learning from both
a frequentist and a Bayesian point of view, from both complete and incomplete data.

We also derive closed form solutions for our estimators for several types of Parameter Domain
Knowledge: parameter sharing, as well as sharing properties of groups of parameters (sum sharing
and ratio sharing). While models like Module Networks, Dynamic Bayes Nets and Context Spe-
cific Independence models share parameters at either conditional probability table or conditional
distribution (within one table) level, our framework is more flexible, allowing sharing at parameter
level, across conditional distributions of different lengths and across different conditional probabil-
ity tables. Other results include several formal guarantees about our estimators and methods for
automatically learning domain knowledge.

To validate our theory, we carry out experiments showing the benefits of taking advantage of
domain knowledge for modelling the fMRI signal during a cognitive task. Additional experiments
on synthetic data are also performed.






Thesis Summary

1 Motivation

Probabilistic Modelshave become increasingly popular in the last decades because of the need
to characterize the non-deterministic nature of relationships among variables describing many real
world domains. Among these modeBayesian Networkkave received a tremendous amount of
interest because of their ability to compactly encode uncertainty about random variables and to ef-
ficiently deal with missing data. Another major advantage of Bayesian Networks is that they are
relatively easy to interpret by a non-expert, unlike Neural Networks or Support Vector Machines.
Applications of Bayesian Networks include medical diagnosis, stock market prediction, fraud de-
tection, intelligent troubleshooting and language modelling.

A Bayesian Networlis a model that compactly represents the probability distribution over a
set of random variables. It consists of two components: a structure and a set of parameters. The
structure is a Directed Acyclic Graph where one can think of the edges as cause-effect relationships.
The parameters describe how each variable relates probabilistically to its parents. Intuitively, the
parameters describe how probable each effect is given a combination of direct causes.

Figurel shows a simplified version of a Bayesian Network that can be used for disease diag-
nosis. Typically, a diagnosis is reached by looking at a combination of risk factors and symptoms.
Risk factors likeSmoking(whether or not the patient smokeEKxMI (whether or not the patient
has a family history positive for heart attackpllution (whether or not the area where the patient
lives has high air pollution) can all determine the presence of a disease. Given a disease is present,
the patient may or may not show certain symptofeszer, Chest PainVomiting

The task of learning models for many real-world problems requires researchers to incorporate
problemDomain Knowledgento the learning algorithm because there is rarely enough training
data to enable the learning of the structures and underlying relationships in the problem. Domain
Knowledge comes in many forms. A domain expert can provide Domain Knowledge about rele-
vance of certain variables, also called Feature Selection, that can help us ignore certain variables
when building our model. Domain Knowledge specifying conditional independencies among vari-
ables can both guide our search over possible Bayesian Network structures and speed up inference.
Both these forms of Domain Knowledge have been extensively studied.

This thesis presents a theoretical framework for incorporating a different kind of knowledge
into Parameter Learninglgorithms for Bayesian Networks: Domain Knowledge about relation-
ships among parameterBarameter Learningn a Bayesian Network is defined as the problem of
estimating the parameters of that network from a dataset of training cases. These cases can be either
fully or partially observable.



P(S) P(FHXx) P(P)
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Figure 1: A simplified version of a Bayesian Network which models the interaction between risk factors,
diseases and symptoms for the purpose of disease diagnosis in Emergency Room patients. The variables in-
volved are:Smoking(S)Family History of Heart AttackEHxMI (FHx), Pollution(P), Disease(D)Fever(Fv)

Chest Pain(CPandVomiting (V)

To see why one would need to take advantageavhmeter Domain Knowledgeonsider the
network in the above example. In a real world situation, we can have tens of potential risk factors and
hundreds of potential symptoms. Also, thseasevariable can take values in very large set. With
only 20 binary risk factors, the number of parameters of the diagnosis Bayesian Network easily
runs in the millions. Unfortunately, clean and complete medical data is extremely hard to come
by in a quantity sufficient to allow us to estimate these parameters accurately. However, medical
Domain Knowledge is plentiful and it can come directly from physicians or can be extracted from
written/online medical material. For example, a doctor may gdljthe other risk factors can be
ignored (have little additional influence) when deciding on a diagnosis of Heart Attack given that the
patient is a Smoker with a positive Family History of Heart Attd€kowledge coming from medical
books may stateA patient with Heart Attack exhibits chest pain and, very frequently, vomiting
While in the first case, domain knowledge asserts equality of a large number of parameters, in the
second case it asserts a deterministic relation betieant AttackandChest Pain

First, Parameter Domain Knowledgean help by shrinking the space in which the parameters
can take values. In the case of equality constraints, we achieve dimensionality reduction in this
space (as we noticed in the above examples). Inequality constraints can significantly reduce the
volume of the feasible region in the space of parameters in the case when this region is bounded.
This is the case with Bayesian Networks that model only discrete variables, because each parameter
is a probability betwee and1. Second, since Parameter Domain Knowledge has the effect of



shrinking the space of allowed parameters and since the amount of training data does not change,
intuitively one would expect that algorithms that know how to take advantage of Parameter Domain
Knowledge will produce lower variance estimators, which would be a great plus when training data
is scarce.

