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Abstract

Building accurate models from a small amount of available
training data can sometimes prove to be a great challenge.
Expert domain knowledge can often be used to alleviate this
burden. Parameter Sharing is one such important form of
Graphical models like HMMs, DBNs
and Module Networks use different forms of Parameter Shar-

domain knowledge.

ing to reduce the variance in the parameter estimates. The
goal of this paper is to present a theoretical approach for
learning in presence of several other types of Parameter Re-
lated Domain Knowledge that go beyond the ones in the
above models. First, we introduce a General Parameter
Sharing Framework that describes the models just men-
tioned, but allows for much finer grained parameter sharing
assumptions. In this framework, we present sound proce-
dures for parameter learning from both a Frequentist and a
Bayesian point of view, from both complete and incomplete
data, in the case where a domain expert specifies in ad-
vance the structure of the graphical model, and the subsets
of parameters to be shared. Second, we describe a hierarchi-
cal extension of this framework based on Parameter Shar-
ing Trees. Finally we present algorithms for using domain
knowledge that specifies that certain groups of parameters
share certain properties. In particular, we consider two kinds
of constraints: first kind states certain groups of parameters
share the same aggregate probability mass and second kind
states the ratio of the parameters is preserved (shared) in
several groups. As an example, we derive a novel form of
parameter sharing for Bayesian Multinetworks.

1 Introduction

The task of learning models for many real-world prob-
lems requires researchers to incorporate problem Do-
main Knowledge into the learning algorithm — there is
rarely enough training data to enable the learning of
the structures and underlying relationships in the prob-
lem. Domain Knowledge comes in many forms: Domain
Knowledge about relevance of variables, also called Fea-
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ture Selection, can help us ignore certain variables when
building our model. Domain Knowledge specifying con-
ditional independencies among variables can guide our
search over possible model structures. Both these forms
have been extensively studied.

This paper presents a theoretical approach for in-
corporating a different kind of knowledge into learning:
Domain Knowledge about relationships among parame-
ters, specifically knowledge about sharing properties of
groups of parameters across several conditional proba-
bility distributions (CPDs) in graphical models param-
eterized by conditional probability tables(CPTs). It is
somewhat obvious that leveraging such information can
greatly benefit learning, as proved by graphical models
like HMMs, DBNs and Module Networks. For instance,
if a parameter is shared across multiple subproblems,
the variance in the estimates can be reduced by learn-
ing from all the relevant data from the subproblems, as
opposed to estimating the parameter independently for
each subproblem.

In Section 3, we describe a General Parameter Shar-
ing Framework for making very fine-grained parameter
sharing assumptions that go beyond the ones specified
in the above mentioned models, and present sound algo-
rithms for learning, in many different scenarios. In this
framework, the CPDs in the model are partitioned and
a parameter can either be shared among all CPDs in a
subset or not shared at all. Some formal guarantees are
provided about the derived estimators. We also discuss
a scoring metric for comparing different sets of sharing
assumptions and suggest how this metric can be used
for automatically recovering relevant parameter shar-
ing, provided that the expert does specify only a lim-
ited amount of domain knowledge. Section 4 describes a
hierarchical extension of the previous framework, where
we allow some parameters to be shared across all CPDs,
then partition recursively the set of CPDs, allowing new
parameters to be shared among subsets (of CPDs) of the



partition. In section 5 we discuss further extensions that
investigate sharing properties of groups of more than
one parameter across several CPDs. In particular, we
consider two kinds of constraints: first kind states cer-
tain groups (each group belonging to a different CPD) of
parameters share the same aggregate probability mass
and second kind states the ratio of the parameters is pre-
served (shared) in several such groups. Section 6 shows
an example that demonstrates that graphical models
learned using parameter sharing, are preferred to the
alternatives of sharing no parameters or using a global
model that effectively shares all parameters on a task
of email modelling using Bayesian Multinetworks. We
plan to apply our work to other more complex real-world
problems in the near future. The final section summa-
rizes the main contributions of this paper and suggests
some directions for future work. We begin by briefly
reviewing some related research.

2 Related Work

The standard way of representing parameter related do-
main knowledge in graphical models is by using Dirich-
let priors. It can be proved [7], that under certain con-
ditions, choosing Dirichlet priors over the parameters of
a Bayesian Network is inevitable. However, Dirichlet
priors are specified over a CPD(Conditional Probability
Distribution) in a CPT (Conditional Probability Table)
and therefore do not represent constraints among pa-
rameters in different CPDs. An approach of relaxing the
local independence assumption for binary variables is in-
vestigated in [8]. In [13], the authors compare several
other smoothing methods for learning language models.

Parameter sharing has also been explored in a vari-
ety of graphical models. For example, HMMs [10] and
Dynamic Bayes Nets [9] make the assumption that the
CPTs (Conditional Probability Tables) corresponding
to a given variable are the same at each point in time.
In Probabilistic Relational Models [5], objects of a cer-
tain type class share the way they depend on related
objects of other type classes. In Module Networks [12],
variables in the same module exhibit similar behavior
i.e. they have the same set of parents, same set of
values and probabilistically they depend on their par-
ents in the same way and therefore their correspond-
ing CPTs can be learned together. Context Specific
Independence (CSI) [1] states conditional independen-
cies that hold only in certain contexts i.e. of the form
PIX|Y,Z,C = ¢] = P[X|Z,C = ¢] and therefore can
specify that some CPDs in the CPT for a variable X
are the same (they share all parameters in those CPDs).
CSI can be exploited to efficiently encode and learn
CPTs using default tables, decision trees and decision
graphs as described in [3] and [4].

As an example, in section 6 we will illustrate the
utility of our General Parameter Sharing Framework by
showing how it allows a novel kind of parameter sharing
in Bayesian Multinets [2],[6] for the task of modelling
emails coming from several users.