Currently, most popular ways of representPayameter Domain Knowleddell into two cate-
gories: Dirichlet Priors and their variants (including Dirichlet Tree Priors, Dependent Dirichlet Pri-
ors and smoothing techniques) and Parameter Sharing (HMMs, Dynamic Bayesian Networks, Mod-
ule Networks, Bayesian Multinetworks, Context Specific Independence, Bilinear Models, Kalman
Filters, Object Oriented Bayesian Networks and Probabilistic Relational Models). One of the main
problems with Dirichlet Priors and related models is that it is impossible to represent even simple
equality constraints between parameters without using priors on the parameters of the Dirichelet
Prior, in which case the marginal likelihood can not be computed in closed form anymore and ex-
pensive approximate methods are required to perform parameter estimation. A second problem
is that it is often beyond the expert’s ability to specify a full Dirichlet Prior on the parameters of a
Bayesian Network. Parameter Sharing methods can only represent equalities among parameters, but
no other, more complicated, constraints. Current models use parameter sharing at either the level of
conditional probability table (Module Networks, HMMs) or at the level of conditional probability
distribution (Context Specific Independence) within the same table. No such model allows sharing
at parameter level of granularity.

The main contribution of this thesis is an unified framework that allows us to incorporate any
kind of domain knowledge constraints (that obey certain differentiability assumptions) in parameter
learning procedures for Bayesian Networks. We present closed form solutions for several types of
Parameter Domain Knowledge which the methods described in this chapter can not represent. We
show how widely used models including Hidden Markov Models, Dynamic Bayesian Networks,
Module Networks and Context Specific Independence are just particular cases of one of our Param-
eter Domain Knowledge types, namely the General Parameter Sharing Framework. This framework
is able to represent parameter sharing assumptions at parameter level of granularity, which previous
models were not able to do. While the domain knowledge presented in this chapter can only accom-
modate simple equality constraints between parameters, we also derived closed form solutions for
Parameter Domain Knowledge types that involve relationships between groups of parameters (sum
sharing, ratio sharing). Moreover, we show how to compute closed form Maximum Likelihood es-
timators when the domain knowledge comes in the form of several types of inequality constraints.
Along with our estimators come a series of formal guarantees that show the benefits of taking ad-
vantage of the available domain knowledge and also study the performance in the case when the
domain knowledge might not be entirely accurate. Finally, we developed methods to automatically
learn the domain knowledge, which we illustrate in section 3.



The Thesis Summary will proceed as follows. In section 2 we briefly present our research
approach. Section 3 is intended to give the reader an idea of what kind of Parameter Domain
Knowledge assumptions we can deal with. That section contains an application of our algorithms
on areal world problem of modelling the fMRI signal during a cognitive task. Section 4 summarizes
all the contributions of this research.

1.1 Thesis Statement

Standard methods for performing parameter estimation in Bayesian Networks can be naturally ex-
tended to take advantage of domain knowledge that can be provided by a domain expert. These
new methods can help lower the variance in parameter estimates by reducing the number of de-
grees of freedom in the space of allowed parameters. While with an infinite amount of training
data one would expect standard parameter estimation methods to perform very well, the impact of
incorporating Domain Knowledge constraints is quite noticeable when training data is scare.

2 Research Approach

The derivation of our results relies heavily on optimization and approximation techniques. We will
formulate maximum likelihood parameter learning from complete data as a constrained maximiza-
tion problem. We will solve this optimization problem using Karush-Kuhn-Tucker theorem. This

is a generalization of Lagrange Multipliers theorem, which looks for a set of inequality constraints
that become equalities at the local optimum. As expected, the system of equations which results
from Karush-Kuhn-Tucker theorem may be difficult to solve in closed form in the general case.
However, this system has the same number of equations as variables and its solutions can be found
using the Newton-Raphson iterative method. For this method to work, we require that our Parame-
ter Domain Knowledge constraints be represented as twice differentiable functions with continuous
second derivatives.

The dimensionality of the optimization problem can make the above approach prohibitive. For-
tunately, in practice, most given constraints involve only a small fraction of the total number of pa-
rameters. In addition, the objective function (likelihood function in general) is nicely decomposable
and therefore we are able to split the initial maximization problem into a set of many independent
maximization subproblems, each with its own set of constraints. These subproblems have much
lower dimensionality and therefore can be solved much easier with the above mentioned method.

There are several approaches to parameter learning: from either a frequentist or a Bayesian
point of view, from either complete or incomplete data. The above method performs learning from
complete data from a frequentist point of view. In the case of incomplete data, we present sev-
eral ways to perform Maximum Likelihood estimation based on methods similar with the ones for



complete data. In particular, we notice that extending the Expectation Maximization algorithm for
discrete Bayesian Networks in the presence of Parameter Domain Knowledge constraints is just a
matter of applying in the M-Step the Maximum Likelihood estimators on the expected counts com-
puted in the E-Step. From a Bayesian point of view, we definastrained Parameter Priorhat
obey the Parameter Domain Knowledge and show how the normalization constant can be computed
via a sampling algorithm. Based on these priors, we then discuss how one can perform Maximum
Aposteriori estimation and Bayesian model averaging for both complete and incomplete data.

While the above methods work for general constraints, it would be preferable to be able to
compute in one step closed form solutions for both the parameter estimators and the normalization
constants of th€&Constrained Parameter PriorsUnfortunately, this task is not always possible,
simply because of the fact that there is no known closed form solution for polynomial equations
of degree higher than four. Three chapters of this thesis are dedicated to the derivation of closed
form estimators for several types of domain knowledge. We study Parameter Domain Knowledge
constraints for both discrete and continuous variables, with a special emphasis on parameter sharing.
However, we also investigate constraints between sets of parameters (sum sharing, ratio sharing). In
one of these three chapters, we compute closed form Maximum Likelihood estimators in the case
when the domain knowledge comes as inequality constraints. These derivations are performed by
directly solving the system of equations that characterize the maximum point instead of resorting to
the iterative method.

To validate our approach, we perform experiments on both synthetic and real world data. We
compare our models with standard baseline models usinglttitvergencen the case of synthetic
data and thé\erage Log Scoréwvhich converges to the negative of cross-entropy on the long run)
in the case of real world data.

3 Experiments

Functional Magnetic Resonance Imaging (fMRI) is a technique for obtaining three-dimensional im-
ages of activity in the brain throughout time. More precisely, fMRI measures the ratio of oxygenated
hemoglobin to deoxygenated hemaoglobin in the blood with respect to a control baseline, at many
individual locations within the brain. This is often referred to as the blood oxygen level dependent
(BOLD) response. The BOLD response is taken as an indicator of neural activity.

An fMRI scanner records a 3D image of the brain as a collection of parallel slices. Each such
slice contains a collection of small cells, called voxels. A voxel has a resolution of few tens of cubic
milliliters and can contain hundreds of thousands of neurons. In our dataset, there are eight parallel
slices for each fMRI snapshot and the dimension of each voxel is few tens of cubic millimeters.
Typically, there are ten to fifteen thousand voxels in a human brain. However, only a part of them



are available in our dataset.

During an fMRI experiment, a subject is asked to perform several trials of a cognitive task
while the fMRI scanner is monitoring the BOLD signal. It is common for a trial to last few tens
of seconds, a snapshot of the brain being captured once or twice per second. A common use for
the data collected in these trials is to come up with regions of the brain that are active during the
performed cognitive task. A slightly different approach uses the fMRI signal to classify different
cognitive states in which the subject may be at different points in time. As it is the case with the
Naive Bayes classifier, it is well known that models that perform very well on a classification task
may represent poorly the underlying structure of the data.

As opposed to the approaches above, in this section we present a generative model of the activity
in the brain during a cognitive task based on parameter sharing assumptions for the Hidden Process
Models that describe the fMRI signal. These parameter sharing assumptions are not readily avail-
able, but we successfully employ a cross-validation approach to automatically discover clusters of
voxels that can be learnt together using Shared Hidden Process Models. We show that our methods
far outperform the baseline Hidden Process Model that is learnt on a per voxel basis. Let us start by
explaining Hidden Process Models.

3.1 Parameter Sharing in Hidden Process Models

A Hidden Process Model (HPM} a probabilistic framework that predicts the value dhgaet
variable X at a given point in time as the sum of the values of certfiltden Processethat are

active. This model is inspired from observations of the fMRI signal in the brain when a subject
performs a cognitive task. One can think of the target variable as the value of the fMRI signal in
one small cube inside the brain (also called a voxel). A hidden process may be thought of as the
fMRI activity that happens as a response to an extestimulus For example, 8Picture” process

may describe the fMRI signal that happens in the brain starting when the subject is presented with
a picture. A’Sentence”process may provide the same characterization for the situation when a
subject is reading a sentence. In the real world several stimuli may be active at some point in
time and it is conjectured that the observed fMRI signal is the sum of the corresponding processes,
translated according to their starting times.