3 A General Parameter Sharing Framework

We present a General Parameter Sharing Framework
that describes learning in a broad category of graphical
models. We show how to approach learning within this
framework from both a Frequentist and a Bayesian point
of view, from both complete and incomplete data, in
the case where a domain expert specifies in advance
the structure of the graphical model, and an arbitrary
subset of parameters to be shared.

Each CPD (Conditional Probability Distribution)
represents the constraint that its parameters should
sum up to one. We denote by C' the set of all CPDs
in all CPT’s in the graphical model. Below we will
describe two assumptions that suffice to derive learning
procedures that take advantage of Parameter Sharing:

Parameter Sharing. The CPD set C' can be partitioned
as C = U Cy, such that some parameters (denote
their set by Gj) are shared (appear exactly once in
each of the different CPDs) within the set Cj, but
not shared within the same CPD or with other sets of
CPDs of the partition. Let Ly = Cy \ Gi be the set of
local (not shared) parameters.

Decomposability of Log-Likelihood. For any complete
dataset D, the log-likelihood can be decomposed as:

log(P(DI)) = 3" hi(Ch)
k=1

where hg(Cy) =
226, ey Nok 10800, +320 ey cecy Niek 1080y,

Above, Ny represents the cumulative count corre-
sponding to shared parameter 0gk (appears in each CPD
in C}, exactly once) and Nj, is the count corresponding
to local parameter 6, , (in CPD ¢ € Cy).

We now discuss several graphical models which all
fit within our framework and satisfy the Parameter
Sharing assumption.  For instance, in HMMs and
Dynamic Bayes Nets, the same variable has the same
CPT at different time instants. Therefore, a subset
C} of the partition is made out of the CPDs in the
CPTs which correspond to a given variable X and the
same instantiation of the parents PA(X) = pa across all
time instants. In Module Networks, all variables in the
same module share the same set of parents and have the
same CPTs. Consequently, the subsets of the partition



contain the set of CPDs corresponding to all variables in
a module for a given instantiation of the parents of those
variables. Context Specific Independence is used to
specify conditional independencies that hold in certain
contexts and therefore is useful to specify which CPDs
should be equal in a CPT for a fixed random variable. In
this case, the subsets of the partition consist of CPDs in
the same CPT which are assumed equal because of the
CSI assumptions. However, note that our framework
allows for much more flexibility in parameter sharing.
We can share at the level of each parameter, not just
at the whole CPD or table level. Also, the CPDs in the
same sets of partition do not have to be the same size.
Moreover, a shared parameter doesn’t need to be in the
same position in different CPDs within the same set of
the partition.

Below we discuss different scenarios in our frame-
work and provide learning algorithms.

3.1 Learning - Frequentist Approach, Full Data
Observability, Known Structure. A Frequentist
tries to learn one single model that ”best” fits the
data. When structure is known in advance, this often
translates into finding the Maximum Likelihood Esti-
mators (MLEs) for the parameters in the model. Sub-
sequently, we are also going to discuss Maximum Apos-
teriori (MAP) Estimators. The MLEs in our General
Parameter Sharing Framework, when structure and pa-
rameter sharing is specified by a domain expert, can be
computed using the following theorem:

THEOREM 3.1. Assume we are given a graphical model
with known structure that satisfies the Parameter Shar-
ing and Decomposability of Log-Likelihood assumptions.
Then, the Mazimum Likelihood Estimators (MLEs) for
the parameters in our graphical model are given by:

— Nok
gk —
Zeg,keck Nok+ 220, ey, Nick

0

Eezc’keLk Nierr Nick

é = .
lck N,
Zeg'kEGk Nglk Zb‘lc,keLk Nlc'k ZelckeLk lck

The MLEs for shared parameters look similar to
the ones in the case of standard Bayes Nets. However,
the MLEs for local parameters are a product of two
factors. First factor represents the probability mass
that remains after subtracting the shared parameters.
The second factor basically says that this remaining
"local” probability mass in a CPD is split into values
proportional to the counts corresponding to the local
parameters in that CPD.

Proof of Theorem 3.1 (Sketch): Because of the Param-
eter Sharing and Decomposability of Log-Likelihood as-
sumptions, the problem of maximizing the data like-
lihood can be broken down into a set of independent
optimization subproblems:

Py, s argmazr ¢, {hr(Cx) | gex(Cr) = 0,Vc € Cy}

where
Qck(ck) = (Zegkeak ogk) + (Z%keLk elck) -1=0

When all counts are positive, it can be easily proved
that Py has a global maximum which is achieved in the
interior of the region determined by the constraints.
In this case the solution of P, can be found using
Lagrange Multipliers. Introduce Lagrange Multipliers
Ak = (Aek)cec,, for each CPD in Cy. Let LM (Cy, A) =
hk(C’k) — ZceCk Aek - gck(Ck). Then the point which
maximizes P, is among the solutions of the system
VLM(Ck, i) = 0. It turns out that this system
has a unique solution which is in fact the one in the
statement of the theorem. Since the function achieves
its maximum in the interior of the constraint region,
it means that the solution of the system supplies the
MLEs. In the case when some of the counts are zero,
the corresponding parameters don’t even appear in the
likelihood function and the optimization problem then
has inequality constraints but eventually the MLEs are
given by the same formulas. This concludes the sketch
of our proof. O

Note that, if the expert makes a mistake about the
structure or about the shared parameters of the model,
then the learned distribution may be much different
from the true distribution of the data. Below we will
provide formal guarantees about our estimators.