Formally, aHidden Process Modés$ a collection of time series (also called hidden processes):
Py, ..., Pg. For each procesB, with 1 < k < K, denote byP.; the value of its corresponding
time series at time after the process started. Also, I8t be the value of the target variahlé at
timet. If processP; starts at timey, then a Hidden Process Model is predicting fieusing the
following distribution:



Xy~ N Pty 41),07)
k

whereo? is considered to be the variance in the measurement and it is kept constant across time.
For the above formula to make sense, we consitiee= 0 if ¢ < 0. While in the real world it may
happen that the subject is presented with the same kind of stimulus multiple times across time, here
we make the assumption that each process is active at most once within each example.

In an fMRI experiment, the subject may perform the same cognitive task multiple times and
that leaves us with multiple observations abd&ijt the value ofX at timet. In our framework
we denote byX,,;; the value ofX; and byt,,; the starting point of process, in examplen in the
dataset of observations abaklit where each observation tracks the valueXoficross time given
a combination of processes that can start at any timesNLUe¢ the total number of observations.
Now we can write:

Xnt ~ N(Z Prt—t,,+1)5 02)
k

While not entirely necessary for our method to work, several assumptions will allow us to make
a more compact presentation of Hidden Process Models, based on some characteristics of the fMRI
dataset that we are going to use in our experiments. First, we assume thatacked across the
same time length in each observation. IIebe the length of every such observation (trial). Since
we are not modelling what happens whten 7', we can also consider that each process has length
T. Second, in our fMRI dataset, we know in advance when the stimuli are presented and therefore
in our model we assume tha}, the starting times of the processes, are fully observable.

The same stimuli may influence the activity in multiple voxels of the brain during one cognitive
task. For example, looking at a picture may activate many voxels in the visual cortex. The activation
in these voxels may be different at each given point in time. Intuitively, that means the same stimulus
may produce different hidden processes in different voxels. However, certain groups of voxels that
are close together often have similar shape time series, but with different amplitude. In this case,
we believe it is reasonable to assume that the underlying hidden processes corresponding to these
voxels are proportional to each other. Experiments performed in next subsection will prove that this
assumption helps learn better models than the ones that choose to ignore it.

In the above paragraph we explained intuitively that sometimes it makes sense to share the same
base processes across several time-varying random variables, but allow for different scaling factors.
Formally, we say that time-varying random variabies . .., X share their correspondirtjdden
Process Model# there exist base processEs, . . ., Pk and constantg] for 1 < v < V such that:
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and the values of different variablé&’ are independent given the parameters of the model. Here

o? represents the variance in measurement which is also shared across these variables.

Next we will study how to efficiently perform Maximum Likelihood estimation of the param-
eters of the variableX!, ..., XV, assuming that they share their corresponding Hidden Process
Model parameters as described above. The parameters to estimate are the base process param-
etersP,; wherel < k£ < K andl < t < T, the scaling constants (one for each vari-
able V and process:) wherel < v < V and the common measurement variande Let
P={Py|1< k<K, 1<t <T} bethe set of all parameters involved in the base pro-
cesses and lef' = {¢} |1 < k < K, 1 < v < V} be the set of scaling constants. We remind the
reader thaiV represents the number of observations. The log-likelihood of the model is given by:

NTV 1 v v
U(P.C.o) = ——5— log(2n) = NTV -log(0) = 55+ > (w5 = D& Prgi—ag, +1)’
k

n,t,v
It is easy to see that the value @, C') that maximizesg is the same for all values of. There-

fore, in order to maximizé, we can first minimizé' (P, C) = >, , (zp, — > 25 ¢} - Pk(t,tzkﬂ))?

with respect to P, C') and then maximizé with respect tar based on the minimum point faf.

One may notice that is a sum of squares, where the quantity inside each square can be seen as a

linear function in bothP andC'. Therefore one can imagine an iterative procedure that first min-

imizes with respect td®, then with respect t@' using the Least Squares method. Once we find

M =minl'(P,C) =I'(P,C), the value ofr that maximizes is given bys? = 2. This can be

derived in a straightforward fashion by enforcigg(ﬁ, C, ) = 0. With these considerations, we

are now ready to present an algorithm to compute Maximum Likelihood estin(d?oé; o) of the

parameters in the shared Hidden Process Model:

Algorithm (Maximum Likelihood Estimators in a Shared Hidden Process Model)Let X be the
column vector of values?,. Start with a random gue¢#®, C') and then repeat Steps 1 and 2 until
they converge to the minimum of the functitqP, C).

STEP 1.Write [(P, () = ||A- P — X||> whereA is aNTV by KT matrix that depends on current
estimatorC' of the scaling constants. Minimize with respectitaising ordinary Least Squares to
get a new estimataP = (A7 - 4)~1. AT . X,

STEP 2Write [(P, C') = ||B-C — X||? whereB is aNTV by K'V matrix that depends on current
estimatorP of the base processes. Minimize with respeaf'tasing ordinary Least Squares to get



a new estimato€ = (BT . B)~'. BT . X.

STEP 3.0nce convergence is reached by repeating the above two steﬁp%,ﬂ:ei/](\f;—’?.

It might seem that this is a very expensive algorithm because it is an iterative method. However,
we applied it in our experiments of modelling the fMRI signal during a cognitive task and it turns
out it usually converges in 3-5 repetitions of Steps 1 and 2. We believe that the main reason why
this happens is because at each partial step during the iteration we compute a closed form global
minimizer on either? or C' instead of using a potentially expensive gradient descent algorithm.
Next we will experimentally prove the benefits of this algorithm over methods that do not take
advantage of parameter sharing assumptions, i.e. the shared Hidden Process Models corresponding
to neighboring voxels in the brain when the subject is performing a cognitive task.

3.2 Experimental Setup

We experimented using thetarPlusdataset. The StarPlus experiment was designed to engage
several different cortical areas, in order to look at their interaction. In this dataset, each subject first
sees a sentence(semantic stimulus) for 4 seconds, such as “The plus sign is above on the star sign.”,
then a blank screen for 4 seconds, and finally a picture(symbol stimulus) such as

+

*

for another 4 seconds. At any time after the picture was presented, the subject may press a button
for “yes” or “no”, depending on whether the sentence matches the picture seen or not. The subject
is instructed to rehearse the sentence in his/her brain until the picture is presented rather than try to
visualize the sentence immediately. The second variant switches the presentations of sentences and
pictures, and the instruction is to keep the picture in mind until the presentation of the sentence.

In this dataset, the voxels are grouped in 24 ROIs (Regions of Interest, defined based on brain
anatomy), each voxel having a resolution of 3 by 3 by 5 millimeters. A snapshot of the brain is taken
every half second. In this dataset there are three main condifizaion (the subject is looking at
a point on the screenyentence followed by pictusndpicture followed by sentencéVe have 10
trials infixationand 20 in each of the other two conditions. For each trial, we kept 32 (16 seconds)
shapshots of the brain.

Our goal is to come up with a model that best explains the activity in the brain when a subject is
either reading a sentence or looking at a picture. After we discard the fixation trials (they contain no
information relevant to our task), we are left with a total of 40 examples per subject, each example
consisting of activity generated by both stimuli. While there is data available for multiple subjects,



there are difficulties in merging this data for the purpose of parameter estimation. This happens
because different subjects have different brain shapes and because different subjects exhibit different
intensity in activity when presented with the same cognitive task. Therefore we limited to analyzing
data separately for each subject. The results reported in this section are all based on the same subject
(04847). For this particular subject, our dataset tracked the activity of 4698 voxels.

We consider that the activity in each voxel is described by a Hidden Process Model with two
processes, corresponding to the two stimulsemtenc@rocess and Ricture process. The starting
time of these processes are known in advance, given the structure of the trials described above. In
half of the trials, theSentenc@rocess starts at timieand in the other half it starts at timé&. The
same holds for the@icture process. We make the assumption that the activity in different voxels is
independent given the hidden processes corresponding to these voxels.

In our experiments we compare three models. Since the true underlying distribution is not
available in this case, we use the Average Log Score to assess performance. Because the data is
scarce, we can not afford to keep a held-out testing set. Therefore we employ a leave-two-out cross-
validation approach to estimate the performance of our models. First 18ddEM which we will
consider as a baseline, consists of a standard Hidden Process Model learnt independently for each
voxel. The second mod&hHPMis a Hidden Process Model, shared for all the voxels in an ROI. In
other words, all voxels in a specific ROI share the same shape hidden processes, but with different
amplitudes ShHPMis learned using the algorithm presented in the previous subsection.

With only 40 training examples, the task of estimating the parameters can prove more than chal-
lenging. Therefore we would definitely benefit from an expert's domain knowledge saying which
groups of neighboring voxels are described by a Shared Hidden Process Model. We have seen that
ShHPMmakes the assumption that each ROI is a Shared Hidden Process Model. However, this
assumption might not always be true. In the absence of a domain expert, we propose an algorithm
which allows us to both automatically discover clusters of voxels that form a Shared Hidden Pro-
cess Model and estimate the corresponding parameters. This third ralieldPM) uses a nested
cross-validation hierarchical approach to both come up with a partition of the voxels in clusters that
form a Shared Hidden Process Model and estimate its corresponding performance on examples not
used in training:

Algorithm (Hierarchical Partititioning and Hidden Process Models learning)

STEP 1. Split the 40 examples in a set of 20 fold#s= {F},..., Fy}, each fold containing one
example where the sentence is presented first and an example where the picture is presented first.
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STEP 2.Forall1 < k < 20, keep foldF}, aside and learn a model from the remaining folds using
Steps 3-5.

STEP 3. Start with a partition of all voxels in the brain by their ROIs and mark all subsdioas
Final.