In order to present these results, let us introduce
the notion of True Probabilistic Counts(TPC). Suppose
P is the true distribution of which data is sampled.
If 9, , is the local parameter of the graphical model
that is supposed to describe P(X = z|PA(X) = pa),
then let TPCiry = P(X = z,Pa(X) = pa). If 0,
is the global parameter of the graphical model that is
supposed to describe the set {P(X; = x1|PA(X1)
pai),...,P(Xs = xs|PA(Xs) = pas)}, let TPCyy
Zle P(Xz = Iz,PA(Xz) = pai). Let P* be the
distribution that factorizes according to the structure
provided by the expert and has parameters given by
theorem 3.1 where the counts are replaced by the True
Probabilistic Counts.

THEOREM 3.2. P* is the closest distribution to P (in
terms of KL(P,-)) that factorizes according to the
given structure and obeys the expert’s parameter sharing
assumptions.



Proof of Theorem 3.2 (Sketch): Let @ be such a dis-
tribution. Minimizing K (P, Q) is equivalent to maxi-
mizing Y, P(d) - log Q(d). Let 6 be the set of param-
eters that describe this distribution Q. After break-
ing the logarithms into products of logarithms based on
the factorization given by the provided structure, our
optimization problem reduces to the maximization of
>.TPCy-log 0gk +> TPCic-logb,,,.. The solution of
this problem is obviously given by theorem 3.1. This is
equivalent to the fact that P*(see the definition above)
minimizes K L(P,-) out of all the distributions that fac-
torize according to the given structure and obey the
expert’s sharing assumptions. O

THEOREM 3.3. With infinite amount of data, the dis-
tribution P given by the ML Estimators in Theorem 3.1
converges to P* with probability 1.

Proof of Theorem 3.3 (Sketch): Assume the number of
data points in a dataset sampled from P is denoted by
n. According to the Law of Large Numbers, we have
LMoo Mt = TPCly, and lim, oo ™2 = TPCy
with probability 1. This is equivalent to the fact the
P converges to P* with probability 1. O

3.2 Learning - Frequentist Approach, Partial
Data Observability, Known Structure. If some of
the attributes of the data points are not observed, then
the counts Ngi and N should be treated as random
variables (random counts). One still can do Maximum
Likelihood parameter estimation using the 2-step EM
algorithm. Given the formula of the log-likelihood for
complete data and the parameter sharing assumptions,
by completing the data in all possible ways, it is easy
to see that the standard EM algorithm applied to our
setting will repeat the following steps until convergence
is reached:

E-Step: Use any inference algorithm to compute
expected counts under the current parameter estimates
6. 1f just starting, assign 0 randomly or according to
some domain knowledge.

M-Step: Reestimate the parameters by maximizing the
data likelihood using Theorem 3.1, assuming that the
observed counts are equal to the expected counts given
by the E Step.

3.3 Learning - Bayesian Approach, Full Data
Observability, Known Structure. From a
Bayesian point of view, each choice of parameters is
possible, but some choices have higher probability of
occurring. Therefore, to do model averaging, we need
to specify priors over the space of parameters. It can

be proved [7], that under certain conditions, choosing
Dirichlet Priors over the parameters of a Bayesian
Network is inevitable. Two of the assumptions that
are usually made are local and global independence.
Because of the Parameter Sharing assumption, the
local and global independence assumptions may not
hold. However, in our case we can make the following
similar assumption:

Subset Independence Assumption: parameters in dif-
ferent subsets of the partition are independent of each
other. In other words, p(8) = p(C) = [T, p(Ck).

Under this assumption it is enough to define a prior
over the parameters in each subset of the partition.
A Subset Specific Dirichlet Distribution over Cj of
parameters {agk|gk € G} U {ayeklick € Ly} will have
the following formulas:

e —1
elck

[I

1 agr—1
pC) =5 II o
k 0., ELK,cECy

engGk

over the space
5P = {ZengGk O + 2o, ey Oex = 1 Ve € Cr}

Above, Zj, is a normalization constant which can be
found by enforcing the condition that the integral of the
pdf should be equal to one:

chkELk P(alck)
= I rew- 1 wen
gkeGy, ceC, leke Ly, Qlck
. F(ElckGLk,ceCk Qlck — |Ck;| + 1)
F(ZlckELk,ceck Qick + ngeck gl — ICk| +1)

Zy,

There are several interesting properties of this Sub-
set Specific Dirichlet Distribution. First, the joint prob-
ability distribution over the shared parameters is a stan-
dard Dirichlet. Second, with no parameter sharing,
this distribution is a product of independent standard
Dirichlet distributions, one for each CPD in C%. How-
ever, if there are both shared and local parameters, then
the joint probability (obtained by marginalization) over
a CPD ¢ € C% is not a standard Dirichlet. Finally,
because of the Decomposability of Log-Likelihood, it is
easy to see that the posterior p(6|D) o« p(D|0) - p(0) is
also a product of Subset Specific Dirichlet distributions
and therefore the collection of multinomials with shared
parameters (over Ci) and the Subset Specific Dirichlet
distribution are conjugate distributions.

Now that we have defined priors over the space of
parameters, it is trivial to compute MAP Estimators.



Because of Decomposability of Log-Likelihood, comput-
ing MAP Estimators is just a matter of adding corre-
sponding Subset Specific Dirichlet exponents (not pa-
rameters) to the observed counts in the ML Estimators
in (1) and (2).

From a Bayesian point of view, we are interested
in predicting the next data point given previous data
points. This can be written as follows:

p(Dn+1|D1;-~-aDn)

N fuspkp(DnaaDﬂe)p(e)de

As stated above, p(6|D) o« p(DId) - p(#) is also
a product of Subset Specific Dirichlet distributions.
Therefore both integrals in (4) are products of normal-
ization constants for some Subset Specific Dependent
Dirichlet distributions. We already showed that we can
compute these normalization constants and thus we can
easily compute these integrals. Looking again at the
formula for Z, it is worth mentioning that most of the
factors will cancel out when computing the ratio of the
two integrals. The only ones remaining would be the
ones where the introduction of the new data point D,, ;1
would increment the counts.

3.4 Learning - Bayesian Approach, Partial
Data Observability, Known Structure. @ When
data is incomplete, we can no longer write p(D|0) as
a product of Subset Specific Dirichlet Distributions as
we did in the complete data case discussed above. In
this case, let U be the set of missing values such that
DUU is a complete dataset. Then, [p(DI|6)-p(0)do =
Su Jp(D,U|0) - p(§)dh. Therefore, in the case of in-
complete data, [p(DI|f) - p(8)df is a sum of products
of normalization constants for certain Subset Specific
Dirichlet Distributions and can be used to compute the
ratio in (4).

The above procedure for performing Bayesian Esti-
mation is computationally expensive because the num-
ber of terms in the summation grows extremely fast. If
only one binary value is missing in each of the n exam-
ples, there will be 2" terms in the summation. Approx-
imation techniques for p(D|f) when data is incomplete
are available for standard Bayes Nets, but investigating
them in our parameter sharing framework is beyond the
scope of this paper.

3.5 Comparing Parameter Sharing Schemes.

A Parameter Sharing Scheme PShS over a graphical
model structure S is a set of valid parameter sharing
assumptions (of the type specified in the general pa-
rameter sharing framework) on top of structure S. We

remind the reader that in all our work, the structure of
the model is given by an expert and does not change.
Learning structure in presence of parameter sharing is
subject for future work.

A PShS helps reduce the variance in parameters’
estimates. In section 6, we empirically show that
this translates in estimated distributions closer in KL
distance to the true underlying distribution than the
ones estimated without taking advantage of parameter
sharing. There we also show that the more valid

fU op. P(Dn1, ..., D1]0) - p(0)do parameter sharing assumptions we know, the better the
. k

estimates. Therefore it is important to recover these
assumptions, even when the expert doesn’t know the
parameter sharing or can specify only a limited set of
such assumptions.

Assume that a dataset D of examples is provided
and our goal is to learn an optimal PShS over a given
structure S. In order to do this, we need to be able to
compare different PShSs. We propose a metric similar
to the one used for structure search i.e. we try to find
the PShS that maximizes P(D|PShS) (Sharing Score).
Averaging over all sets of parameters 6 consistent with
PShS, we obtain:

p(D|PShS) = / p(D|6, PShS) - p(0|PShS) db

0cPShS

It is easy to notice that the quantity inside the
integral represents a product of Subset Specific Dirichlet
Distributions and therefore P(D|PShS) is a product
of normalization constants for such distributions. We
previously showed how such constants can be computed
in the case of complete data. Therefore, in the case of
complete data, it is straightforward how to obtain the
Sharing Score.

What happens in the case of incomplete data is a
little bit more complicated. In this situation we can
write: p(D|9) = ZD’ complete, consistent with Dp(D/Ie)
Therefore, P(D|PShS) will be a sum of products of
normalization constants for Subset Specific Dirichlet
Distributions. It is worth pointing out that the number
of such products grows at least exponentially with the
amount of missing data. However, one can think of
techniques to approximate P(D|6) with Subset Specific
Dirichlet Distributions by processing data points one
at a time and updating the current parameter prior
accordingly. In this case, the order in which examples
are processed matters. Investigating this is however
beyond the scope of this paper.

We suggest that the above scoring metric can be
used to uncover the underlying PShS via some hill
climbing techniques i.e. one can think of deriving
the current PShS candidate from previous one by
using small modifications. Also, restricting the set



of potential PShS can be useful. For example, in
module networks one can restrict the variables that
can belong together in a module or in HMMs one
would specify that one expects only transition tables
to have sharing, but no sharing between transition
tables and the tables describing the observed output.
In addition, our suggested method can be useful when
combined with an expert who knows a subset of sharing
assumptions because this restricts further the superset
of valid parameter sharing schemes.

4 Hierarchical Parameter Sharing Framework

Here we present a hierarchical extension of the frame-
work in the previous section. This will address some
of the limitations of the constraints that could be
incorporated in the parameter sharing framework
described before. In order to derive our main results
in this section, we first need to make an important
assumption about the graphical models we are working
on:

Log-Likelihood Assumption. For any complete dataset
of examples D, the log-likelihood can be written as:
log(P(DI|0)) = >, Ne, - logt, where Ny represents
the cumulative observed count for parameter 6, (which
may appear in multiple places in the graphical model).

We are now ready to describe our learning frame-
work. First of all, we present Parameter Sharing Trees
as a way to encode hierarchical parameter sharing as-
sumptions and second we show how one can take advan-
tage of such a Parameter Sharing Tree in order to allevi-
ate learning. We are going to discuss only the derivation
of ML and MAP Estimates from complete data. Same
as in the previous section, the EM adaptation for learn-
ing from incomplete data is just a matter of estimating
the expected counts under current parameter estimates
using any available inference algorithm, then reestimate
the parameters using the expected counts as if they were
observed counts. Also, the Bayesian approach for learn-
ing from complete and from incomplete data goes along
the same lines with the discussion in previous section.

4.1 Parameter Sharing Trees. Again, let C rep-
resent the set of all CPDs in the graphical model. Each
such CPD introduces a constraint on the possible values
that the parameters 6 can take. A Parameter Sharing
Tree (PST) is a tree with the following properties:

e FEach node v of the tree consists of a pair
(Scope(v), Shared(v)), where Scope(v) is a sub-
set of C' and Shared(v) represents a non-empty set
of parameters that are shared across these CPDs.