STEP 4. While there are subsets in the partition that Idog Final, take any such subset and try to

split it using equally spaced hyperplanes on all three directions (in our experiments we split each
subset in 2 by 2 by 4 smaller subsets). If the cross-validation Average Log Score of the model learnt
from these new subsets using the algorithm presented in subsection 3.1 (based é&h\fdlgsis

lower than the cross-validation Average Log Score of the initial subset for folds\inFy, then

mark the initial subset &anal and discard its subsets. Otherwise remove the initial subset from the
partition and replace it with its subsets which then marklasFinal.

STEP 5. Given the partition computed by STEPS 3 and 4, based on the 38 data palnts i,
learn a Hidden Process Model that is shared for all voxels inside each subset of the partition. Use
this model to compute the log score for the examples/trialg;in

STEP 6. In Steps 2-4 we came up with a partition for each féjd To come up with one single
model, compute a partition using STEPS 3 and 4 based on all 20 folds, then, based on this partition
learn a model as in STEP 5 using all 40 examples. The Average Log Score of this last model can be
estimated by averaging the numbers obtained in STEP 5.

3.3 Results and Discussion

We estimated the performance of our models using the Average Log Score based on a leave two
out cross-validation approach, where each fold contains an example where the sentence is presented
first and an example where the picture is presented first.

Our first set of experiments, summarized in Tehileompared the three models based on their
performance in the Visual Cortex (CALC). This is one of the ROIs actively involved in this cognitive
task and contains 318 voxels. The training set size was varied from 6 examples to all 40 examples,
in multiples of two. As in the previous sections, sharing parameters of Hidden Process Models
proved very beneficial and the impact was observed best when the training set size was the smallest.
With an increase in the number of examples, the performan&hidPMstarts to degrade because
it makes the biased assumption that all voxels in CALC can be described by a single Shared Hidden
Process Model. While this assumption paid off with small training set size because of the reduction
in variance, it definitely hurt in terms of bias with larger sample size. Even though the bias was
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Training | No Sharing| All Shared| Hierarchical Cells

Trials (StHPM) | (ShHPM) | (HieHPM) | (HieHPM)
6 -30497 -24020 -24020 1
8 -26631 -23983 -23983 1
10 -25548 -24018 -24018 1
12 -25085 -24079 -24084 1
14 -24817 -24172 -24081 21
16 -24658 -24287 -24048 36
18 -24554 -24329 -24061 37
20 -24474 -24359 -24073 37
22 -24393 -24365 -24062 38
24 -24326 -24351 -24047 40
26 -24268 -24337 -24032 44
28 -24212 -24307 -24012 50
30 -24164 -24274 -23984 60
32 -24121 -24246 -23958 58
34 -24097 -24237 -23952 61
36 -24063 -24207 -23931 59
38 -24035 -24188 -23921 59
40 -24024 -24182 -23918 59

Table 1: The effect of training set size on the Average Log Score of the three models in the Visual
Cortex (CALC) region.

obvious in CALC, we will see in other experiments that in certain ROIs, this assumption holds and
it those cases the gains in performance may be pretty big.

As expected, the hierarchical moddieHPM performed better than botBtHPMand ShHPM
because it takes advantage of Shared Hidden Process Models while not making the restrictive as-
sumption of sharing across whole ROIs. The highest difference betiie¢iPM and StHPMis
observed a6 examples, in which casetHPMbasically fails to learn a "decent” model while the
highest difference betwedtieHPMandShHPMhappened with the maximum number of examples,
whenShHPMstarted to be hurt by its bias. As the amount of training data increasesStdfiv
andHieHPM tend to perform better and better and one can see that the difference in performance
given by the addition of two new examples tends to shrink as both models approach convergence.
While with infinite amount of data, one would expettH PM and HieH PM to converge to the
true model, atl0 examplesHieHPM still outperforms the baseline modstHPMby a difference
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of 106 in terms of Average Log Score, which translates to an improvemerit'din terms of data
likelihood.

Probably the measure that shows best how much betitieldPM than the baselin8tHPMis
given by how many more exampl&HPMneeds to achieve the same performanciiasiPM. It
turns out that on the averagétHPMneeds roughly 2.9 times more examples in order to perform
same as well aslieHPM in the Visual Cortex (CALC).

The last column of Tabl& displays the number of clusters of voxels in whidleHPM parti-
tioned CALC. As one may notice, at small sample sitieHPM draws its performance from gains
in variance by using only one cluster of voxels. However, as the amount of data incidiastRM
improves by finding more and more refined partitions. This number tends to stabilize around 60
clusters once the number of examples reaches 30, which means an average of more than 5 voxels
per cluster given that CALC is made of 318 voxels. For a training set of 40 examples, the largest
cluster has 41 voxels while a lot of clusters are made of only one voxels.