A parameter from Shared(v) is a parameter that is
known to appear exactly once in each of the CPDs
in Scope(v), but it is not shared multiple times
within one CPD, nor with CPDs outside the Scope.

e By convention, Scope(Root) = C (this amounts to
the fact that we would like to allow for the extreme
situation when a parameter is shared by all CPDs
in the graphical model).

e The Scopes of the direct descendants of a node v
form a partition of Scope(v). Therefore, the PST
will describe a recursive way of partitioning C, with
the leaf level being the finest grain of such partition.

e A parameter cannot be shared in multiple places
(different nodes of the tree). Because of the
recursive partitioning of the CPDs, this amounts to
the fact that Shared(v) is disjoint with all Shares
on the path from v to the root of PST.

e Each parameter 6 of the graphical model is shared
exactly once i.e. there exists a node v such that
6 € Shared(v). One may argue that there are
parameters which are not shared at all, but for
all nodes v that have CPDs in their Scope such
that there remain unshared parameters, one can
partition those nodes further in leaves that have
only one CPD in their Scope, for which previously
unshared parameters become shared at the level of
that single CPD.

Let Desc(v) be the set of descendants of
node v (included) in and Shared(Desc(v)) =
UweDese(w) Shared(v’). Also, denote by Ancestors(v)
the set of nodes on the path from v to the
root of the tree and Shared(Ancestors(v)) =

Uv’ € Ancestors(v) Shared(v’) .

4.2 Learning - Frequentist Approach, Full
Data Observability, Known Structure. Assume
we are given a graphical model with known structure
that satisfies a set of parameter sharing assumptions
given by a PST T and also satisfies the Log-Likelihood
Assumption. In this section we are going to present a
theorem that will justify an algorithm for finding the
Maximum Likelihood Estimators for the parameters in
such a graphical model. Denote by 0 the Maximum
Likelihood Estimators.

THEOREM 4.1. Let v be a node of T and 0, €
Shared(v). The following equality holds:

éi: (1- Z ég)

0;€Shared(Ancestors(v))
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Proof of Theorem 4.1 (Sketch): By definition,

0 = argmazg {Z Ny, -log0; | 0 satisfies T'}
9,

i

Each CPD represents a constraint on the space of
parameters: g.(0) = (3_y c.0;) —1 = 0. Because of
parameter sharing, these constraints can involve some
common variables. It is easy to show that, if all the
cumulative counts are positive, the likelihood function
has a global maximum inside the region determined by
the constraints in 7. In the case when there exist counts
equal to 0, it is also easy to show that the ML estimators
for the corresponding parameters are also zero. When
the maximum is reached in the interior of the domain,
one can apply Lagrange Multipliers to optimize for Pj.
Therefore, let us introduce new variables A\. for each
constraint (CPD) ¢ € C. The new function to optimize
will be: LM(0,\) = >y Np, -log; — > . Ac - ge(0).
According to Lagrange Multipliers theory, any point
that is a local maximum or minimum for the initial
optimization problem and it is NOT on the border of
the region defined by the constraints will be obtained
as a (partial) solution of the system of equations:

VLM(6,)\) =0

Therefore 6 verifies the above system for some values

No, .
LL{()ZIVD) = 9—8 and ggf = X if CPD ¢

contains 6, (otherwise the partial derivative is zero)
we get:

of \. Because

G- Ne.

(4.1) 0,
ZCESCOPE(U) Ac

V8, € Shared(v)

Let S(v) = 324 cshared(Dese(v) éj. We will prove by
J
induction the following stronger claim:

ZGJ. €Shared(Desc(v)) NGJ
S(v) = D by
c€Scope(v) "¢

and

9}: (1* Z é])

0;€Shared(Ancestors(v))
Ny,

i

ZGk €Shared(Desc(v)) Nek

Base case: If v is a leaf, then the distributions in
Scope(v) are equal. First part of the claim is verified
directly from 4.1 and the second part follows because
of the fact that the probabilities that add up to S(v)
are proportional to their corresponding counts.

Induction Step: Assume v is not a leaf and has direct
descendants di,...,d; for which the claim holds. It
is obvious that S(d;) = ... = S(dk). Now, using the
induction hypothesis, we obtain S(d;) = ... = S(dg) =

k
21:1 ZGjGShared(Desc(dl)) NG]-

5= o This combined with 4.1
cEScope(v c

gives us the first part of the claim. The second part
of the claim now follows from 4.1 and the fact that

1 B S(v)
ZcGScope(v) Ac ZGJGShaTed(Desc(v)) Nej

The proof of our theorem is now complete. O

The above theorem yields an obvious recursive
top-down, breadth-first algorithm to compute the ML
Estimates of the parameters. The correctness of the
algorithm is justified by theorem 4.1 and the fact that a
node v is processed sometime after all the nodes on the
path from v to the root are processed. The algorithm
uses a queue () to perform breadth-first traversal of the
tree.

Algorithm:

STEP 1. Enqueue the root of the tree in Q.

STEP 2. If Q = 0, STOP. Else, v +— Dequeue(Q).
STEP 3. Compute 6, for all 6; € Shared(v).

STEP /. Enqueue all children of v. GO TO STEP 2.

4.3 Learning - Bayesian Approach, Full Data
Observability, Known Structure. In order to be
able to compute MAP estimates and predict an example
from the previous ones by bayesian averaging, we have
to define priors over the space of parameters. Note
however that in our case, when hierarchical parameter
sharing is present, the local and global parameter
assumptions are violated. Next we will show how to
define priors over the space of parameters that obey the
constraints given by a Parameter Sharing Tree T. First
of all, it would be nice if P(6) and P(D|#) are conjugate
distributions. This suggests we chose our priors of the
following form:

P(9) = ﬁ Lo

Note that these priors are defined over the whole
space of parameters and that a parameter 6, can appear
in multiple places in the graphical model (according to



the given Parameter Sharing Tree). In addition, the
normalization constant depends heavily on the structure
of the parameter sharing tree since T describes the
constraints among parameters (the sum of parameters
shared on the path from the root to any leaf should
sum up to 1). If for finding MAP estimates the
normalization constant is not important, it becomes
important when computing P(D,,4+1|D1, ..., D,) (as we
saw in the previous section). Before showing how to
compute Z(T), let us define the Generalized Dirichlet
Integral to be:
/ [T65 a0 = (1—-9)> aﬂ—l-/ [T6:ae
2 0,=5 > 6,=1