The second set of experiments (see T&)ldescribes the performance of the three models on
all 24 ROIs of the brain as well on all the brain. While we have seenSh&tPMwas biased in
CALC, we may see here that there are several ROIs where it makes sense to characterize all voxels
by a Shared Hidden Process Model. In fact, in most of these regitia{PM finds only one
cluster of voxels. ActuallyshHPMoutperforms the baseline mod&iHPMin 18 out of 24 ROIs
while HieHPM outperformsStHPMin 23 ROIs. One may ask how can possiBiHPMoutperform
HieHPM on a ROI, sinceHieHPM may also represent the case when there is no sharing? The
explanation is that the hierarchical approach can get stuck in a local maximum of the data log-
likelihood over the search space if it cannot improve by splitting at a specific step since it does not
look beyond that split for a finer grained partition. Fortunately, this problem is extremely rare, as
we have seen in our experiments.

Over the whole brainHieHPM outperformsStHPMby a factor ofe! 7?2 in terms of data likeli-
hood whileShHPMoutperformsStHPMonly by a factor ofe*4. However, the main drawback of
the ShHPMis that it can be biased and therefore our experiments recomHhiiertPM as the clear
winner. Next we are going to give the reader a feel of what the mdatiPM looks like.

As mentioned abovdilieHPM automatically learns clusters of voxels that can be represented
using a Shared Hidden Process Model. Fidglisows the portions of these learned clusters in slice
five of the eight vertical slices of the image of the brain taken by the fMRI scanner. Neighboring
voxels that were assigned blieHPM to the same cluster are pictured with the same color. Note
that there are several very large clusters in this picture. This may be because of the fact that it makes
sense to represent whole ROIs using a Shared Hidden Process Model if the studied cognitive task
does not involve those areas of the brain. However, large clusters are also found in areas like CALC,
which we know is directly involved in any visual activity.
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ROI Voxels | No Sharing| All Shared | Hierarchical Cells
(StHPM) | (ShHPM) | (HieHPM) | Hierarchical
CALC 318 -24024 -24182 -23918 59
LDLPFC | 440 -32918 -32876 -32694 11
LFEF 109 -8346 -8299 -8281 6
LIPL 134 -9889 -9820 -9820 1
LIPS 236 -17305 -17187 -17180 8
LIT 287 -21545 -21387 -21387 1
LOPER | 169 -12959 -12909 -12909 1
LPPREC| 153 -11246 -11145 -11145 1
LSGA 6 -441 -441 -441 1
LSPL 308 -22637 -22735 -22516 4
LT 305 -22365 -22547 -22408 18
LTRIA 113 -8436 -8385 -8385 1
RDLPFC| 349 -26390 -26401 -26272 40
RFEF 68 -5258 -5223 -5223 1
RIPL 92 -7311 -7315 -7296 11
RIPS 166 -12559 -12543 -12522 20
RIT 278 -21707 -21720 -21619 42
ROPER | 181 -13661 -13584 -13584 1
RPPREC| 144 -10623 -10558 -10560 1
RSGA 34 -2658 -2654 -2654 1
RSPL 252 -18572 -18511 -18434 35
RT 284 -21322 -21349 -21226 24
RTRIA 57 -4230 -4208 -4208 1
SMA 215 -15830 -15788 -15757 10
All Brain | 4698 | -352234 -351770 -350441 299
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Table 2:Per ROI performance of the three models when learned using all 40 examples.

In Figurel3 we can see the learn&kntencénidden process for the voxels in the Visual Cor-
tex (CALC). Again, the graphs corresponding to voxels that belong to the same cluster have been
painted in the same color, which is also the same with the color used in E2gUie make these
graphs readable, we only plotted the base process, disregarding the scaling (amplitude) constants
corresponding to each voxel within a given cluster.

To summarize, in this section we learned three different generative models for the fMRI signal




L

Figure 2: Parameter Sharing found using moteHPM. Slice five of the brain is showed here. Shared
neighboring voxels have the same color.
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Figure 3:Per voxel bas&entenc@rocesses in the Visual Cortex(CALC).

during a cognitive task, all based on Hidden Process Models. We proved that Parameter Sharing
for Hidden Process Models (as defined in Sec)ican greatly benefit learning. Our hierarchical
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HieHPM model outperformed the other two models because it is both unbiased and able to reduce
variance in the parameter estimators by automatically finding clusters of voxels that can be described
by a Shared Hidden Process Model.

4 Summary of Thesis Results

Building accurate models from a small amount of available training data can sometimes prove to
be a great challenge. Expert domain knowledge can be often used to alleviate this burden. In this
thesis we presented the basis of a sound mathematical framework for incorporating Parameter Do-
main Knowledge in learning procedures for Bayesian Networks. We proved both theoretically and
experimentally that the standard methods of performing parameter estimation in Bayesian Networks
can be naturally extended to take advantage of Parameter Domain Knowledge that can be provided
by a domain expert.

The most important contribution of this thesis was the development of a unified framework for
incorporating general Parameter Domain Knowledge constraints in estimators for the parameters
of a Bayesian Network by phrasing the goal as a constraint optimization problem. We showed
how to compute Maximum Likelihood estimators using an iterative procedure based on Newton-
Raphson method. This procedure can be computationally expensive, but fortunately, in practice, the
optimization problem can be broken down into a set of many smaller, independent, optimization
subproblems. Then, we discussed how to define Constrained Parameter Priors and perform learning
from a Bayesian point of view. We also demonstrated how our methods can be extended in the case
when the data is partially observable.

The iterative procedure mentioned above can be quite expensive. Therefore, it is preferable to
derive closed form solutions for our estimators. This is not possible for general domain knowledge
constraints but fortunately it is possible for several types of constraints, including parameter shar-
ing of different kinds, as well as relationships among groups of parameters. [3'ableamarizes
the results that we derived for these types of Parameter Domain Knowledge. Examples for each
specific type of domain knowledge was described where that type was introduced. We approached
learning of both discrete and continuous variables, in the presence of both equality and inequality
constraints. While for most of these types of Domain Knowledge we can derive closed form Max-
imum Likelihood estimators, we come up with a very efficient iterative algorithm to perform the
same task for Shared Hidden Process Models. In many of these cases, for discrete variables, we
are also able to compute closed form normalization constants for the corresponding Constrained
Parameter Priors, which allows us to perform closed form MAP and Bayesian estimation when the
data is complete. We want to point out here that our General Parameter Sharing Framework can
encompass models including HMMs, Dynamic Bayesian Networks, Module Networks and Context
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Specific Independence as particular cases, but allows for much finer grained sharing, at parameter
level, across different variables and across distributions of different lengths. It is also important to
note that we can mix different types of Parameter Domain Knowledge constraints when learning the
parameters of a Bayesian Network as long as the scopes of these constraints do not overlap.

Experimental results on fMRI data proved that taking advantage of domain knowledge can be
very beneficial for learning. Since the domain knowledge was not always readily available, we
developed methods to automatically uncover this knowledge. Using these methods we discovered
clusters of voxels that can be learned together using Shared Hidden Process Models. Our results
showed that the effect of the learned Parameter Domain Knowledge can be equivalent to almost
tripling the size of the training set on this task. This was a pessimistic estimate of the benefits
since we had to extract the domain knowledge from the training data itself via the cross-validation
approach described in section 3. Experiments on synthetic data were also performed and they
exhibited the same beneficial effect of incorporating Parameter Domain Knowledge.

A very important result that we managed to prove was that the estimators taking advantage of
a simple form of Parameter Sharing achieved total variance lower than the one of estimators that
ignored such domain knowledge. We conjecture that similar results hold for other types of domain
knowledge, but their proof is left as future work.

In all the approaches above, we assumed the domain knowledge is correct. However, even when
the domain expert makes mistakes, we proved that, with infinite amount of data, our Maximum
Likelihood estimators would converge to the "best distribution” (the closest in terms of KL distance
from the true distribution) that obeys the expert's assumptions and factorizes according to the given
structure.

This research provided a new perspective of looking at learning procedures in the presence of
domain knowledge about relationships among parameters. We feel that there is a lot of room for
additional improvement in this exciting area of Parameter Domain Knowledge, an area which was
barely explored so far.

17



Parameter Domain Results
Knowledge Type

Known Parameters, Discrete| Closed Form MLEs, MAP, Normalization Conste{nt

Parameter Sharing, One | Closed Form MLEs, MAP, Normalization Constant
Distribution, Discrete

Proportionality Constants, | Closed Form MLEs, MAP, Normalization Constant
One Distribution, Discrete

Sum Sharing, One Closed Form MLEs
Distribution, Discrete
Ratio Sharing, One Closed Form MLEs

Distribution, Discrete

General Parameter Sharing,| Closed Form MLEs, MAP, Normalization Constant
Multiple Distributions, Discrete

Hierarchical Parameter SharingClosed Form MLEs, MAP, Normalization Constant
Multiple Distributions, Discrete

Sum Sharing, Multiple Closed Form MLEs
Distributions, Discrete
Ratio Sharing, Multiple Closed Form MLEs
Distributions, Discrete

Inequalities between Sums Closed Form MLEs

of Parameters, One
Distribution, Discrete

Upper Bounds on Sums Closed Form MLEs
of Parameters, One
Distributions, Discrete

Parameter Sharing, One Closed Form MLEs
Distribution, Continuous
Proportionality Constants, Closed Form MLEs
One Distribution, Continuous
Parameter Sharing for Efficient Iterative Method
Hidden Process Models to Compute MLEs
Twice Differentiable with Iterative Methods: Frequentist, Bayesian,
Continuous Second Derivatives Complete and Incomplete Data

Table 3:Domain Knowledge Types studied in this thesis: description and results.
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