The last integral is a normalization constant for a

standard Dirichlet distribution and this gives us a way

for computing the Generalized Dirichlet Integral. Now,
the constant Z(T') = [, obeys 711 0%~'df can be recur-
sively computed as follows. First, note that this integral
can be evaluated starting with the parameters from the
leaf level. For each leaf v, the integral over the parame-
ters involved in Shared(v) is a Generalized Dirichlet In-
tegral. The effect of computing this integral is to get the
constant given by the Standard Dirichlet and propagate
upwards a single parameter (1 — S(v)) with cumulative
Dirichlet parameter (ZeiGShared(v) a;) — 1. Now, it is
easy to see that this parameter is the same for all leaves
that belong to the same parent p. This will make the
integral over the parameters in Shared(p) and the new
parameter to be also a Generalized Dirichlet Integral
and the procedure continues as described above until we
end the computation at the root level. This concludes
or sketch of showing how one can recursively compute
Z(T) using Generalized Dirichlet Integrals. Once the
normalization constant is computed, bayesian predic-
tion can be done in exactly the same way as in the
previous section.

5 Sharing Properties of Subsets of Parameters

In this section we present other extensions to the
framework presented in section 3. Again, the set C'
of CPDs in the graphical model is partitioned as: C' =
Uyt Cr, where the distributions in a subset Cj; are going
to be constrained together. Moreover, assume there are
no constraints tying CPDs in different subsets of the
partition. If in section 3 the constraints were individual
parameter equalities, in this section we are studying
constraints that involve whole subsets of parameters
within the same CPD.

5.1 Probability Mass Sharing. Here we are going
to show how to do Maximum Likelihood learning in the
case when the aggregate probability mass of a certain

parameter type is the same across all CPDs in a given
subset C. For example, we would like to show how to
take advantage of constraints like: ”The frequency of
nouns in English is the same as the frequency of nouns
in Spanish”, when modelling the word probability in
each of the two languages. In these case, types would
be: nouns, verbs, etc.

Before stating the main result of this subsection,
let us introduce few notations. Assume for a specific
k, the parameters in C}, may have the following types:
T1,...,Ts. Denote by 67 the i'" parameter in j* CPD
in Cy. Each parameter has exactly one type. For
example, in the above example, P(Computer|English)
has type Noun, while P(Blue|English) has type
Adjective. We would like to stress the fact that in our
framework, Cj is an arbitrary subset of CPDs in the
graphical model; these CPDs can have different number
of parameters and they can belong to different CPTs.
Formally, the constraints that we are dealing with are
given by:

Probability Mass Sharing Assumption. For all types
T; and for any ji* and ji* distributions in Cy, the
following holds:

Z 9?1_

oteT,

> o

072 eT,

Back to our example, this translates into: " The ag-
gregate probability of Nouns is the same in all modelled
languages and same holds for other grammatical cate-
gories/types.” It might seem a little restrictive to have
each parameter belong to one type because, for instance,
one may argue that maybe only the probability of Nouns
is being shared across languages. However, even if one
specifies the Probability Mass Sharing Assumption only
for Nouns, the rest of parameters (non-nouns) verify the
same constraint and therefore that is equivalent to in-
troducing a new dummy type that contains every other
parameter in C.

Since there are no constraints between CPDs in
different Cy s, one can break the optimization for finding
the ML Estimates into a set of independent optimization
problems. The function to optimize for each C} will be
f(Cx) =3 N/-log ¢!, where N represents the observed
count for parameter 0{ in the training set. With these
considerations we are now ready to present the main
result of this subsection:

THEOREM 5.1. The mazimum likelihood estimator 6



for a parameter 95 in Cy that has type T; is given by:
j/
b = Zo{feT,, N
Z. - raid =7
Zej,eTl Nij/ qu‘j Nij’

Proof of Theorem 5.1 (Sketch): We introduce new vari-
ables A = (A;)1..s that represent the probability mass
associated with type 7; in any of the distributions in
Ck. As stated above, the log-likelihood function de-
composes nicely in components corresponding to dif-
ferent Cj. With the newly introduced variables, our
optimization problem can be restated as maximizing
f(Ck, A) =3 N} -log 6] subject to the constraints that
ZefeTl 0{ = A; for all types T; and for any j'* dis-

- N/

tribution in Cj. In addition to these constraints, we
also have Y .6/ = 1. Similarly to the previous theo-
rems, it is easy to show that, if all counts are positive,
then the function reaches a maximum inside the region
defined by the constraints (if any count is zero, then
the specific parameter doesn’t even show up in the log-
likelihood function and its estimator will be zero too).
In this case, we also apply Lagrange Multipliers theory,
introducing a lagrange multiplier for each constraint: X/
for the first type of constraints (probability mass equal-
ities) and A’ for the second type (distributions should
sum up to 1). Therefore, differentiating with respect to
0 and A, the point that maximizes f inside the region
given by the constraints should also verify:

(5.2) N =¢7 - (¥ +X) vl eTy

S A =0vI
J

For a fixed j and [/, summing up 5.2 for all ¢ such
that 6] € T; we get:

(5.3)

(5.4) dSON =A- (N4 N)

0{ €T
For a fixed [, summing up 5.4 for all j and using 5.3
we obtain:

(5.5)

YRR Y
0 eT, J
Further, summing 5.5 over all values of [ and using

the fact that the distributions sum up to 1, we can
compute:

(5.6)

LT Y
,J J

Now we can use 5.6 in 5.5 to get A; which is further
used in 5.4 to obtain A + A7 which, substituted in 5.2
will yield the formulas in the statement of the theorem.
Our sketch of the proof is now complete. O

5.2 Probability Ratio Sharing. In the previous
subsection, we showed how to do learning when certain
parameter types share their aggregate probability mass
across different distributions. Now assume we want in-
stead to enforce the constraint that the relative pro-
portions of parameters in a certain type are the same
for all different CPDs within a C}. Next we describe a
setting where this constraints may arise naturally. We
would like again to model the word probabilities in two
languages i.e. model P(word|language) for both lan-
guages and their corresponding sets of words. In this
case, types can be: ”words about computers” (”com-
puter”, "mouse”, ”monitor”, "keyboard” in both lan-
guages) or "words about business”, etc. In some coun-
tries computer use is more extensive than in others and
one would expect the aggregate probability of ”words
about computers” to be different. However, it would
be natural to assume that the relative proportions of
the "words about computers” are the same within the
different languages.

We keep the same notations in the previous sub-
section. There are two major differences from the set-
ting presented in the previous subsection. First, in this
case, we must have the same number of parameters of
type 1 in each of the distributions in Cj. For example,
”words about computers” can be ”mouse”,”keyboard”
and "monitor” in both Spanish and English (if we have
synonyms for a certain word, they can all be modelled as
one cumulative parameter). This allows us to permute
the parameters in the distributions in C} such that cor-
responding parameters in 7} are located on the same po-
sition in each of the distributions. For example, we can
assume p(mouse|English) and p(mouse|Spanish) are
both on the first position in the two language models.
This allows us to write that a specific position i € Tj.
Second, now there may be parameters that do not be-
long to any type T;. For example, the expert may specify
that only the "words about computers” preserve their
relative probability ratios across the languages of in-
terest. With these considerations, let us formalize the
constraints that we are looking at:

Probability Ratio Sharing Assumption. For any fixed
type 1; and for fixed 41,15 € T}, the following holds:
J
i1

= constant ¥V j
i

The problem of finding the maximum likelihood



estimators subject to the above constraints can again
be broken down in independent subproblems over the
different subsets of CPDs Cj and the function to
optimize for each Cj, will be f(Cx) = > N/ -log 6.

THEOREM 5.2. The maximum likelithood estimator é{
for a parameter 6] in Cy, is given by:

y .
. P ., N7 DY N?
a)ifi € Ty: 0] = Ty N e
Zi’ETl,j’ N,’;, Zi’ Ni/
b) if ¢! does not have a type: [ —
K3 3 Zi’ NZ’

Proof of Theorem 5.2 (Sketch): Again, we use Lagrange
Multipliers theory to derive our estimators. Each
CPD should sum up to 1 and that translates in the
constraint (3,67) —1 = 0. Let the corresponding
lagrange multiplier be A?. The Probability Ratio Sharing
Assumption implies that there exist A7 and 7; such that
9{ —A{ -1; =0foralli € Tj. A{ represent proportionality
constants for distribution j for parameters of type T;
and 7; are reference constants that, when multiplied
with the proportionality constants yield the parameters
on position 7 in each distribution. Let A} be the lagrange
multipliers corresponding to the last type of constraints.
Our new objective function becomes f(Cy, A, 7) =
> N/ -log#!. When applying Lagrange Multipliers
theory to our optimization problem, differentiating with
respect to 6 and the newly introduced A and 7;, we
obtain:

(5.7) N =¢7 - (¥ +X)VieT,

(5.8) N/ =67 - N Vi g UTy

(59> N - Al =00r Y MN-6/=0VieT

J J

(5.10) Y M -mi=00r Y N-6]=0Vj,1
J i€T)

For fixed j and [, summing up 5.7 for all ¢ € T},
then using 5.10 we get:

SN =N Y0

i€eT i€eT

(5.11)

If we further sum over all  and use 5.8 we obtain:

N =3 N/

(5.12)

§i1 J1
Because > = —L-
07 A

for all jq1,j2, I and ¢ € T}, we can
write:
(5.13) Al Yien 0 N Yien NP
A Yier, 0 A >ien N
For a fixed ¢ € T; summing up 5.7 over all j and
using 5.9 we have:

67
-)

5.14 N/ =07 W+ W
(5.14) Z P NG

J'#3

Using 5.12 and 5.13 in 5.14 proves part a) of the
theorem. Part b) follows from 5.8 and 5.12. The sketch
of the proof is now complete. O

6 Example

Previously published experiments involving learning
with Module Networks, HMMs, DBNs or Context Spe-
cific Independence all support the theory presented in
this paper since they are particular cases of our General
Parameter Sharing Framework. However, the Parame-
ter Sharing assumptions in the above models are at the
level of either entire CPT or entire CPD. In this section
we present experimental results showing the benefits of
incorporating more fine-grained parameter sharing as-
sumptions when training Bayes Multinets.

6.1 Email Modelling and Bayesian Multinets.
Automatic modelling of email documents is a problem of
considerable interest, and has been studied as a means
of automatically sorting email into a user’s email sub-
folders, or into other topical categories such as “email
spam” [11]. Given a set (population) of email, one nat-
ural way to define Bayesian Multinet subpopulations is
to consider each distinct email author to be a generator
of email from a different distribution, forming a differ-
ent subpopulation. This is reasonable because different
people use somewhat different vocabularies and figures
of speech. At the same time, there are many content
words that are shared (used in a similar proportion) by
all authors when emails address specific topics such as
meetings. The conditional probabilities of these words
given that the email is about a meeting should there-
fore be specified as globally shared parameters across
the subpopulations in the Bayesian Multinet.

To study this “meeting” email modelling problem,
we generated synthetic data that captures the charac-
teristics of a real email data set: the PW CALO email
corpus, produced by people in a role-playing game at



SRI. Based on this corpus, we generated several artifi-
cial datasets. Each data point consists of a triple: Au-
thor, Email and Topic (Class). The Topic says whether
or not the email is about a meeting. In all experiments
we generated simulated email from six authors, using
the same prior probabilities of an email belonging to
an author as in the PW CALO corpus, and generating
emails from each author to match that author’s topic
priors in this corpus. For each given author and topic,
we generate emails according to a ”Bag of Words” prob-
ability model, where each email contains between 0 and
150 words (to be consistent with the data observed in
PW, even though we are not including stop words in
our artificial dataset). The words are chosen from a vo-
cabulary of 1070 words (same size as in PW). The word
given topic probability models are generated randomly
and differ from user to user, but also have some frac-
tion of parameters in common (the so called shared pa-
rameters Gy, in our framework). The fraction of shared
parameters was varied in our experiments from 0 to 1.
Creating this artificial data instead of using the real
data allowed us to control and know which parameters
are truly shared, allowed to assess the performance of
our models in terms of KL Divergence from the true
underlying distribution, and allowed us to control and
study the effect of variations of different parameters in
the true distribution (e.g. the fraction of parameters
that are truly shared).

In our experiments we compare three models. First,
a General Naive Bayes model (GNB) learned from all
training examples. Second, a Bayesian Multinet (SSNB)
in which each component network is a Naive Bayes
model, and for which an oracle has indicated which
parameters are shared when generating the data. Fi-
nally, a Bayesian Multinet (PSNB) identical to SSNB,
but with no parameters shared among component net-
works. Note all three models are essentially Bayesian
Multinets, conditioned on the email author which is ob-
served in the header of the email. Each component
network in each Bayes Multinet is a full naive Bayes
model including both the Class/Topic variable and the
word features in the email. One can think of GNB as a
Bayesian Multinet where the component Bayes nets are
copies of the GNB learned model. The only difference
among the three is in the training procedure. They dif-
fer in their sharing of parameters (all shared in GNB,
some shared in SSNB, not shared in PSNB). There is
also a slight difference in the way we assign Dirichlet
priors (we train all three models using MAP estimates,
as is common when training Naive Bayes models from
sparse data). In the case of GNB the effect is to increase
each word count by one (equivalent to Dirichlet priors
with all parameters equal to 2). In the case of PSNB and

SSNB, for each subpopulation the effect is to increase
that subpopulation’s word counts by one. For PSNB,
this is equivalent to Dirichlet priors with all parameters
equal to 2 for each subpopulation, while for SSNB this is
equivalent to assigning subpopulation-specific Dirichlet
priors with parameters equal to 7 for shared parame-
ters (7 is the number of subpopulations plus 1 in our
experiments), and equal to 2 for local parameters.

6.2 Results and Discussion. We trained the three
models while varying the number of training examples,
and the fraction of word-given-class/topic model param-
eters that were shared (identical across authors). For
each model, we measured the KL divergence K L(T, M)
of the learned model M to the true generating model T'.

0.2r-
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Figure 1: KL divergence of learned models with respect to
correct model (T)

Figure 1 shows a plot of the KL divergence for each
of the three models, as the number of training exam-
ples varies, keeping the fraction of general parameters
constant at 0.5. As expected, K L(T,*) decreases with
increasing training set size for all three models (here x
stands for any possible model we are studying). How-
ever, SSNB outperforms the other two models across
the entire range of training set size. It dominates PSNB
especially at small training set sizes, because its shared
global parameters allow it to produce lower-variance pa-
rameter estimates, especially when data is sparse. It
dominates GNB especially with larger training sets, be-
cause it is capable of representing the correct model,
whereas GNB considers a strictly smaller model class
that does not contain the correct model. Note that
asymptotically, as the training set size approaches in-
finity, the SSNB and PSNB models will both converge
to the correct model, whereas GNB will not.



We also studied the impact of varying the fraction
of global parameters in the true underlying probability
model from 0 to 1, while holding the training set size
constant at 1K. KL(T,PSNB) is essentially constant as
the fraction of true global parameters varies, because
PSNB does not take advantage of parameter sharing.
In contrast, both GNB and SSNB improve considerably
with an increasing fraction of global parameters. Again,
SSNB dominates the other two methods, as it can mix
global and local parameters in its model.

7 Summary and Future Work

This paper presents a theoretical approach for incorpo-
rating several types of parameter related domain knowl-
edge in learning procedures for graphical models param-
eterized by conditional probability tables. The main
reason for taking advantage of such constraints is to
alleviate learning from sparse data sets. First we de-
scribe in detail a General Parameter Sharing Framework
that characterizes learning in a wide variety of graphi-
cal models like HMMs, DBNs or Module Networks. We
develop sound procedures for learning in such models
from both a Frequentist and a Bayesian point of view,
from both complete and incomplete data, in the case
when a domain expert can specify the structure of the
graphical model and the parameters to be shared. Also,
we prove some formal guarantees about our estimators
and suggest ways for deciding among several potential
Parameter Sharing Schemes. Second, we investigate a
hierarchical extension of this framework based on Pa-
rameter Sharing Trees. Finally we present algorithms
for using domain knowledge that specifies that certain
groups of parameters share certain properties. In sec-
tion 6, as an example, experimental results show that
our shared parameter model achieved lower KL diver-
gence to the true distribution when compared to two
other classical methods: a global model and a standard
Bayesian Multinet without parameter sharing.

This research suggests several directions for future
work. First, we are developing proper conjugate prior
distributions over the space of parameters that would
allow us to develop MAP estimators in the setting
presented in section 5. Second, we intend to explore
the interaction between the different types of domain
knowledge presented in this paper. Another interesting
thing to investigate is how one can take advantage
of parameter related domain knowledge to learn the
structure of the graphical model.
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